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Preface 


The goal of this book is to give an exposition of the theory of dendroidal sets and 
dendroidal spaces, and its relation to topological operads and infinite loop spaces. 
In the first part we have tried to give a complete treatment of the elementary theory 
of dendroidal sets, emphasizing the analogies with the theory of simplicial sets. For 
this reason, the reader less familiar with simplicial sets can also use this text as 
an introduction to this theory by focusing on Chapters 2 and 5. The reader already 
acquainted with simplicial sets can skip from Chapter | straight to Chapters 3, 4, 
and 6 to learn about dendroidal sets. To facilitate these different ways of using this 
text, there will be some measure of repetition of arguments between the simplicial 
and dendroidal sections. 

Dendroidal sets form an extension of the theory of simplicial sets in a very 
precise sense and this extension leads to several new features. The main one is that 
while simplicial sets are indexed by linear orders that do not have automorphisms, 
dendroidal sets are indexed by trees and these have many automorphisms. Another 
feature is that the Cartesian product on simplicial sets extends to a tensor product on 
dendroidal sets, the study of which involves a careful analysis of shuffles of trees. 
These two aspects explain why the theory of dendroidal sets involves quite a bit of 
combinatorics. The reader will find good illustrations of this phenomenon in the 
proofs of Proposition 4.26 and Lemma 6.24, for example. 

While in the first part homotopical properties of simplicial and of dendroidal sets 
only occur at a relatively elementary level, many readers will realize that much of 
the exposition forms a preparation for the study of Quillen model category struc- 
tures on the categories of simplicial and dendroidal sets. In Part II of this book we 
prove the existence of several of these structures: amongst others, we establish the 
Kan-Quillen model structure for simplicial sets (describing the homotopy theory of 
spaces), the Joyal model structure for simplicial sets (describing the homotopy theory 
of co-categories), and the operadic model structure for dendroidal sets (describing 
the homotopy theory of co-operads). In Part III we develop the homotopy theory of 
dendroidal spaces. We begin with two general chapters on Reedy model structures 
and the theory of left Bousfield localization. Then we apply this general theory to 
describe several model structures on the category of dendroidal spaces and their re- 
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lation to corresponding homotopy theories of dendroidal sets. This specializes to the 
equivalence between the Joyal model structure and Rezk’s theory of complete Segal 
spaces in the simplicial case. Then we explore the relation between the homotopy 
theories of dendroidal sets and spaces on the one hand and the homotopy theories of 
topological or simplicial operads and of algebras for such operads on the other. 

Our aim in this book is to give a reasonably self-contained exposition and to 
clearly exhibit the parallels and differences between the simplicial and dendroidal 
theories. For this reason, we also present some material (such as the fundamentals 
of simplicial sets) that is already covered in earlier sources. Our exposition has been 
tailored to our needs and, we feel, in several cases provides a more streamlined 
presentation than is available elsewhere. At the end of each chapter we include a 
short section with historical comments, indicating some of the main origins of the 
material we present and providing pointers to the relevant literature. 

This book develops the fundamentals of the theory of dendroidal sets and spaces. 
We have not attempted to cover all of the variations and applications of that theory 
occurring in the literature, but will point the reader to some further developments 
and applications in the epilogue. 

Our own understanding of the theory owes much to discussions and collaborations 
with many colleagues, among whom we would in particular like to mention Clemens 
Berger, Thomas Blom, Pedro Boavida, Hongyi Chu, Denis-Charles Cisinski, Javier 
Gutierrez, Rune Haugseng, Vladimir Hinich, Eric Hoffbeck, Jacob Lurie, Thomas 
Nikolaus, and the second author’s (former) PhD students Miguel Barata, Matija 
Basic, Giovanni Caviglia, Peter James, Andor Lukacs, Joost Nuiten, and Ittay Weiss. 

We started writing this book in 2015 and we would like to thank the many institu- 
tions that supported us during our work. A first draft of many chapters of this book 
was written during our stay at the thematic program ‘Homotopy Harnessing Higher 
structures’ at the Isaac Newton Institute in Cambridge in 2018. We thank the Institute 
for hosting us and providing excellent working conditions. Furthermore, we thank 
our various host institutions: University of Copenhagen, Harvard University, Rad- 
boud University, University of Sheffield, and Utrecht University. We acknowledge 
the support of the NWO through the project ‘Lie algebras and periodic spaces in ho- 
motopy theory’ (with project number 016-VENI-192-186) and Moerdijk’s Spinoza 
prize (with project number SPI 61-638), as well as the support of the European 
Research Council through the grant “Chromatic homotopy theory of spaces’ (grant 
number 950048). 

It will be clear to the reader that we owe much to the works of Michael Boardman 
and Rainer Vogt. Sadly both of them passed away during the writing of this book, 
which we dedicate to their memory. 


Introduction 


A simplicial set is a system of sets indexed by the natural numbers, or rather the 
linear orders 0 < 1 < --- < n for all n > 0, and maps between these corresponding 
to monotone maps between linear orders. A simplicial set can be viewed as a way to 
encode the construction of a topological space, the so-called geometric realization 
of the simplicial set. With this realization in mind it is possible to develop much 
if not all of the homotopy theory of topological spaces using simplicial sets as 
models for spaces, as was convincingly shown already in the 1950s and 1960s 
by the work of Kan, Curtis, Moore, May, and many others. Good expositions of 
this early development are the books by May [111], Gabriel and Zisman [61], and 
Lamotke [101], while the book by Goerss and Jardine [69] provides a more modern 
perspective. The simplicial theory is now widely used in mathematics and plays 
a central role not only in topology but also in many aspects of modern algebraic 
geometry, as illustrated by Illusie [89], Friedlander [59], Artin and Mazur [6], and 
more recently in the motivic homotopy theory of schemes [119]. 

There is a close relation between the theory of simplicial sets and that of cate- 
gories. Any (‘small’) category defines a simplicial set, known as the nerve of the 
category. In this way one can view a category as giving rise to a topological space, 
called the classifying space of the category, simply by considering the geometric 
realization of its nerve. This viewpoint leads to many useful invariants of categories 
borrowed from topology, such as homotopy and cohomology groups, and has shown 
to be extremely useful, for example in the development of higher K-theory initiated 
by Quillen [126]. 

From the point of view of category theory, however, the construction of the 
classifying space is quite a big step, because it forgets the direction of the arrows in the 
category. As aconsequence, many categories have homotopy equivalent realizations; 
for example, any adjoint pair of functors gives a homotopy equivalence of classifying 
spaces. The direction of arrows is still present in the simplicial set encoding the nerve 
of a category. This leads to the question whether there is a more refined ‘homotopy 
theory’ for simplicial sets, retaining more of the categorical properties for nerves 
of categories; a homotopy theory for which an equivalence between two categories 
corresponds to a new kind of homotopy equivalence between simplicial sets. Joyal 
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and Lurie have shown that it is indeed possible to develop such a more refined 
homotopy theory of simplicial sets, which goes under the name of the theory of 
quasi-categories or co-categories. 

Operads can be viewed as a generalization of categories. While in a category the 
arrows run from a single source to a single target, in an operad an arrow — or an 
operation, as one usually says in this context — runs from a finite sequence of sources 
(or ‘inputs’) to a single target (or ‘output’). Thus, while the structure of composing 
arrows in a category can be described by linear orders 


| 
n] 


encoding the structure of composition of an operad requires rooted trees instead of 
linear orders: 


Here the first picture is to be interpreted as the category with objects 0,...,n 
(represented by the edges) and a single morphism i — j whenever i < j (with the 
generating morphisms i — i + 1 indicated by the vertices in the picture). Note that 
this way of using edges and vertices is dual to the more standard conventions for 
picturing categories and linear orders. This switch is made in anticipation of the 
kind of pictures we will draw for operads. Indeed, the second picture represents an 
operad with objects (or colours) a,..., f and generating operations p : (b,c, d) > e 
and q : (a,e) > f. 

Operads initially arose in an attempt to understand the structure of iterated loop 
spaces in topology and the higher associativity laws involved in the composition 
of loops, or the composition of ‘loops of loops’ in double loop spaces, etc. More 
explicitly, an operad describes a specific kind of algebraic structure in terms of all 
the operations involved in that structure, and all the equations that hold between all 
possible compositions of these operations. The algebraic structure of an n-fold loop 
space can be described in a very efficient and elegant way as the structure of an 
algebra over a specific operad, known as the operad of little n-cubes. This method 
of studying iterated loop spaces goes back to Stasheff [135], Boardman and Vogt 
[21], and May [112], and forms the origin of the theory of operads. Later it became 
apparent that operads play an important role in many other parts of mathematics. 
For example, the moduli spaces of surfaces with boundary form an operad playing 
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an important role in topological field theory [67]. Operads occur in geometric group 
theory in the analysis of the homology of free groups using ‘outer space’ [44]. 
They play an essential role in the deformation theory of associative algebras and the 
precise structure of the Hochschild complex controlling such deformations [100], 
and in developing a general theory of Koszul duality for algebras of different kinds 
[68, 65, 104]. 

As the theory of operads forms an obvious extension — from a single input to 
multiple inputs — of the theory of categories, the theory of dendroidal sets arose in 
the search for a similar extension of the theory of simplicial sets, thus completing 
the square below. 


i more inputs 
categories ——————> operads 


“| 


simplicial sets ———————> ? 


The goal of this book is to show that such a theory indeed exists and to describe 
some of its main developments. We have organized the exposition into several parts, 
reflecting the relation of the theory to simplicial sets, operads, and homotopy theory 
mentioned above. 

In Part I, our goal is to explain in detail the basic features of the category of 
dendroidal sets, emphasizing its relation to simplicial sets, operads and algebras, 
but saving more advanced homotopy theoretic aspects for later. Chapter 1 reviews 
the main notions in the theory of operads together with some examples. In Chapter 
2 we give an introduction to the theory of simplicial sets, assuming only some 
familiarity with basic categorical language (categories, functors, limits and colimits, 
adjunctions, etc.). Then Chapter 3 introduces dendroidal sets and explains how many 
aspects of the theory of simplicial sets extend to dendroidal sets. Nerves of operads 
are among the main examples of dendroidal sets, just like nerves of categories give 
important examples of simplicial sets. The main additional feature at this stage is 
that due to the existence of non-trivial automorphisms of trees, not every dendroidal 
set has a well-behaved skeletal filtration in the way that any simplicial set has. This 
motivates the introduction of the property of normality of a dendroidal set. This 
property is defined in terms of the groups of automorphisms of trees, which are 
required to act freely on a normal dendroidal set. For example, the nerve of an 
operad is a normal dendroidal set precisely if the symmetric groups act freely on the 
operad (one says that the operad is 2-free). Normal dendroidal sets are much better 
behaved than arbitrary ones and in particular they do have a good notion of skeletal 
filtration. A useful analogy to keep in mind here is that among general dendroidal 
sets the normal ones play a role similar to that of CW-complexes among topological 
spaces. 

In Chapters 5 and 6 we discuss fibrations of simplicial sets and of dendroidal sets. 
We develop the simplicial theory first and give a detailed treatment of the notion of 
Kan fibration which is central to the classical homotopy theory of simplicial sets, as 
well as the weaker notions of inner, left and right fibrations which feature in the ‘cat- 
egorical’ homotopy theory of simplicial sets. Chapter 6 is a mirror image of Chapter 
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5, in which we treat similar classes of fibrations for the category of dendroidal sets. 
While some general categorical features of the simplicial and dendroidal theories 
are very similar, the two theories differ considerably in detail because of combina- 
torial aspects arising from the automorphisms of trees, as well as from the fact that 
the role of the Cartesian product is taken over by a more subtle tensor product of 
dendroidal sets. In order to secure a solid understanding of how to work with these 
tensor products we discuss these first, in Chapter 4. The organization and choice of 
material in Chapters 5 and 6 is motivated to a large extent by the need to prepare 
the ground for a discussion of the homotopy theory of simplicial sets and dendroidal 
sets in terms of Quillen model category structures in Part II. 

This second part begins with Chapter 7, giving a self-contained introduction to 
the theory of model categories. Chapter 8 then establishes the two most important 
examples of model structures on the category of simplicial sets, namely the Joyal (or 
categorical) model structure describing the homotopy theory of co-categories, and the 
Kan-Quillen model structure describing the homotopy theory of Kan complexes. The 
latter is one of the original examples of a model structure and much of its relevance 
derives from the fact that it is, in an appropriate sense, equivalent to a certain 
standard model structure on the category of topological spaces. Our construction of 
these model structures is somewhat different from those usually found in the literature 
and stresses the elementary nature of the arguments. In Chapter 9 we generalize the 
techniques of Chapter 8 to establish the operadic model structure on the category of 
dendroidal sets, which describes the homotopy theory of co-operads. We then study 
two variants, namely the covariant and the Picard model structure. In a later part 
of this book we will relate the first to the homotopy theory of algebras for a given 
co-operad and the second to the homotopy theory of infinite loop spaces. 

In Part III of this book we develop the homotopy theory of simplicial and den- 
droidal spaces, rather than sets. It starts with two chapters of a rather general nature. 
Chapter 10 treats the homotopy theory of diagrams of spaces on a given small 
category, paying particular attention to Reedy model structures. It includes some 
applications to the theory of homotopy colimits. Chapter 11 develops a version of 
left Bousfield localization appropriate for our purposes; one of the key ingredients 
is a general notion of ‘mapping space’ between objects of a model category, which 
relies on the construction of Reedy model structures of the preceding chapter. In 
Chapter 12 we develop the notion of dendroidal Segal spaces and completion; this 
extends Rezk’s theory of (simplicial) Segal spaces and provides yet another model 
for the homotopy theory of co-operads. Chapter 13 adapts the notion of left fibra- 
tion to the context of dendroidal spaces and proves that these provide a model for 
the homotopy theory of algebras over an operad. In the concluding Chapter 14, we 
establish an equivalence of homotopy theories between dendroidal sets (or spaces) 
and simplicial (or topological) operads. 

We stress once more that this book may also be used as a self-contained intro- 
duction to the homotopy theory of simplicial sets. We have written Chapter 2 in 
such a way that it can form an independent first introduction to the theory, followed 
by Chapter 5 on fibrations and Chapter 8 in which we give an independent and 
self-contained treatment of the homotopy theory of simplicial sets before extending 
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it to the dendroidal context. Chapter 12 on dendroidal spaces also contains a sep- 
arate Section 12.7, indicating how our results specialize to give Rezk’s theory of 
(complete) Segal spaces. 


How to Use This Book 


This book provides a comprehensive introduction to the theory of dendroidal sets 
and dendroidal spaces, but can be read in different ways, for which we outline 
several paths below. In particular, we stress that this book can also be used as 
a self-contained introduction to the theory of simplicial sets, including the Kan- 
Quillen model structure (describing ‘classical’ homotopy theory) and the Joyal model 
structure (describing the homotopy theory of co-categories). 

The first part of this book treats the basic theory of simplicial and dendroidal sets 
and could be split as follows: 


introduction to introduction to 
simplicial sets i dendroidal sets ] 
Chapter 2 Chapter 1 
Chapter 5 j Chapter 3 
Fe Chapter 4 
Chapter 6 


Pi 


Our exposition of the basic definitions and constructions of simplicial sets in 
Chapter 2 serves as an introduction to the corresponding material for dendroidal sets 
in Chapter 3. Similarly, the treatment of various Kan conditions for simplicial sets 
in Chapter 5, which will be familiar to many readers, can serve as an introduction 
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to the similar but more complicated material for dendroidal sets in Chapter 6, as we 
have indicated by the dashed arrows above. The reader will observe that some of the 
results in Chapter 6 make use of those in Chapter 5. 

The further parts of the book develop the homotopy theory of simplicial and 
dendroidal sets (and spaces). We use the formalism of Quillen model categories, 
developed in the following chapters: 


introduction to 
model categories 


iS = 
| Chapter 7 — Chapter 10 — 


The self-contained Chapter 7 contains basic definitions, constructions, and ex- 
amples. Chapter 10 describes the homotopy theory of diagrams of spaces. Finally, 
Chapter 11 treats the theory of (co)simplicial resolutions and left Bousfield localiza- 
tion. The reader familiar with this material may skip these chapters and refer back 
to them as needed. On the other hand, these three chapters can also be used as a 
self-contained introduction to model categories, possibly supplemented by taking 
examples in the context of simplicial sets or topological spaces from Chapter 8. 


Chapter 11 


simplicial 
homotopy theory 


Chapter 8 


S 


dendroidal 
homotopy theory 


Chapter 9 


a7 


yY 


Chapter 12 


| 


Chapters 13 — 14 
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The core of this book is the development of the homotopy theory of simplicial 
and dendroidal objects. The reader who wishes to learn about the Joyal model 
structure, but is familiar with the basics of simplicial sets and model categories, can 
go straight to Chapter 8 and refer back to Chapter 5 as needed. The homotopy theory 
of dendroidal sets is developed in Chapter 9. Chapter 12 develops the homotopy 
theory of dendroidal spaces. Chapter 13 explains how dendroidal spaces may be 
used to model algebras for operads and oo-operads. In the concluding Chapter 14 we 
finally explain how dendroidal objects are models for operads. 
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The Elementary Theory of Simplicial and 
Dendroidal Sets 
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Chapter 1 spa | 
Operads 


The theory of operads is a convenient framework to define various types of alge- 
braic structures in many different contexts. In this first chapter we will define the 
notion of an operad as well as that of an algebra for an operad. We present several 
well-known examples. In particular we will describe the example from which the 
theory originated, namely that of the little n-cubes operad whose algebras are n-fold 
loop spaces, and a variant of it, namely the Fulton-MacPherson operad built from 
compactifications of configuration spaces. We present several constructions which 
will play an important role in this book. Among these are the construction of the free 
operad generated by a family of operations, the tensor product of two operads, and 
the Boardman—Vogt resolution of a given operad, which describes the structure of 
an algebra-up-to-homotopy for that operad. We would like to emphasize that these 
constructions, as well as the notational conventions regarding trees, will reoccur in 
many of the later chapters. For example, already in Chapter 3 the definition of a 
dendroidal set uses the construction of free operads and morphisms between them, 
and much later the Boardman—Vogt resolution will be the key tool to relate the 
homotopy theory of operads to that of dendroidal sets. Many readers will already 
be familiar with much of this material and they may wish to just glance over these 
points. They will observe that for us the term operad will always mean coloured 
symmetric operad. 


1.1 Operads 


Algebraic structures are sets or spaces equipped with specific operations. For exam- 
ple, a monoid is a set M equipped with a multiplication u: M x M — M anda unit 
element e in M which can be viewed as an ‘operation with zero inputs’ (or nullary 
operation) 1 = M? — M. These operations are of course required to satisfy certain 
identities. There are many operations which can be defined in terms of these two, 
such as the multiplication of n elements in a specific order o, which is a map 
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M” > M: (x1,.--5Xn) © Uxo) H(Xo(2), HC- -, H(Xo(n-1) Xo(n)) - --)))- 


If M has a topology, one would of course require these operations to be continuous. A 
central theme in topology and geometry is the behaviour of such algebraic structures 
under deformations of the space M. It turns out that a simple algebraic structure like 
that of a monoid will then ‘explode’ into a structure where one still has a multipli- 
cation, but one which is only associative up to a (specified) homotopy. Furthermore, 
the various associativity equations one might write down (when multiplying, say, 
four elements) are related by further homotopies, and so forth. One speaks of a 
multiplication which is associative up to coherent homotopy. Such coherences are 
expressed by infinitely many further operations and identities between them. The 
notion of an operad was initially conceived in order to organize such structures in a 
tractable way, by equipping the multitude of operations themselves with a geometric 
structure, and has found many applications since. 


Definition 1.1 An operad P consists of a set C of colours and for each n > 0 and 


each sequence c], . . ., Cn, C of colours a set 
P(c, EREA Cn; c) 
of operations, thought of as taking n inputs of colours c1, . . ., Cn respectively to an 


output of colour c. Moreover, there are three kinds of structure maps: 
— for each colour c a unit 1. € P(c; c), 
— for each permutation o € X,, a map 


OPE P(c, 2c, €n; €) —> P(co(1) - - -> Con); C), 


usually written o*p = poo, 
— for any sequence of colours c1, . . ., Cn, € and any n-tuple of sequences dj,- -> d} 
l 
fori = 1,...,n, a composition of operations 


Perts ISS Paa m h i 30) 
i=l 


usually written y(p, q1, - - -, qn) = p © (q1, . - -, qn) or even just p(q1, . . -, qn). 


Furthermore, these structure maps have to satisfy a number of axioms, which express 
that composition is unital and associative, that the permutation operations o* give 
a right action of the symmetric groups and that this action is compatible with the 
compositions y. In detail: 


— for an operation p € P(c),...,Cn;c), we should have y(le,p) = p and 
YP, le- -> Len) = P, l l 
— for p, qı, . . -, qn as above and a further sequence of operations ri ses res where 


r has output di, we should have 


(p(q1,-- aris ae org) = Pari. ie une): anagallis ot) 
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— for g,T € È, and associated operations o*, t* as above, we should have (ot)* = 
* * 
Tt o*, 
— for p, q1, - - -, qn as before and 7 € Ly, Ti E€ Xx%,, we should have 


TPT lol)» ties Te (n)Io(n)) =(70(T%,..., Tn) (P(A <---> 4n))} 


where o o (T1, ..., Tn) is the element of the symmetric group on X ki letters 
formed by letting t; permute the letters within the ith block of length k; and 
letting o permute the n different blocks. Another way of phrasing this condition 
is by the following two identities: 


T* Pdo)» - - -> Gotn)) = P(Q1,-- -> qn), 
PTA -- -> Taan) = (Ti, - - -> TaY (PCan - - - Gn))- 


Here (T1, . . ., Tn) corresponds to an element of X;,+...4x,, Via the obvious inclusion 


Èk XxX Èk, C Diiren 


Remark 1.2 Let P be an operad, p € P(c1,...,Cn;c) and q € P(d),..., dk; ci) for 
some | <i < n. It will be convenient to have the following notation: 


Parga = Pile, ---5G%--+s1e,)- 


Thus, p o; q is the composition of p with q in the ith variable. If c),...,cy are all 
distinct colours of P, we will sometimes also write p o,, q. It is possible to rephrase 
the definition of operad in terms of the operations o;, instead of using the ‘total 
composition’ of Definition 1.1, as we will explain in Section 1.4. 


Example 1.3 (a) As said, one should think of the elements of P(cj,...,cn3c) as 
operations, taking inputs of types c1,...,c, respectively to an output of type c. 
Thus, a typical example of an operad can be given by taking a family of sets {X-}cec 
indexed by the set of colours C and setting P(c1, ..., Cn; C) to be the set of functions 


Dp: Xe, X+ X Xe, — Xe. 
The action by the symmetric groups is given by simply permuting the variables: 


(p°0)(Xe(1); - - +s Xo(n)) = P(X1,- - -> Xn). 


Composition in P is defined as composition of functions. 

(b) If the sets Xe have more structure, one can define an operad by defining the 
set of operations P(c1, . . ., Cn; c) to be the set of functions Xe; X ++ X Xe, > Xe 
respecting that structure, provided this condition is compatible with composition 
and permutation of variables. For example, the X, could be topological spaces and 
the operations continuous functions; alternatively, the Xe could be vector spaces and 
the operations multilinear maps. We are sure the reader can make this list as long as 
they like. 


6 1 Operads 


(c) A more ‘universal’ way of describing the type of example listed above is as 
follows: if C is any symmetric monoidal category and C is a set of objects of C, then 
one obtains an operad with this set of colours by defining P(cj,...,Cn3c) to be the 
set of morphisms c1 8- + -cn — c in C. We will sometimes write C® for the operad 
obtained in this way, when C is the set of all objects of C (granted C is small). 


Remark 1.4 (Terminology and notation) (a) If the set C of colours is a singleton 
{c} there is no need to specify colours in our notation and we simply write P(n) 
for P(c1, ...,Cn;c) (where the c; all coincide with c). Composition is then given by 
maps 


P(n) x | | Pki) — P(ki +++ + kn) 
i=l 
and each P(n) carries aright Z,,-action. We sometimes call such an operad uncoloured 
or classical (the latter because the original definition of operad concerned this 
uncoloured case). The operads of Definition 1.1 will sometimes be called coloured 
operads for emphasis. 

(b) Consider an operad P which has only unary operations, i.e., where 
P(c1,...,Cn3c) is always empty unless n = 1. The definition of operad then comes 
down to that of a category with C as set of objects and P(c; d) the set of morphisms 
from c to d. 

(c) Combining (a) and (b), one sees that an uncoloured operad with only unary 
operations is simply a monoid, i.e. a set with a unital and associative multiplication. 
Thus there is a diagram of inclusions 


monoids —————> categories 


| | 


uncoloured operads ———> operads, 


with the understanding that we only consider small categories here, i.e. those whose 
objects form a set. 

(d) The definition of operad allows for P(c1,..., Cn; c) where n = 0, which we 
write as P(—; c). We will refer to its elements as constants of colour c. An operad is 
called unital if for each c there is precisely one constant of colour c, i.e. if P(—;c) 
is a singleton. An operad P is called open if it has no constants at all, i.e. if P(-; c) 
is empty for all c. Any operad P has an interior P°, obtained by simply omitting all 
constants of P. Similarly, each P has a closure cl(P), in such a way that the formation 
of closures is a left adjoint to the inclusion of unital operads into all operads. We 
will come back to this closure in detail later. 
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Example 1.5 We list some uncoloured operads occurring frequently in the literature. 
(a) The commutative operad Com is defined by 


Com(n) = {+}, 


i.e. Com has a unique n-ary operation for each n. In particular, it is unital. 
(b) The associative operad Ass is defined by 


Ass(n) = Xp, 


with the following structure maps. The group %,, acts on itself on the right in the 
obvious way; to define composition, we need to specify a map 


y: Ln x Èk XX Èk, == 2 EE SER 


If one thinks of the elements o € }Ł,„ and t; € Lx, as permutation matrices, then 
Y(T, T1, ..., Tn) corresponds to the matrix formed by replacing the 1 in the ith column 
of o by the matrix 7;. As in Definition 1.1, one can think of 2, as permuting the n 
blocks of sizes k},...,k, which partition kj +...+, and as Lx, as permuting the 
letters within the block corresponding to k;. Again, Ass is a unital operad. 

(c) There is an operad Tree?! which, roughly speaking, has as its n-ary operations 
the set of planar rooted trees with n numbered leaves. Our conventions regarding 
trees will be slightly nonstandard; we will specify them precisely in Section 1.3. For 
now, here is a typical example of an element of Tree”!(6): 


The group Èn acts on Tree”! (n) by permuting the labels on the leaves and the 
composition is defined by grafting; indeed, y(T, Tı, . . ., Ta) is given by grafting T; 
onto the leaf of T numbered i. The leaves of the resulting grafted tree have to be 
labelled appropriately: if T}, ..., Ta have kı,...,kn leaves respectively, the leaves 
of y(T, Tı, . . ., Tn) corresponding to the tree T; are now labelled kj +... + ki-1 +1 
through kı +... + ki-1 + k;. For example, the composition of the labelled trees 


can be pictured as follows: 
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45673 


One obtains a variation of this example by considering trees without a planar struc- 
ture, giving an operad Tree. 


Often, the sets of operations of P have more structure. A case of particular interest 
to us is the following: 


Definition 1.6 A topological operad is an operad P where each set of operations 
P(c1,...,Cn3c) is equipped with a topology and all the structure maps of P (i.e. 
compositions and permutations) are continuous. 


Remark 1.7 (a) Notice that we do not include a topology on the set of colours C in 
this definition. 

(b) There are of course many variations on the definition above; one can replace 
the sets of operations of P by abelian groups, vector spaces, manifolds etc. More 
generally, for a symmetric monoidal category V, one can define an operad in V 
precisely as in Definition 1.1, but taking the P(cj,...,cCn3c) to be objects of V 
(rather than sets) and, in the definition of composition, replacing the product by the 
tensor product in V. With this definition, the operads of Definition 1.1 are operads 
in Sets and topological operads are operads in Top, the latter denoting the category 
of topological spaces and continuous maps. We will sometimes use this terminology 
to emphasize the kind of operads we consider. Later in this book we will discuss the 
case where V is the category of simplicial sets. 


Example 1.8 One of the most classical examples of a topological operad (and, 
indeed, the motivating example for the original definition of operads) is the little d- 
cubes operad Eq. Intuitively speaking, the space Eg(n) is the configuration space of 
n numbered d-dimensional cubes inside the d-dimensional unit cube [0, 1]¢ c R?. 
The operadic composition of an operation p € Eg(n) with operations q1,...,qn 
is given by substituting the rescaled configuration q; into the ith cube of p. More 
precisely, a point of Eg(n) is an n-tuple of embeddings 


fi.. fa : [0,1]2 ll 


satisfying the following conditions: 


(1) Each embedding f; is rectilinear, in the sense that it is itself a product of d 
affine embeddings gi, ga -85 : [0,1] — [0,1] (where affine means of the form 
t +» at + b). Thus, the faces of the cube embedded by f; are all parallel to the 
faces of the unit cube in R. 

(2) The interiors of the cubes embedded by the f; are mutually disjoint. 
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As an example, one can picture a typical point of E2(4) as follows: 


The sets Eg(n) can be topologized as a subspace of Map([0,1]¢ O --- H 
[0, 1], [0, 1]“), where the latter is given the compact-open topology. Composition 
of operations in Eg is then formally defined simply by composing embeddings. 


Example 1.9 An embedded d-dimensional cube inside [0, 1]@ gives a corresponding 
d + 1-cube inside [0,1]¢*! by adding the identity map as a final coordinate. This 
gives a morphisms of operads from Eg into Eg,,. With these one may form the 
following colimit: 
Ex(n) := lim E4(n). 
d 

The reader can verify that the spaces E..(n) inherit the structure of an operad in their 
own right. Moreover, all these spaces turn out to be contractible. Thus, from the point 
of view of homotopy theory, the operad E~ is much like the commutative operad 
Com, for which each space (or set) of operations is a singleton. More precisely, 
there is an evident map of operads E~ — Com which gives homotopy equivalences 
E..(n) — Com(n) for each n. However, there is one important difference between 
these two: the action of the symmetric group 2, on E..(”) is free, whereas its action 
on Com(n) is not (at least for n > 2). Note also that there is a map of operads 
E; — Ass; it sends a collection of n numbered subintervals of the unit interval to 
the permutation (i1, ...,in) obtained by reading the labels of the subintervals left 
to right. This map is also a homotopy equivalence E;(n) — Ass(n) for every n. 
Thus one can think of the operads Eg as a family which ‘interpolates’ between the 
associative and commutative operads, at least in a homotopy-theoretic sense. 


To conclude this section, we observe that operads form a category Op in an evident 
way: for two operads P and Q, a morphism y : P — Q is a function f : Cp —> Cg 
between the corresponding sets of colours and, for each sequence c1,...,Cn,c of 
colours of P, a map 


Petnene € P(C1, «+ +5 €ns€) — QF (C1), - - «+ FCn); FCC). 


These maps should be compatible with &,,-actions, compositions and units in the 
obvious way. For topological operads, one of course requires the maps @¢,,....c,,c tO 
be continuous. In general, for operads in V, they should simply be morphisms in V. 
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1.2 Algebras for Operads 
1.2.1 Definitions and Examples 


The main role of an operad P is to define a corresponding ‘algebraic’ structure on a 
set or a space. For a given (uncoloured) operad P, a P-algebra is a set A on which the 
operations p € P(n) act as actual functions A(p) : A*” — A, in a way compatible 
with the structure of P. The general definition goes as follows: 


Definition 1.10 Let P be an operad. A P-algebra A is a family of sets {Ac}cec 
indexed by the colours of P, together with maps 


P(ci,...,€n3¢) X Ac, X +++ X Ac, —> Ac, 


written (p,a1,...,dn) => A(p)(ai,...,an) or simply p(a1,..., an). These maps 
should respect the structure of P in the following sense: 


— for each colour c, the unit 1, acts as an identity: 
1.(a) =a for aé X,, 
— for a permutation o € Z,, and a; E€ Ac, fori = 1,...,n, 


(p © 7)\(dg(1)s +++» 4o(n)) = plai, . - +5 an), 
— for a composition p(q1, . - ., qn) of operations as in Definition 1.1 and ai € Aji for 
J 


i=1,...,nandj =1,...,k, 


Plai- - -s In)", .--54") = p(qi(a'), -» +5 In(a")), 


i 


where a’ is short-hand for aj, ..., a} . 
t 


Remark 1.11 A more concise way of phrasing this definition is as follows. Write 
Sets” for the operad formed out of the symmetric monoidal category Sets of sets 
with cartesian product, as described in Remark 1.3(c). Then a P-algebra is simply a 
morphism of operads A : P — Sets”. 


Definition 1.12 A morphism of P-algebras f : A — B is a family of maps 
fe : Ac — Be, ce, 
which are compatible with operations of P, meaning 
Sel Alp)an, - . ++ an)) = BP) fe, (a1), «+ «+ fen (an)) 


for any p € P(c1,..., Cn; C) and a; € Ac,,a E€ Ac. This notion of morphism defines 
a category of P-algebras for which we write Algp. 


1.2 Algebras for Operads 11 


Remark 1.13 An analogous definition applies to a topological operad P. A P-algebra 
A is now given by a family of spaces {Aec }cec and continuous maps 


Pii eesin C) X Ac, X +++ X Ac, — Ac 


satisfying the same equations as before. These algebras form a category in a similar 
way, where a morphism is now given by a family of continuous maps Ac — Be. 
We will again write Algp for this category, or Algp(Top) if we wish to stress that 
our algebras take values in topological spaces. Further on we will be especially 
concerned with operads and their algebras in other categories than Sets and Top, 
most notably the category sSets of simplicial sets. 


Example 1.14 We will go through some of the operads listed in the previous section 
and examine what kind of algebras they encode. 

(a) A Com-algebra is a set A together with a map un : AX” — A for each n > 0. 
One easily verifies that these fz, are uniquely determined by a commutative and 
associative multiplication u) : AX? — A with unit uo : * —> A (where * denotes 
a singleton, which is the empty product of sets). If we write u2(a,b) = ab then 
Hn(a1, . . ., an) is the n-fold product ay --- an. In other words, the category Algcom is 
the category of commutative monoids. One can of course view Com as a topological 
operad, in which case Com-algebras are topological commutative monoids. 

(b) An Ass-algebra is given by a set A together with maps 


Un : Èn X AX" — A. 


The rule 
HUn(OT, At(1) s+ +> r(n)) = Lilo, al, ..., an) 


shows that un is determined by un(1, —, . . ., —) and the rules for units and associativity 
of composition then show that all the un are completely determined in terms of 
m(1,—,—) : AX? > A and py : * — A. In this way, one checks that the category of 
Ass-algebras is precisely the category of (associative) monoids. 

(c) The next example lies at the heart of the theory of operads and is one of the 
main motivations for their development. Consider the topological operad Eg of little 
d-cubes. Let X be a topological space with basepoint x9. The loop space QX of X is 
the space of basepoint-preserving maps S! — X, or equivalently the space of maps 
from the interval [0, 1] to X which send the boundary 0[0, 1] to the basepoint xo. It 
is equipped with the compact-open topology. This space QX has a basepoint itself, 
given by the constant map with value xo. The loop space construction can then be 
iterated to form the d-fold loop space QÎX = Q(Q4-!X). It can be described directly 
as the space of maps [0,1]“ — X which map the boundary 6({0, 1]Ż) to xo. This 
d-fold loop space is an Eg-algebra in a natural way. Indeed, given a configuration 
F = (fis... fa) of n little d-cubes corresponding to an element of Eg(n) and an 
n-tuple of points 41,..., An € 2X, interpreted as maps [0, 1]? — X sending the 
boundary to the basepoint, one obtains a new such map 


à= F(å,..., An) : [0, 1]? — X 
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by letting A = 2; a on the image of f; and A = xo outside of these images. It is a 
fundamental result in the theory of iterated loop spaces due to Boardman—Vogt and 
May that this construction can be reversed. If Y is a connected pointed space with 
the structure of an Ey-algebra, then Y is equivalent to an iterated loop space Q¢X, 
in the sense that there exists a pair of morphisms of Eg-algebras 


Y — Z — QÎX 


which are both weak homotopy equivalences. This example can be extended to the 
case d = œ to yield a corresponding recognition principle for infinite loop spaces. 
(d) An algebra for the operad Tree?! consists of a set A together with for each 
n > 0 an operation 
Un : Èn X AX" — A, 


corresponding to the tree with n leaves and one internal vertex, usually referred to 
as the n-corolla. For example, for T € Lz the transposition, u2(T, —, —) corresponds 
to the following planar tree: 


2 1 
y 


As with the operad Ass, one verifies that the symmetry conditions completely de- 
termine 4n in terms of un(l, —, . . .,—). Moreover, the action of all other operations 
of Tree?! on A are determined in terms of the un, simply because any tree can be 
obtained by grafting corollas onto each other. Contrary to Ass, there are no further 
relations between the un; the operad Tree”! is an example of a free operad, about 
which we will say more in Section 1.5. A Tree-algebra A is a set with a similar 
structure, but now there are maps 


Un : AX" — A 


which should be invariant under the action of 2, permuting the coordinates, with no 
further relations between them. 


The previous examples all concerned uncoloured operads. We will now give some 
examples of algebras for operads with more colours. 


Example 1.15 (a) Let C be a (small) category, viewed as an operad with only unary 
operations. Then a C-algebra is nothing but a functor C — Sets. Similarly, if C is 
a category enriched in the category of topological spaces (i.e. a topological operad 
with only unary operations), a C-algebra is a continuous functor C — Top. More 
explicitly, this is a family of spaces A; indexed by the objects of C and continuous 
maps C(c, d) x Ac — Ag satisfying the obvious functoriality condition. 

(b) (Actions). Let Act be the operad with two colours a and m and operations 
defined as follows: 
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x ifd=aandc; =a for all i 
Act(ci,...,Cn;d)=4* ifd = m and c; = m for precisely one i 


Ø otherwise 


Note that there is an inclusion of the commutative operad into Act which sends the 
unique colour of Com to a. An Act-algebra consists of two sets A and M, where by 
the previous remark A has the structure of a commutative monoid and additionally, 
for n > 1, there are maps 


a, AX") x M — M. 


Associativity of composition of the operations of Act then show that these maps give 
an action of the monoid A on the set M. In particular, a; is simply the identity and all 
other a@,,’s are determined in terms of an : AX M — M and the multiplication of A. 
There is a similar operad whose algebras consist of an associative monoid A together 
with a left action on a set M. We leave it to the reader to spell out its definition. 


Remark 1.11 suggests a definition of P-algebra in a general symmetric monoidal 
category V, rather than just Sets, which we will occasionally use: 


Definition 1.16 Let P be an operad and V a symmetric monoidal category, with 
associated operad V® as in Example 1.3(c). Then a P-algebra in V is a morphism 
of operads P > V®. 


As before, P-algebras in V can be organized into a category for which we write 
Algp(V). 


Remark 1.17 Some care is needed if one wants to consider the analogue of Definition 
1.16 for P a topological operad. In particular, if one wants to think of P-algebras 
in Top as morphisms of operads P — Top”, one is implicitly using the existence 
of a mapping space Map(X, Y) between two topological spaces X and Y with the 
universal property that 


Top(A x X,Y) = Top(A, Map(X, Y)), 


naturally in A, X and Y. Unfortunately the category of topological spaces does not 
admit such a structure; to correct this, one usually works with a slight modification 
of Top, often referred to as a ‘convenient category of spaces’. One possibility is to 
use the category of compactly generated weak Hausdorff spaces. 


Example 1.18 Let C and D be symmetric monoidal categories. Then a C®-algebra 
in D, i.e. a morphism of operads C® — D®, is the same thing as a lax symmetric 
monoidal functor F : C — D, meaning a functor equipped with natural maps 


F(c)@F(d)—> F(c 8d) and Ip > F(Ic), 


where Ic and /p denote the tensor units of C and D respectively. Moreover, these 
maps should respect the associativity, unitality and symmetry of the tensor products 
of both categories. 
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1.2.2 Free Algebras 


Let P be an operad and let $ = {Sc }cec be a family of sets indexed by the colours 
of P. Then S generates a free P-algebra Freep(S) defined as follows: for a colour 
c, elements of Freep(S),. are equivalence classes of sequences (p, 5), ..., Sn) where 
n > 0, p € P(ci,...,¢n;c) and s; € Sc;. The equivalence relation on these sequences 
is generated by 

(P © T, Se(1)s «+ -> So(n)) ~ (Ds S15 ++ -> Sn): 


The family {Freep(S).}-ec so defined has the structure of a P-algebra, simply using 
the composition operation of the operad P. Indeed, if we denote the equivalence 
class of (p, 51,...,5n) aS above by p @s, then for q € P(c,...,cx;.c) and k such 
equivalence classes p; ® s; in Freep(S).,, one has 


q4(P1ı 8 S1,- - -, Pk Q Sk) = 4(Pı; - - +, Pk) 8 (S1,---, Sk), 


where (s1, . . ., S) denotes the concatenation of the sequences s1, . . ., Sg. This free 
P-algebra has the usual universal property: given any P-algebra A and a family of 
maps Ye : Sc — Ac, there is a unique P-algebra map 


y : Freep(S) — A 


with the property that y(1. 8 s) = ¢-(s) for any c € C and s € Se. A more formal 
way to phrase this property is as follows: write Famc for the category of families 
of sets indexed by C (which is really just the product of categories [].<c Sets). The 
forgetful functor 

Up : Algp — Famc 


assigns to an algebra its underlying collection of sets. The functor Freep : Famc —> 
Algp then provides a left adjoint to Up. 

The same construction applies to a topological operad P, where for a family of 
spaces S one defines Freep(S) as a quotient of 


LI LI (Pirie) X Se xX +++ X Sen) 


n20 c1,...,Cn,C 


in the same way as before, now equipping it with the quotient topology. 
As a consequence of these constructions, any P-algebra A has a free resolution, 
i.e. it can be written as a coequalizer 


G ZFA 
where F and G are free P-algebras. Indeed, one can take 


F = FreepUp(A) and G = FreepUpFreepUp(A). 
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The counit of the adjunction between Freep and Up gives a map F — A and two 
different maps G — F, which provide the maps in the diagram above. 


1.2.3 Change of Operad 


To conclude this section we briefly discuss the effect of a map of operads y : P — Q 
on the corresponding categories of algebras. Write C (resp. D) for the set of colours 
of P (resp. Q). Obviously, any Q-algebra B pulls back to a P-algebra y* B described 
by 

(yp B). = Bye): 


The operations of P act on y*B in the evident way, by 
P(ci, . .., Cn; €) X Boci) X +++ X Belen) 
(y,id,...,id) 


Q(y(c1), -> (Cn); P(C)) X Bovey) X +++ X Bolen) 


| 


Bove) 


This defines a functor 
yp : Algo — Algp. 


It admits a left adjoint 
g: : Algp — Algo 


which can be conveniently described using free resolutions. Indeed, if 
Freep(J) —> Freep(S) ——> A 
is such a resolution of a P-algebra A, then yA is given by a coequalizer 
Freeg(y!J) ——> Freeg(y!S) ——> A, 


where gS is the collection defined by 


(y8)a = LI Sc 


g(c)=d 


and similarly for J. 

An alternative, more explicit construction mimics the construction for (left) mod- 
ules over rings: if y : R — S is a homomorphism of rings, then the pullback 
y* : Mods — Modg has a left adjoint gy, sending an R-module M to yM = S&R M, 
where S is viewed as an S-R-bimodule. In the same way, for a map of operads 
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y : P > Q as above, one can define the left adjoint y by 
gi(A) = Q 8p A. 


Here Q @p A is a quotient of the set (or space) of tuples (g,a1,...,@n,) where 
q € Q(y(c1),..-, p(n); d) and a; € Ac,. The quotient is taken by the equivalence 
relation defined by 


(alpi, - - -, Pn), Al, - -~ an) ~ (q, pilat),---,Pn(an)). 


Here q € Q(y(c1), . . -, P(Cn); d) as before and p; is an operation in P with output c; 


and inputs c}, .. ., c?" , while each a; is a sequence aj,...,a)" with a? € Aj- (It is 


i? i 


of course possible to reformulate this in terms of bimodules over operads and their 
tensor products, but we will not elaborate on this.) 


Remark 1.19 So far we have worked almost exclusively in the context of sets or 
spaces. However, as we have emphasized before, everything we do can be carried 
over to a general symmetric monoidal category V, provided it has enough colimits 
to carry out the constructions described above. 


1.3 Trees 


As should already be evident from Examples 1.5 and 1.14, trees play a fundamental 
role in the theory of operads. This section serves to fix our definitions and terminology 
and discuss the free operad associated with a tree. 


Definition 1.20 A tree T consists of a finite set V of vertices, a nonempty finite set E 
of edges, a distinguished element r € E called the root, together with the following 
data: 


(1) A function 7: E — {r} — V, which we think of as assigning to an edge e the 
vertex I(e) of which it is an input. 
(2) A function O: V —> E, assigning to each vertex v its output edge O(v). 


For each edge e other than the root 7, we obtain a sequence of edges starting at e 
by repeatedly applying O o J. We demand that this sequence ends in the root r after 
finitely many steps, for an arbitrary starting edge e. 

The edges in the complement of the image of O are called the leaves of the tree 
T. The vertices in the complement of the image of / are called stumps, or nullary 
vertices. An outer edge is an edge that is either the root or a leaf. An inner edge is 
any other edge of T, i.e., an edge in the image of O that is not the root. Such an edge 
is both an output edge and an input edge of some other vertex. 


When writing T for a tree, we will usually write E(T) and V(T) for its sets of 
edges and vertices, respectively. The smallest possible tree consists of a single edge 
and no vertices; this tree will be denoted by 7. The next smallest tree consists of a 
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single edge and a single vertex, pictured as: 


The following is a typical picture of a tree T with E = {a,b,c,d,e,r} and 
V = {t,u,v, w}: 


Here I(a) = u, O(u) = c, etc. This tree has inner edges b, c and d and outer edges 
a, e and r. We will always picture trees with the root at the bottom, so that in the 
picture above T has root r and leaves a and e. The valence of a vertex v is the number 
of its input edges, i.e., the cardinality of the set /~'{v}, so that a stump is a vertex 
of valence zero. The sets E(T) and V(T) both have a natural partial ordering, where 
e < f for edges e and f (or v < w for vertices v and w) if the directed path from 
e (resp. v) to the root of T passes through f (resp. through w). Thus, any leaf edge 
of T is minimal in this partial ordering on E(T), whereas the root edge is the unique 
maximal element. A similar comment applies to vertices. 


Definition 1.21 If T is a tree, then a planar structure on T is a linear ordering on the 
set of input edges of every vertex of T. 


It is unfortunate that any picture of a tree T automatically endows it with a planar 
structure, but the reader should note that such a structure is not part of the data of T 
itself. Thus, the following is a picture of the same tree as above, but corresponding 
to a different planar structure: 


If T is a tree, then we reserve the term subtree for a smaller tree S contained in T 
that satisfies the following condition: if a vertex v of T is contained in S, then so are 
all input edges of v. Thus a subtree of T is uniquely specified by listing its vertices; 
conversely, a collection of vertices of T defines a subtree only if the graph consisting 
of all those vertices together with the edges attached to them is connected. 
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A tree T defines an operad Q(T) in the following way. The colours of Q(T) are the 
edges of T. An operation p € Q(T)(c1, . . . Cn; C) is a subtree of T with leaves c),..., Cn 
and root c. Note that for any sequence of colours c1, . . . , Cn, c there is at most one such 
subtree; therefore, the sets of operations of Q(T) are either empty or singletons. As an 
example, consider the tree T pictured above. It has an operation w € Q(T)(c, d, e;r) 
and an operation v € Q(T)(—; d). The composition w og v € Q(T)(c, e;r) is the 
operation corresponding to the subtree of T with leaves c,e and root r. Also, the 
operation T*(w og v) € Q(T)(e, c; r) corresponds to precisely the same subtree, the 
only difference being that we have listed its leaves in a different order. The operad 
Q(T) is an example of a free operad (see Section 1.5). Indeed, its operations are freely 
generated by the vertices of T, in the sense that any map of operads y : Q(T) — P is 
uniquely determined by its effect on colours and, for every vertex v of T with inputs 
C1, - . -, Cn and output c, the operation y(v) € P(y(c)),..., p(Cn); y(c)). Conversely, 
any assignment of a colour of P to each edge of T and a compatible assignment of 
an operation of P to each vertex of T extends uniquely to a map of operads . 

We already used trees in Examples 1.5 and 1.14. Let us give yet another example 
of an operad defined using trees, which exploits the idea that trees parametrize the 
operations of an operad and the ways in which they can be composed: 


Example 1.22 There is an operad O whose algebras are uncoloured operads. Its 
set of colours is the set of nonnegative integers. An operation T € O(kı, .. ., kn; k) 
is represented by a planar tree with k leaves and n vertices, where the leaves are 
numbered 1,..., and the vertices are numbered 1,..., in such a way that the 
vertex numbered i has k; incoming edges. Note that these edges are ordered by the 
planar structure on T. More precisely, an operation is an isomorphism class of such 
labelled trees, where the isomorphisms of trees involved are required to preserve 
planar structures and labellings. 


1.3 Trees 19 


For example, 


depicts an element T € O(2,3;4). The symmetric groups act by permuting the 
labels on the vertices. The composition of operations of O is defined as follows: for 
(isomorphism classes of) trees T € O(kı, . . -, kn; k) and T; € O(/{,...,1),,; ki), the 
composition y(T, T, .. ., Ta) is the tree obtained by replacing the vertex labelled i 
in T by the tree 7;. This tree 7; has k; numbered leaves, which we identify with the 
incoming edges of the vertex labelled i in T, the leaf j of T; being identified with the 
jth incoming edge. Furthermore, the vertices of T;, which were labelled 1 through 
ki, are now relabelled kı +---+k;-; + 1 through kı ++- + k;. For example, take T 
as pictured above and T, Tz as follows: 


2 14 3 
Vy 


This example admits a straightforward variation for operads coloured by some set 
C. To be precise, there exists an operad Oc for which algebras are precisely C- 
coloured operads. To obtain Oc from the setup just described one should introduce 
an additional labelling of the edges of trees by elements of C. We leave the details 
to the interested reader for now, although we will return to this operad in Example 
13,32. 
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1.4 Alternative Definitions for Operads 


In this short section we review some alternative ways of defining operads. First of all, 
we discuss a ‘coordinate-free’ definition where the basic operations are not indexed 
by natural numbers n and permutations, but rather by finite sets A and bijections 
between them. Then we will discuss how the axioms for compositions po(q1, ...,9n) 
of an n-ary operation p with operations q1, ...,qn can alternatively be phrased in 
terms of the ‘partial compositions’ p o; q of Remark 1.2, composing p with q in the 
ith variable. The material of this section will for instance be useful in our discussion 
of free operads in Section 1.5 and the Fulton—MacPherson operad in Section 1.8. 

For simplicity, we begin with the case of operads whose set of colours C is 
a singleton {c}. As in Remark 1.4(a), we then abbreviate the set of operations 
P(c,...,¢;¢), with n input copies of c, by P(n). Our first aim is to describe a notion 
of operad with sets of operations of the form P(A), for every finite set A. This will 
reproduce an operad in our previous sense by setting 


P(n) := P1, ...,n}). 


To begin, write Fin® for the category of finite sets and isomorphisms between them. 
Then a collection is a functor K : (Fin) — Sets. Thus, a collection defines for 
every finite set A a corresponding set K(A), and for each bijection f: A > Ba 
function 

f°: K(B) > K(A). 


In particular, any collection K gives a sequence of sets 
K(n) := K({1,...,n}) 

and each K(n) carries a right action of the symmetric group 
Aut({1,...,2}) = Èn. 


Now a coordinate-free uncoloured operad is a collection P together with the follow- 
ing extra structure maps: 

— for each singleton A = {a} there is a unit 1, € P({a}), 

— for any map of finite sets y: B — A, there is a composition 


P(A) x | | P(Ba) > PCB): (p, Ga)aca) H P 0 (Ga)aca: 


acA 


where Ba denotes the inverse image y™!(a). 
The axioms to be satisfied by these structure maps are as follows: 


— the elements 1, € P({a}) act as two-sided units for the composition of operations, 
in the same sense as before, 
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— the composition is associative, in the sense that for maps C — B — A and 
operations p € P(A), qa € Ba for a in A, and ry € Cp fora € A and b € Bg, we 
have 


(p Q (qa)aca) o (rb)beBa =pe (qa 9 (rb)beBa acA, 


— for p € P(A), qa € Ba for a in A, and each commutative square of finite sets 


f 
—- 
g 
= 
in which the horizontal arrows are bijections, we should have 


g po (fe 9e(c))ce€ = f"(p° (da)aca)s 
where fe: De — Ba is the restriction of f. 


Each coordinate-free uncoloured operad P in particular defines an uncoloured 
operad as in the previous section, essentially by restricting to the finite sets {1,...,} 
for n > 0. This restriction induces an equivalence of categories between the two 
different versions of the theory, simply because the full subcategory of Fin* spanned 
by the sets {1,...,} is a skeleton, i.e., contains one object in each isomorphism 
class. 

We will now explain how to modify the definitions above for the case of operads 
with a set of colours C. Although this can easily be done in the same language of 
finite sets (now equipped with a function to C) and isomorphisms between them, it 
is convenient to shift perspective slightly and use the language of trees. 

A tree with just one vertex is called a corolla. Such a tree is determined up to 
isomorphism by the number of its leaves. We write C4 for a corolla with set of leaves 
A: 

A 


Ca | 


Fix a set C of colours. A C-coloured corolla is a corolla C4 equipped with a map 
from its set of edges E(C4) to C. In other words, it is a corolla whose edges (including 
the root) are coloured by C. Write Corc for the category of C-coloured corollas, with 
maps between these being those isomorphisms of corollas C4 — Cpg (i.e., bijections 
A — B) compatible with the specified labellings. Then the category of C-coloured 
collections is defined to be that of functors Cor? — Sets. We will write Collc for 
this category. Observe that if C = {c}, then the category of C-coloured collections 
is clearly equivalent to the category of collections (i.e., functors (Fin*)°? — Sets) 
we considered above. 
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With this terminology in place, we define a coordinate-free operad P with set 
of colours C to be a C-coloured collection, thought of as a functor Cor? — Sets, 
equipped with the following additional structure: 


— for each corolla C; with a single leaf, with both its leaf and its root labelled by the 
same element c € C, there is a unit 1. € P(C)), 

— for each C-coloured corolla C4 € Corc and further C-coloured corollas 
{CB, taca, With the root of Cg, labelled by the same colour as the corresponding 
leaf a of C4, there is a composition 


P(Ca) x | | P(Cr,) > P(Cuz,): (P, (da)aca) H P 0 (Ga)acas 
acA 


where Cyg, denotes the C-coloured corolla with set of leaves [],<4 Ba, labellings 
of its leaves induced by those of the corollas Cg_, and labelling of its root the 
same as that of C4. 


a? 


As before, this structure has to satisfy the evident three axioms expressing unitality, 
associativity, and equivariance of these composition maps. Note that in the language 
of corollas and trees, the composition maps can be pictured as ‘grafting’ the corollas 
Cg, onto the leaves of C4 and contracting the inner edges of the resulting tree to 
obtain a new corolla Cug, . As before, let us observe that each coordinate-free operad 
P in particular gives an operad in the sense defined in Section 1.1. Indeed, for a tuple 
of colours (cj, ..., Cn, C), one considers the corolla C,, with leaves 1, . . ., n, labels the 
leaf i by the colour c;, and the root by c. Then setting P(c}, . . ., Cn; C) to be the set 
associated by P to this C-coloured corolla gives an operad. This process implements 
an equivalence of categories between coordinate-free C-coloured operads and (or- 
dinary) C-coloured operads as defined previously. We will use the notation Opc for 
the category of coordinate-free C-coloured operads. 

To conclude this section, we make some further remarks about the partial com- 
positions of Remark 1.2. Suppose P is a coordinate-free operad with set of colours 
C and consider two C-coloured corollas C4 and Cg such that one of the leaves £ of 
Ca is labelled by the same colour c as the root of Cg. Then the composition maps 
of P in particular induce a ‘composition along £?’ map 


— o¢ —: P(C4) x P(Cg) > P(C4o;B). 


Here Aor B is the set BLLA—{€}. This is precisely the set of leaves of the corolla CA0; g 
obtained by grafting Cg onto the leaf £ of C4 and then contracting the resulting inner 
edge £ to obtain a new corolla. As in Remark 1.2, the map — o¢ — can be constructed 
by inserting identity operations at all the other leaves of the corolla C4. Conversely, 
the composition maps 


P(Ca) x | | P(Ce,) > P(Cuz..) 
acA 
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of P can be reconstructed as an iterated application of the compositions — o¢ —, 
one for each leaf £ of C4. The axioms that these composition maps have to satisfy 
‘restrict’ to axioms for the partial compositions 07, and imposing these would give 
an equivalent way of defining operads. 


1.5 Free Operads 


Some of the operads we have encountered (such as Q(T) and Tree?!) are free in a 
precise sense. In this section we will explain this notion of freeness and give a precise 
description of free operads in general. This will be important in Section 1.7, where 
we discuss the W-construction, and in many places later on in this book. Throughout 
this section it will be convenient to use the coordinate-free definition of operads, as 
explained in the preceding section. 

Let C be a fixed set of colours. Recall the notation Collc for the category of 
C-coloured collections and Opc for that of (coordinate-free) C-coloured operads. 
Any such operad P has an underlying collection U(P) and this defines a ‘forgetful 
functor’ 

U: Ope > Colle. 


We will now give an explicit construction of the operad F(K) freely generated by 
a C-coloured collection K. This F will be a functor left adjoint to U. This means 
that F(K) will be an operad having the familiar universal property; there is a map of 
collections 7: K — UF(K) and any map of collections y: K — U(P) can uniquely 
be extended to a map of operads ¢: F(K) — P, such that U(¢) 07 = g. 

To construct F(K) we will use trees with certain labellings coming from the 
collection K. For a C-coloured corolla C4, the elements of F(K)(C 4) are equivalence 
classes of trees whose set of leaves is A and with labellings as follows. Each edge 
of T is labelled by an element of C (i.e., it is coloured), with the condition that the 
labellings of the root and leaves of T agree with those of the corolla C4. Then every 
vertex v of T defines a coloured corolla C,,, namely by considering the input edges 
and output edge of v, and such a vertex gets labelled by an element ky of K(C,,). Here 
is a picture of such a tree, representing an element of F(K)(C3) with C3 a 3-corolla 
with leaves labelled by the colours c, d, e and root labelled by a. 


In this example k and / are elements of the collection K corresponding to the 
2-corollas with colourings of their edges as indicated in the picture. The equivalence 
relation we impose on such labelled trees is related to the given symmetries of 
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the collection K. If T and T’ are two such labelled trees, they represent the same 
operation in F(K)(C4) if there exists an isomorphism of trees 


g:T—T’ 
with the following properties: 


— wis the identity on the set of leaves A, 
— y preserves the colourings of the edges, 
— for v a vertex of T and v’ = (v) the corresponding vertex of T’, we have 


ky = P (ky), 


where ¢ is the isomorphism of corollas C, = Cy induced by ¢. 


Such an isomorphism y: T — T’, if it exists, is unique. 

Observe that there is a natural notion of composition of such equivalence classes 
of labelled trees, simply by grafting. Indeed, if T is a labelled tree with one of its 
leaves coloured e and S another such tree with root coloured e, then one forms the 
composition T oe S by simply grafting S onto the leaf of T labelled e and carrying 
along all the labels. This grafting operation is compatible with the equivalence 
relation described above. Furthermore, the tree 


1 


Cc 


with unique edge labelled c acts as a unit 1. for this operation of grafting. These 
operations give F(K) all the structure required of an operad. 

It is not hard to verify that F(K) has the claimed universal property. First of all, 
the map of collections 7: K — UF(K) is defined by sending k € K(C,), for some 
coloured corolla C4, to the element of F(K)(C,) represented by C4 itself, with its 
unique vertex labelled by k. 

For an operad P and a map of collections y: K — U(P), one constructs a map of 
operads ¢: F(K) — P by sending a tree T with vertices v labelled by elements ky 
of K to the composition of the operations y(k,,) of P. More precisely, one combines 
these operations k, using the partial composition operators — oe — of the previous 
section, with e ranging over the inner edges of the tree T. For example, an operation 
in the operad F'(K) represented by the tree 


a 
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is sent by ¢ to the operation (y(k) op Y(1)) of v(m) = (Y(k) of Y(m)) op (1) of P. 
The general procedure for constructing ¢ should be clear from this example. 


Example 1.23 (a) Let C be a singleton {c}. Recall that in this case a collection can 
equivalently be regarded as a functor from (Fin*)°? to Sets. Now take K to be the 
terminal collection with K(A) = » for every finite set A. Then F(K) is precisely the 
operad Tree of example 1.5(c). The identification of this operad as a free operad also 
makes the identification of its algebras as in Example 1.14(d) an easy task. 

(b) If K(A) = Aut(A) for each A, then F(K) is the operad Tree?! of planar trees, 
as in Example 1.5(c). 

(c) Let T be a tree. As we claimed before, the operad Q(T) of Section 1.3 is a 
free operad. Indeed, let C be the set of edges of T and K the C-coloured collection 
for which an element of K(C,4), with C4 a C-coloured corolla, is an embedding 
Ca — T compatible with colourings. Note that K(C,4) is either empty or a singleton, 
the latter happening precisely when there exists a vertex of T for which the labellings 
of its input and output edges agree with those of C4. Then F(K) is (isomorphic 
to) the operad Q(T). (Note that the collection K we just used can be interpreted 
as the functor on Cor? the opposite of the category of C-coloured corollas and 
embeddings, ‘represented’ by the tree T.) 

(d) Consider a set C and a C-coloured collection K which has only unary opera- 
tions, i.e. where K(C,) is empty unless the corolla C4 has precisely one leaf. Then 
we may picture K as a directed graph, where the elements of C are vertices and the 
elements of K are arrows. For example, the {a, b, c, d}-coloured collection 


K(a;b) = {f}, K(b; c) = {8, h} 
K(a; d) = {i, j}, K(d;c) = {k}, 


is represented by 
b 
a AN 
h 
a c 
i AM 
j k 
d 
The free operad F(K) is then simply the free category on this directed graph. 
(e) There is an overlap between the examples of kinds (c) and (d) in the case where 


K is a linear tree, i.e., one that has only vertices of valence one. The tree pictured on 
the left then corresponds to a directed graph as pictured on the right 
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- © 
Tie 
=o 


4— see 


n | n 


and interpreted as in (c) and (d) respectively these correspond to the same free 
category, namely the finite linear order [n] with objects 0, . . .,n. We will try to help 
the reader not to confuse these two notations. 


1.6 The Tensor Product of Operads 


Let P and Q be operads (either of sets or of topological spaces). The category of 
P-algebras Algp (in either sets or spaces) admits a symmetric monoidal structure, 
simply by forming Cartesian products. Indeed, if A and B are P-algebras one defines 
a new P-algebra A x B by considering the sets (or spaces) Ae X Be indexed by 
colours c of P and taking the products of structure maps for A and B. Therefore, 
as in Definition 1.16, it makes sense to speak of Q-algebras in the category Algp 
and of course P-algebras in the category Algo. These form categories Algg(Algp) 
and Algp(Algg) respectively. In this section we will define an operad P & Q, the 
Boardman—Vogt tensor product of P and Q, which has the property that there are 
equivalences of categories 


Algg(Algp) = Algpeg = Algp(Algg). 


In the case when P and Q both have a single colour, a P ® Q-algebra is a set or space 
which has both the structure of a P-algebra and a Q-algebra, in such a way that these 
two structures distribute over one another. In this section we make precise what is 
meant by this; see also Example 1.24. 

We define P ® Q in terms of generators and relations. The set of colours of this 
operad is the product of the sets of colours of P and Q; if c and d are colours of 
P and Q respectively, we write c &® d for the corresponding colour of P ® Q. The 
operad P @ Q is generated by the following two kinds of operation: 


(a) For each operation p € P(cj,...,Cn;c) and colour d of Q, there is an operation 
ped €(P@Q)\c; @d,...,cn d;c @d). 
(b) For each colour c of P and operation q € Q(dj,..., dm; d), there is an operation 


COG E(PRQ\(c@d,...,c@dnic 8d). 
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The relations to be satisfied by these generators are the following: 


(1) (p @d)(pi @d,..., Pn ® d) = p(pi,.--, Pn) @d, 

(2) (C@q)(c @qi,...,C@ qm) = C8 4(q1, - - -> qn), 

(3) o*(p 8 d) = (o*p) @d foro € Èn, 

(4) o*(c 8 q) = c 8 (o*q) foro € Èm, 

(5) P8 ANCL 84- ->En @ 9) = Thm ((C® GXP @ dy... PB dm)). 


Note that relations (1) and (3) express precisely the condition that for any colour 
d of Q there is a map of operads — & d : P — P@Q. Likewise, (2) and (4) give maps 
of operads c ®- : Q — P®Q for colours c of P. Relation (5) is the most interesting; 
we will refer to it as the Boardman—Vogt interchange relation. The permutation 
On,m is the appropriate element of %,,,, that makes sense of formula (5), i.e. the 
element relating the sequences (c1 ® di, . . ., C1 8 dms - - -, Cn @ di, . - -, Cn Q dm) and 
(c18 di,...,Cn 8 di, ...,€1 8 dm - - -, Cn ® dm). 

Let us give a graphical interpretation of a small example of the interchange 
relation. If p € P(c1, c2, c3; c) and q € Q(d;, dz; d) are operations, we can represent 
the composition (p @ d)(c1 8 q, c2 8 q, c3 Q q) by the following picture: 


C1 @q c2 @q c3 @q 


@d 


The interchange relation says that this operation of P & Q can also be represented 
by applying a% to the following picture: 


ped Pd 


The definition of P & Q applies to operads of sets as well as to operads of spaces. 
In the second case, one has to topologize the spaces of operations of P ® Q as 
quotients of appropriate products of spaces of operations of P and Q. 


Example 1.24 (a) The tensor product Ass ® Ass is naturally isomorphic to Com, 
essentially by the classical Eckmann—Hilton argument. We give a graphical presen- 
tation of this argument. An n-ary operation of Ass can be pictured as an n-corolla 
with a labelling of its leaves by the numbers 1,...,”. As in the pictures above we 
use black vertices for operations coming from the first factor and white vertices for 
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operations coming from the second. If we do not explicitly label the leaves of a vertex 
by numbers, this means the numbering agrees with the planar order of the pictured 
tree. Recall that Ass is generated as an operad by a binary operation 2 and a nullary 
operation uo. First, we show that Ass @ Ass has only one operation of arity zero: 


MY 


Here the middle equality uses the interchange relation; all other identities use the 
relation that multiplying by the unit is the identity in Ass. A priori, there are two 
generating binary operations for Ass ® Ass; to see that these are the same, observe 
the chain of equalities 


1 2 1 2 
1 2 ~ E Le 2 
For the middle equality we used the interchange relation and the fact that the two 


nullary operations agree. To see that this binary operation of Ass ® Ass is commu- 
tative, observe that 


12 21 


1 2 ay i My 

1*¥ +t 
It follows that Ass ® Ass is a quotient of Ass in which the operation u2 is forced to 
be commutative; therefore Ass ® Ass must be the commutative operad, since that is 
the only such quotient. 

(b) Recall that any double loop space Q7X is naturally an E2-algebra. However, 
it also gives rise to an E; ® E,-algebra: indeed, thinking of points of Q?X as maps 
[0, 1]*? — X which send the boundary to the basepoint, there is a ‘vertical’ and a 
‘horizontal’ composition law, making Q?X into an E,-algebra in two different ways. 
Furthermore, these two compositions distribute over one another in the appropriate 
way, so that the interchange relation is respected. In fact, there is a map of operads 
E; ® E; — Ey, which Dunn proved to be a homotopy equivalence. We will have 
more to say about tensor products of Eg-operads later, but for now the reader should 


contrast this example with the previous one. The operads E; and Ass are homotopy 
equivalent, but the tensor products E>? and Ass® behave very differently. 
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1.7 The Boardman-—Vogt Resolution of an Operad 


For an operad P, we will present a ‘resolution’ by a map of operads 
e: W(P) — P. 


The new operad W(P) has the same set of colours as P and the map € is the identity 
on colours. Thus, the induced functor 


c“: Algp == Algwip) 


gives any P-algebra A = {Ac }cec the structure of a W(P)-algebra. The idea is that 
W(P)-algebras are ‘P-algebras up to coherent homotopy’. This operad W(P) will be 
a topological operad, also when P itself is discrete. To illustrate what we mean let us 
first consider a small example. Let T be the following tree: 


Since the operad Q(T) is freely generated by the vertices of T, as explained in 
Example 1.23(c), a topological Q(T)-algebra A is determined by a collection of 
spaces indexed by the edges of this tree together with continuous maps 


A(u): x —> A(b), 
A(v): A(a) x A(b) — A(c), 
A(w): A(c) x A(d) — A(e). 
Here * denotes the singleton space. Recall that the operad Q(T) has operations 


corresponding to any subtree of T; the corresponding multiplication maps for A are 
given by appropriate compositions of the three maps above. For example, we have 


A(w oc v) = A(w) o (A(v) x id aay) : Ala) x A(b) x A(d) — Ale). 


By contrast, a W(Q(T))-algebra B will be given by a similar collection of spaces (in 
particular, still indexed on the edges of T), but now equipped with maps 
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Blu): * — B(b), 

B(v): B(a) x B(b) — Bic), 

B(w): B(c) x B(d) — Be), 

B(v op u): B(a) x [0,1] — Bc), 

B(w oe v): B(a) x B(b) x B(d) x [0, 1] — Ble), 
B(w oc v op u): B(a) x B(d) x [0, 1? — Ble), 


satisfying the following conditions: 


B(v op u)|B(a)x{0} = BO) © (idg(a) X B(u)), 

B(w &¢ V)|B(a)xB(b)xB(d)x{0} = B(w) © (Bv) x idgyay) 
B(w oc V op U)|B(a)xB(d)x{0}x[0,1] = B(w %c v) © (idg(a) X B(u)), 
B(w oc V op U)|B(a)xB(d)x{0,1]x{(0} = B(w) © (B(v op u) X idg(o)). 


In the algebra A, the multiplication map corresponding to the subtree with leaves 
a, b, d and root e was simply given by composing the operations A(v) and A(w). For 
the algebra B the situation is different. There is an operation 


B(w oc V)|B(a)xB(b)xB(d)x{1} : B(a) x B(b) x B(d) — Ble) 
which is now homotopic, rather than equal, to the map 
B(w) o (B(v) x idg(a)). 


It is in this sense that B can be thought of as a Q(T)-algebra ‘up to homotopy’. 

We now explain the W-construction in general. Fix an operad P with set of colours 
C. It can be an operad in sets or in topological spaces. As discussed in Section 1.5, we 
can consider the underlying collection U(P) of P and the free operad FU(P) which, 
by its universal property, admits a canonical map FU(P) — P. The resolution W(P) 
will sit in between these by a factorization 


FU(P) > W(P) È P. 


For its construction, recall that elements in FU(P)(c1, . . ., Cn; €C) are represented by 
trees T with leaves labelled by the set {c1, . . ., Cn} and root by c. The edges of T 
are labelled by colours in C and the vertices of T are labelled by operations of P. 
Two such labelled trees represent the same point in FU(P)(c1, . . ., Cn; €) if they are 
related by an isomorphism of trees respecting colours and operations in the way 
explained in Section 1.5. 

For W(P) we will add a further labelling and more relations. The elements of 
W(P)(c1, . . ., Cn; C) are represented by labelled trees as for FU(P), where in addition 
the edges are all given a length ¢ € [0,1] C R. This assignment of lengths must be 
such that the external edges of T, i.e. the leaves and the root, all have length 1. Two 
such labelled trees with lengths represent the same operation if they are related by an 
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isomorphism as for FU(P), where the isomorphism must of course respect lengths 
of edges. However, there are two more relations, one concerning edges of length zero 
and one related to vertices labelled by unit operations. If an edge has length zero, 
then the operation in W(P) represented by that labelled tree is to be identified with 
the one represented by the smaller labelled tree obtained by contracting the edge of 
length zero and labelling the newly arising vertex by the appropriate composition 
in P. Let us illustrate this relation by an example. Consider an operation of W(P) 
represented by a labelled tree T, pictured as follows (with only a small part of the 


labellings indicated): 
Yyy 
REA 
P 


a 


Here p,q,r and s are labels corresponding to operations of P, whereas a, b,c 
and d are colours of P. If the length assigned to the inner edge c is zero, then 
the operation of W(P) represented by the above picture is to be identified with the 
operation represented by the following smaller labelled tree: 


The other relation identifies a labelled tree where a vertex v is labelled by a unit 
operation of P with the smaller labelled tree obtained by ‘erasing’ that vertex and 
giving the newly arising edge as its length the maximum of the lengths of the two 
edges connected to v. In a picture, consider a labelled tree (again with only part of 
the labels actually indicated) as follows: 


Here ¢ and s indicate the lengths assigned to the relevant edges. The operation 
represented by this labelled tree is to be identified with 
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Here the new length u is the maximum of s and t. 

Notice that this identification is compatible with the requirement that external 
edges have length 1, a compatibility which becomes relevant if the vertex labelled 
by a unit is attached to an external edge, e.g. near the root as in the following: 


toy 


1 1 


a 


To summarize, operations of W(P) are represented by trees whose edges have 
a colour and a length and whose vertices are labelled by operations of P. The 
equivalence relation on such representatives is generated by identifications of three 
kinds: 


(i) one related to isomorphisms of trees, respecting the labellings, 
(ii) one related to edges of length zero, 
(iii) one related to vertices labelled by a unit. 


For a fixed tree with labelled edges, the set of operations of W(P) this tree can 
represent (by adding the necessary lengths and labellings of vertices) has an evident 
topology by regarding it as the product of spaces of relevant operations of P and the 
cube [0, 1]"”), where in(T) is the set of inner edges of T. For example, for the tree 


with labelled edges 
NA 
V 


a 


this is the space 
P(b, c; a) x P(-; b) x P(d, e, f; c) x [0, 17, 
the edges coloured b and c being the only internal ones. The spaces 


W(P)(c1,..-,€n3C) 
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are then topologized as quotients of the disjoint union of spaces associated to trees 
as above. 

The composition operations of the operad W(P) are again defined by grafting, 
just like for free operads. This grafting 


W(P\(c1,..-, nic) X I] W(P\(di,...,disci) — W(P)X(d], ..., dë sc) 


i=1 


sends operations represented by trees T, S1, ..., Sn to the operation represented by 
identifying the ith leaf of T with the root of S; and carrying along all the labels. Note 
that this ith leaf has the same colour as the root of S;, as well as the same length 
(namely 1). Thus, one can recognize operations in W(P) that arise as a composition 
of operations represented by subtrees by looking for edges of length 1. 

The reader will easily be able to check that this composition operation by grafting 
is well-defined on equivalence classes, i.e. respects the relations (i)—(iii). Moreover, 
the composition operation is easily seen to be continuous. The maps 


FU(P) > W(P) > P 


alluded to at the start of this section are defined as follows: the map u assigns to 
every edge length 1 and the map € forgets lengths and composes all the operations 
which label the vertices of a tree. Equivalently, £ changes all the lengths of internal 
edges to zero. 

For now, we list a few more examples of operads of the form W(P) and their 
algebras other than the one already described earlier in this section. 


Example 1.25 (a) Let C be a category with set of objects C and view it as an operad 
with unary operations only. Its algebras are then diagrams of sets or spaces indexed 
by C, or in other words functors from C to the category of sets or that of spaces. 
The operad W(C) has the same colours and again only unary operations. So it is 
a category with the same objects as C which is enriched in topological spaces; in 
other words, W(C) is a topological category. For two objects a and b, the space 
of morphisms W(C)(a, b) can be described as the space of equivalence classes of 
strings of the form 


fi h fa 
(a = co => c1 9 +++ Cn-1 = Cn = b, ti, .. -p tn-1) (*) 


where the f; are arrows in C and the ¢; are lengths in the unit interval [0, 1]. Intuitively, 
one can think of the f; as ‘waiting times’ associated to the objects c1,...,Cn-1 
respectively, the external objects a = cg and b = cn necessarily having waiting times 
1. There are two identifications to be made: if a waiting time t; is zero, the string (*) 
is to be identified with the one where one composes f+) and fi: 


fi finifi Si+2 Sn ~ 
(a = CO > ttt Ci-1 — Ci41 — tt en = b, t,...,tis..-5tn-1). 
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Also, if f; is an identity arrow, then (+) is identified with the string where f; is 
deleted and one takes the maximum t;_; V t; of the relevant waiting times: 


fi fisi Sn 
(a = co > set Cj-1 = C7 I Fy = b,ty,...,tj-1 V tj, .++5tn-1)- 


Composition in this category is defined by concatenation of strings, inserting waiting 
time 1 at the connecting object. Explicitly, the composition of (+) and 


8&1 Em 
(b = d = +--+ — dm = 6 S1, . - -, Sm-1) 
is 
fi Ja 81 &m 
(a = cœ > ya: —> Cn =b = dọ —> "| > dm =e, ti,- - -s bn-1; l, S1,- - -> Sm-1) 


where the 1 is to be thought of as the waiting time corresponding to the object b. 

Let us now inspect the corresponding notion of W(C)-algebra. It is given by a 
space A, for each object c and maps corresponding to the points f € W(C)(a, b) for 
all a, b. If f is represented by a string of length 1, i.e. just a morphism a —> b in C, 
there are no waiting times and we have a map 


A(f) : Aa — Ap. 


Next for a morphism of W(C) represented by a string of length 2, 


(a = co f; c1 2 C2, t), 
the algebra structure of A gives a map we denote by 
Ar( fa, fi) : Aa — Ab. 
These maps fit together in the following way: if one of the f; is the identity, one has 
A; (id, f) = A(f) = A(f, id). 
Moreover, 


Ao( fa, fi) = AR fi) 
Alfo fi) = A(f2) ° Afi). 


Thus, the A;( f2, f,) provide a homotopy between A( f> fı) and the composition A(f2)o 
A(fi). This shows that A is not a functor on C itself: it respects identities, but it 
respects composition only up to homotopy. At the next level, for a string of the form 


fi A É 
(a = co > c1 > 2 > c3 = b, ti, t2) 


representing a morphism in W(C), the algebra structure of A gives a map 
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An, n (B Jo fi) : Ag — Ap. 


In other words, we have a parametrized family of continuous maps 
A_,-(fas fas fa) : 10, 1P? x Aa — Ab. 


The identifications of strings made to form W(C) now mean that for one of the f; 
equal to an identity arrow one has 


An,t( fs Jo id) = An (fs, fr), 
Ann id, fi) = Anvn (fs fi) 
Aj, (id, Ío fi) = At (fr, fi) 


and that when setting lengths to either 0 or 1 one has 


Ao,n (fs. Jo fi) = An( fs Afi), 
Ain( fs Jo fi) = An B f2) 2 Afi), 
An, oB Jo fi) = An( BA» fi), 
An 1B, Jo fi) = AB) ° An (fe Ai) 


which give ‘higher coherence’ conditions on the homotopies A;(/2, fi) described 
above. This system of homotopies can be pictured schematically as follows: 


ABRA) —— A BAA) 


ABIDA) —> ARDADA). 


The algebra structure of A also gives even higher coherence conditions on these 
homotopies by examining its action on strings of arbitrary length n. The entire 
structure is called a homotopy-coherent diagram on the category C. 

(b) The example above takes a slightly simpler form if the category C is free on a 
directed graph. For later use we will make this explicit for the category [n], depicted 
as 

0>1>.- >n. 


In this case, a morphism f : i — j in W([n]) is again an equivalence class of strings 
i=igp > i >- Sk =j 


together with waiting times t1, .. .,tķ-1. But in [n] there is at most one morphism 
between any two objects, so an arrow ig — i; can only be the composition of arrows 
io > ign t+ 1 > +++ > i; — 1 — ij, so We may as well represent f by the longer string 


i=i9 Pig tlre Oyo tloe:t ok -lok=j 
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and insert waiting time 0 on any of the intermediate objects we had to add. In this 
way any morphism f of W([n]) admits a unique representative by such a string of 
maximal length. The waiting times thus give identifications of morphism spaces 


W([n)@ j) = | (0, 1] = [0, 1]*4--) 


i<l<j 


for all 0 < i < j < n (with the convention that [0, 1]7! = «). Composition is given 


by the map 
[poux [J tu |] tou 


i<l<j J<l<k i<l<k 


which inserts 1 in the jth entry. 

(c) Define an operad Ass" by setting Ass (n) = Ass(n) for all n > 1 and Ass(0) = 
Ø, where all the relevant structure maps are defined as those for the associative operad 
Ass. We refer to Ass” as the nonunital associative operad. The operad W(Ass_) is 
closely related to the operad of Stasheff polytopes. For example, the space of 3-ary 
operations W(Ass_ )(3) consists of two copies of [0, 1] glued together at one endpoint 
and can be pictured as follows: 


Yyy 


The intervals correspond to the lengths assigned to the inner edges of the two 
trees on the outside. When these lengths are zero, the two resulting operations are 
identified in W(Ass _)(3), which is illustrated by the tree in the middle where the 
inner edges have been contracted. More interestingly, the following is an illustration 
of W(Ass_)(4), which arises from gluing five squares: 


Y Y 
Y y 


x ‘3 
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The centre node corresponds to the tree with one vertex and four leaves, which 
arises from each of the other trees in the picture by contracting all inner edges. 


1.8 Configuration Spaces and the Fulton—MacPherson Operad 


In this section we will present another important example of an operad, constructed 
from configuration spaces of points in Euclidean space. In the following section we 
will then explain how it is related to the operad Ey of little cubes. These two sections 
mainly serve to illustrate some of the basic concepts introduced in this chapter, such 
as free operads and the Boardman—Vosgt resolution, and describe an example that is 
central in applications of operads to be found in the literature. However, the material 
of these sections is not necessary to study the theory developed in this book, so the 
reader may decide to skip these sections or revisit them later. 

The configuration space of n distinct points in R@ and variants of it occur fre- 
quently in the literature, for example when modelling moving systems of particles, 
or moduli spaces of points in algebraic geometry. This space is an open subset of 
R?” and is not compact. For example, as one lets points in a configuration converge 
to each other, there exists no ‘limiting configuration’: once points collide, the result 
is a configuration with strictly fewer points. One can enlarge the space of configu- 
rations of n points by the so-called Fulton—MacPherson compactification. Roughly 
speaking, this is a systematic way of adding ‘collisions’, but remembering the way 
in which points came together: at a collision, one assigns an ‘infinitesimal’ config- 
uration of the colliding points. These points themselves could also have arisen from 
a collision, which is then also remembered, etc. As we will make precise below, 
these Fulton—MacPherson spaces consist of such nested collisions; moreover, they 
are compact and contain the original configuration space as a dense open subset. 
The surprising fact is that these spaces of nested collisions have the structure of an 
operad, very similar to the structure of a free operad discussed earlier. 

For a fixed dimension d, there is another way of modifying the configuration 
spaces of n points in R? (for varying n) into an operad, namely by considering con- 
figurations of little cubes instead. This yields the little d-cubes operad we introduced 
in Example 1.8. We will see in the next section that there is in fact a (weak) homotopy 
equivalence of operads between the Fulton—MacPherson operad and Eg. 

In this section it will be convenient to work with the coordinate-free versions 
of the definitions of operad and collection, as in Section 1.4. All of these will be 
uncoloured. Let us fix a Euclidean space R, with d > 0. For a finite set A, the space 
of A-configurations Conf(A, R%) is defined to be the space of injective maps 


x: A>RI, 
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topologized as a subspace of (R“)4. A point x of Conf(A, R?) will also be written 
as a family (xg)gea Of points satisfying x, # xq whenever a + a’. Notice that 
Conf(A, RÝ) is a contravariant functor with respect to injective maps A — B of 
finite sets. In particular, the symmetric group Aut(A) of permutations of A acts on 
Conf(A, R?) from the right. 

It will be convenient to identify two A-configurations if one can be obtained from 
the other by translation and dilation. The group Gg = Rso « R acts on a point 
x € Conf(A, R?) by 

(tiv) xja =Vtt-Xq. 


and we will write 
Ca(A) = Conf (A, RI) /Ga 


for the quotient space. Observe that the projection map 2: Conf(A, R) > C4(A) is 
a Gg-principal bundle with contractible fibre, hence a homotopy equivalence. 
From now on, we assume that the cardinality of A is at least 2. Let us call a 
configuration x: A — R? normal if its barycentre is the origin and its diameter is 1, 
meaning 
be = 0, Maxg,a’|Xa — xa] = 1. 


a 


Write Na(A) © Conf(A, RÎ) for the subspace of normal configurations. Any con- 
figuration x can be translated to have its barycentre at the origin and then dilated 
to have diameter 1. More precisely, any Gg-orbit of Conf(A, R?) contains a unique 
normal configuration. This observation provides a section s of the bundle map 7 as 
in the following diagram: 


Conf(A,R?) —» Nq(A). 


p e7 


Ca(A) 


We will refer to v = sz as the normalization of configurations. Note that via s we may 
identify the spaces Cg(A) and N4(A). This allows us to take the closure of the space 
C4(A), by which we mean the closure Na(A) of Na(A) inside (R“)4. Since N4(A) 
is bounded, this closure is compact. Its points are limits of normal configurations, 
where ‘collisions’ can occur. A point of Nz(A) is a function x: A > R? which is 
not necessarily injective, but still has barycentre at the origin and diameter 1. Notice 
that as a functor of A, the space Nq(A) is now contravariantly functorial with respect 
to arbitrary maps of finite sets (rather than just injections); for any f: A — B one 
obtains a map Nq(B) — N4(A) by precomposing a map y: B — Rf with f and then 
normalizing the resulting ‘singular’ configuration. 

We will write Cg for the collection (in the sense of Section 1.4) formed by the 
spaces Cy(A) where the set A is of cardinality at least 2; for smaller A the collection 
C4 assigns the empty set. This convention might seem somewhat unnatural, but it 
is imposed for the following reasons. First of all, further on in this section it will be 
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important that we work with operads without nullary operations. Second of all, for 
a singleton A = {a} the space Cg({a}) consists of a single point, so that omitting 
these from our collection does not constitute any loss of information. If we were to 
keep them, then in our consideration of the free operad FCg below we would have 
to quotient out by the relation that the unique element of the space Ca({a}) acts as a 
unit. It is more efficient to simply exclude this space to begin with, as we are doing. 

The collection Cz does not form an operad, because there is no sensible way to 
substitute one configuration into another. However, for configurations x € Cg(A) and 
y € Cq(B), one can define a ‘substitution’ 


x oa y € Ng(A oq B) 


for any element a of A, which simply forgets about y and takes the value xa for 
every element of B. On the other hand, if we shrink y sufficiently and move it to 
have barycentre x,, we obtain an actual configuration consisting of the points xa 
for a’ + a and a shrunken copy of y centred at xa. Formally, for sufficiently small 
€ > 0, we define a point x oa,s y in Cg(A og B) represented by 


XO = 
(Fae Y); Xa tey; ifie B. 


‘i ifi € A- {a} 

Then the ‘collided configuration’ x oa y is the limit of the configurations x oa,s y as 
€ — 0. Our goal is now to suitably enlarge the spaces Ca(A) in such a way that the 
limits of configurations x og. y exist in them and can be used to give the resulting 
collection the structure of an operad. The combinatorics of trees is precisely the right 
tool to describe such ‘configurations inside larger configurations’ (cf. Remark 1.28 
below). 

To achieve this goal, consider the free operad FC4a on the collection Cg. We 
will retopologize this operad in such a way that the pair (x,y) € FCg(A oa B) 
corresponding to the grafted tree C4 oq Cg, with two vertices corresponding to CA 
and Cpg and labels x and y respectively, is the limit of the configurations x og, Y, 
viewed as elements of FCg(A oa B) via the embedding Cg —> FCg: 


Y 


eA e- 0 a 
en) — < 


To this end, let us consider the free operad F'Cq in more detail, using the descrip- 
tion given in Section 1.5. For a fixed set B, an element of FC4(B) is an equivalence 
class of pairs (T, x), where B is the set of leaves of T and x is a labelling of the set of 
vertices by elements in the collection C4. To be precise, x assigns to any vertex v of 
T a point x, of the space Cg(in(v)), with in(v) denoting the set of input edges of v. 


wa 
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Two pairs (T, x) and (T’, x’) are equivalent if there exists an isomorphism a: T — T’ 
of trees such that x, = a*(xq()) for each vertex v of T. The topology on FC4(B) is 
induced by the topology of the configuration spaces. In detail, FCg(B) falls apart as 
a disjoint sum 
Fe4(B) = | | Fea(B)r 
[T] 


over isomorphism classes of trees (with set of leaves B), where FCa(B)r is the 
space of equivalence classes of pairs (T, x). Since there is at most one isomorphism 
between two such trees T and T’ with leaves B, we can fix a representative tree T in 
an isomorphism class [T] and identify FC4(B)r as the product 


BEZCO) 


veV(T) 


of configuration spaces indexed by the vertices of T. It is important to note that the 
trees T featuring here have no nullary or unary vertices, since by definition the sets 
C4(A) are nonempty only when the cardinality of A is at least 2. Thus, all the trees T 
that come up in the remainder of this section will have the property that each vertex 
has at least two input edges. 

On our way to changing the topology of FC4, consider for each finite set B of 
cardinality > 2 the product space 


P(B) = | | Nal), 


ACB 


where the product ranges over subsets A of cardinality > 2 as well. This is a compact 


space, as each N,(A) is itself compact. Using the substitution of configurations 
discussed above, these spaces P(B) for all B together form an operad (if one formally 
adds units for all singletons B = {b}): for sets B and D and an element b € B, the 
op-composition 

= 0p =] P(B) x P(D) - P(B Op D) 


is defined for two points x € P(B) and y € P(D) and a subset A C B oy D by the 
function 
XA Ob YA: A> R7 


sending i € A to x4(i)ifi € B—{b} and to y4(i) ifi € D (or rather the normalization 
of this function, so as to get an element of N4(A)). Now consider the map 


yp: FCa(B) > P(B) 


defined as follows. For an element of FCg(B) represented by a pair (T, x), we will 
describe the component yp(T, x), at a subset A C B. Write v4 for the minimal 
vertex of T (in the partial ordering on the set of vertices V(T)) such that for each 
a € A, the path from the leaf a of T to its root passes through v4. In other words, v4 
is the highest possible vertex in the tree T such that all of the elements of A occur 
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above the vertex v4. Write 
pa: A > in(va) 


for the map assigning to a € A the input edge of v, at which the path from a down 
to the root arrives at v4. The configuration x,, € Cy(in,,) then yields an element 


P4Xv, € Na(A) and we define 
B(T, x)a := Ph Xva. 


It is straightforward to check that Yg(T, x)a only depends on the equivalence class 
of (T, x), so that we indeed have a well-defined map yg. Moreover, these maps are 
clearly continuous and define a map of operads y: F Ca — P. Its image thus defines 
a suboperad of P, which we denote by FM4 and call the Fulton—MacPherson operad: 


Fea ———*—_ P. 


a 


In fact, the maps yg: FCa(B) — P(B) are injective, so that FMg really ‘is’ the free 
operad F Cg, but topologized as a suboperad of P: 


Proposition 1.26 For each finite set B (with at least two elements), the map 
yp: FCg(B) — P(B) is injective. Its image FMaq(B) is closed inside P(B) and 
hence compact. 


Proof Consider the subspace X(B) of 


P(B) = | | Nala) 


ACB 


consisting of those points x which satisfy the following condition: for any subsets 
A’ CA CB, either xy is the restriction of x4 to A’ (normalized so as to get a point 
in Na(A)), or this restriction is constant. The set X(B) € P(B) is clearly closed. 
Moreover, it is easy to check that the image of yg is contained in X(B). To check 
that yz is injective and its image is exactly X(B), we construct an explicit inverse 


Wp: X(B) > FCq(B) 


as follows. Suppose € € X(B), with components &, for subsets A © B. We will 
define wg(é) by an inductive procedure. First consider £g: B — R. The fibres of 
this map determine a partition of B. We begin building a tree T by taking a corolla 
with vertex called vg (which will serve as the root corolla) with one input edge for 
each point p in the image of £g. This image defines a configuration x,,,, which will 
be the label of the vertex vg. Next, for those points p for which the fibre Bp := éz (p) 
has more than one element, attach a vertex vg, on top of the edge p and an input 
edge of vg, for each element q in the image of the map ég. We label the vertex vg, 
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by the configuration that is the image of &g,,. Since each of the maps €4: A > RI 
has an image of diameter 1, these maps are not constant, so the cardinality of the 
fibres of £4 is strictly smaller than that of A. Thus the process we are describing can 
be continued and will eventually terminate to produce a tree T. The set of leaves 
of this tree is exactly B and for a vertex v of T, its incoming edges are labelled by 
points in R? which form a configuration that is the label x, of the vertex v. The value 
Wp is now defined to be (the equivalence class of) the pair (T, x). We leave it to the 
reader to check that wg thus defined is (as a map of sets) an inverse for the map 
yp: FCq(B) > X(B). This proves that yg defines a bijection and X(B) = FMq(B) 
as desired. Oo 


As a consequence of this proposition, the space FM4(B) is a union 


FM4(B) = |_| FM.(7), 
T 


where T ranges over isomorphism classes of trees T with B as set of leaves and 
FM,(T) := g(FCq(B)r). The subspaces FM,(T) are disjoint, but as a topological 
space FM4(B) is not the coproduct of the spaces FM4(T). (See Corollary 1.30 for a 
more precise statement.) From the construction in the proof above, one reads off that 
a point € € FM,(B) belongs to FM4(T) if and only if it has the following property, 
for any two subsets A’ C A C B: 


ala = éx if and only if v4 = vy, 


&a|,’ is constant if and only if v4 # vø. 


(Recall that v4 and vy’ are the highest vertices below A and A’ respectively. Also, 
we only consider subsets A and A’ of cardinality at least 2.) A point € € FM,(B) 
potentially contains a lot of redundant information. In fact if £ belongs to FM4(T) 
then the function €4: A > R4 factors through pa: A — in(va), hence is the 
restriction to A of €4, where A, is the set of all leaves above v4 (which is the 
maximal subset A’ C B with vy = va). In particular, £ is completely determined by 
the coordinates &4,, with A, ranging over such ‘maximal sets’ associated to vertices 
of T. Moreover, if a,a’ € A, lie over different input edges of v, then viajar} = V 
so €|{a,a’} is not constant. This means that the factorization of £4, through p4 is 
injective, so 4, defines a point in C4(in(v)). So for the tree T, we have a factorization 


FCq(B)rp ———> FM.) 


l 


Tvewry Can()), 


where the slanted map is a homeomorphism and the other two are bijections, hence 
also homeomorphisms. In other words, the map ¢ restricts to a homeomorphism for 
each tree T. As a consequence, the operad FM inherits the following property from 
the free operad: 
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Corollary 1.27 For a tree S oe T obtained by grafting a tree T onto the leaf e ina 
tree S, the canonical map 


FM,(S oe T) — FM4(S) x FM4 (T) 
is a homeomorphism. 


To be clear, the map of the corollary is the one that ‘decomposes’ a labelling of 
S oe T into the labellings of the subtrees S and T. 


Remark 1.28 One can think of the space FM4(T) as that of nested sequences of 
configurations, indexed by the vertices of T. Any vertex v determines a configuration 
of the set in(v) in R? and for an input edge e of v with a vertex w attached to the top 
of e, there is a further configuration of the set in(w) which we might picture as an 
‘infinitesimal configuration’ around e € R@. Thus the union FM4(B) = Ur FM4(T) 
is, as advertised at the beginning of this section, an enlargement of the configuration 
space C4(B)in which one can take limits of configurations; collisions between points 
are recorded by infinitesimal configurations around the point of collision, as features 
explicitly in the proof of the following proposition. 


As we already described, the space FM4(B) is a union of disjoint subspaces 
FM,(T), but not topologically a disjoint union of these spaces. The following result 
expresses how the distinct pieces (the strata) FM q(T) are glued together: 


Proposition 1.29 Let S and T be two trees, each with B as set of leaves. Then 
FM4(S) € FM4(T) if and only if T can be obtained (up to isomorphism) by con- 
tracting inner edges in S. 


Proof First we prove the ‘if’ direction. Reasoning by induction, it suffices to show 
this implication in the case where S is obtained from T by contracting a single edge. 
This means that there is a vertex v in S for which the corolla C, at this vertex is 
‘blown up’ to a subtree T, C T with two vertices u and w, as in the following: 


V 
w o o 


Since FM4(S) is a product over the vertices in S of configuration spaces, and 
similarly for T, it now suffices to prove that FM4(T,) C FM4(C,). But a point (x, y) 
in FM4(T,) = Ca(in(v)) x Ca(in(w)) is the limit in FM4(B) of the points x oe, s y in 
FM.(C,), as described in the beginning of this section. 

We now deal with the ‘only if’ direction. Suppose FM4(S) € FM,(T). Consider 
a point ¢ € FM4(S) and write it as a limit of points € € FM4(T). Then for any 
subsets A’ C A C B, if the functions €4: A > R4 are constant on A’, the same 
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is true for £4. Thus, the nested partitions {A,} of B given by the tree T (described 
above Corollary 1.27) form a refinement of the similar partitions given by the tree S. 
But this means precisely that S can be obtained from T by contracting inner edges.O 


Corollary 1.30 The embedding y: Cg(B) — FM,(B), identifying Cq(B) with the 
stratum FM(Cg) corresponding to the corolla Cg with leaves B, has dense image. 


Thus, the space FM,(B) is a compactification of the configuration space Cg(B) 
(meaning a compact space containing Cg(B) as a dense subspace), and for this 
reason FM,(B) is often referred to as the Fulton—MacPherson compactification of 
the configuration space C4(B). 


1.9 Configuration Spaces and the Operad of Little Cubes 


The Fulton—MacPherson operad FM, introduced in the preceding section is closely 
related to the operad Ey of little d-cubes from Example 1.8. Indeed, a point of the 
space Ey(n) is a configuration of n little d-cubes inside the unit cube; assigning to 
each little cube its barycentre constitutes a homotopy equivalence from the space 
Ea(n) to the configuration space of n points in the interior of the unit d-cube, which 
in turn is homeomorphic to the configuration space of n points in R¢. However, 
this assignment is not a map of operads in any reasonable sense. We already saw 
in the previous section that the configuration spaces themselves do not quite form 
an operad; rather, one should pass to the Fulton—MacPherson compactifications. In 
this section we will make the relation between the operads FM4 and Eg precise by 
exhibiting a zigzag of maps 
FMa — P —> Eg 


each of which is a homotopy equivalence of operads, in the sense that P(n) —- 
FM4(n) and P(n) > E4(n) are homotopy equivalences of spaces for each n. 

The operad P we will use is essentially the Boardman—Vogt W-resolution of Eg. 
To be precise, in this section we view Ey as an operad by forgetting E4(0) and 
replacing the contractible space E4(1) by just a point, as for the Fulton—MacPherson 
operad. For the Boardman—Vogt resolution W(E,) and a finite set B, elements of 
W(E4)(B) are represented by tuples (T, p, t), where T is a tree with B as its set of 
leaves, p assigns an element p(v) € Ey(in(v)) to each vertex v of T, and t assigns a 
length t(e) € [0,1] to each inner edge e of T. Moreover, we may assume that each 
vertex of T has at least two incoming edges (as for FMq) by virtue of the ‘unit 
relation’ imposed on the W-construction. If T has an edge e with length t(e) = 0, 
then such a tuple is identified with a tuple (eT, p’, t’), where 0-T is obtained from 
T by contracting e, the assignment t’ is the restriction of ft to the inner edges of ôT, 
and p’ is obtained from p by composition in the operad Eg. The composition in the 
operad W(Ez) is defined by grafting of trees, assigning length 1 to the edge along 
which grafting takes place. As we have seen before, there is a morphism of operads 
e: W(Ez) — Eg forgetting lengths of edges and composing all operations in a tree; 
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this map is easily seen to be a homotopy equivalence via the linear homotopy that 
‘contracts lengths to zero’. If we forget the topology on the operad W(Ezq), then it is 
the free operad on the collection of sets W° (E4)(B) consisting of points represented 
by tuples (T, p,t) where each edge e has length t(e) < 1. Moreover, extending the 
analogy with the Fulton—-MacPherson operad, W(Eq)(B) decomposes into strata 
W(Eq)(B)s consisting of those points (T, p, t) for which the tree 0<;T obtained by 
contracting all edges of length < 1 is isomorphic to S (by an isomorphism respecting 
the leaves B). 
Now for each finite set B, consider the map 


p = yp: W°(Eq)(B) > E4(B) 


assigning to a tuple (T, p, t) the composition of the elements p(v) of the little d-cubes 
operad, but rescaled by the lengths of the edges: explicitly, it is the composition of the 
elements (1 — t(e,,))p(v) where e, is the edge immediately below v. In this definition, 
we take the length of the root edge to be zero, so do not rescale the operation at the 
root of T. Notice that more generally, if an edge e, has length zero then no rescaling 
takes place, so that ọ is well-defined on equivalence classes of tuples. If we compose 
this map yp with the map 
C: E4(B) = Cq(B) 


taking the centres of the cubes involved, we obtain a map 
cog: W°(Eqg)(B) > Ca(B) € FM, (B). 


These maps cy z are obviously natural with respect to bijections between finite sets. 
So, as W(E4) is free as an operad (ignoring the topology for a moment) over the 
collection of spaces W° (E4)(B), we obtain a map of operads (in Sets) 


co: W(Ea) > FMa. 


It is not difficult to check that this is in fact a map of topological operads, i.e., each 
Cp is continuous. (The reason is that if the length of an edge e, below a vertex 
e converges to 1, then by the rescaling factor 1 — t(e,), the configuration of the 
centres of the cubes in p(v) converges to a single point, exactly as in the topology 
of the Fulton—MacPherson operad.) Notice also that the map cy maps the stratum 
W(E4)(B)s for a tree S exactly to the stratum FM4(S) of FM4(B). 

We claim that the map cg gives a homotopy equivalence of spaces W(Eqg)(B) > 
FM.(B) for each finite set B. To see this, consider the diagram 


W(Ea) —2> FMa 
etl Î 


Eg > W°(Ea) — Ca. 
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In this diagram cg and € are maps of operads, but the other arrows are merely 
maps of collections. The map 77 identifies Eg(B) with the part of W° (E4)(B) given 
by the corolla with B as its set of leaves. The maps in the triangle on the left are 
homotopy equivalences by ‘contracting lengths of inner edges to zero’, as before. 
The composition cyn simply takes centres of cubes and is a homotopy equivalence 
as well. Thus it suffices to show that the inclusion of the ‘configuration space’ Cq(B) 
into its compactification FM,(B) is a homotopy equivalence for each finite set B. 
Briefly said, this is the case because FM4(B) is a manifold with corners and Cq(B) 
is precisely its interior. Let us take the remainder of this section to explain this point 
in some more detail. 

Recall that the space C4(B) itself is a smooth manifold; indeed, it is the quotient 
of Conf(B, R@) by a free and proper action of the group Ryo x R? of translations and 
dilations, while Conf(B, R) itself is simply on open submanifold of (R“)?. Now 
recall that a manifold with corners of dimension N is covered by charts of the form 
(0, £)" x [0,e)~" for e > O and O < n < N. To exhibit such charts for FM4(B), 
consider a point € € FM4(B) lying in a stratum FM4(T) corresponding to a tree T 
with set of leaves B. Then the union of the strata FM4(S), where S ranges over trees 
obtained from T by contracting inner edges, is an open set in FM,(B) containing 
the point £ (cf. Proposition 1.29). We will describe a chart around & within this open 
set, using the identifications 


FMa(S)= || Calin@w)). 


wevV(S) 


So let us view € as a point in [],,<ycr) Ca(in(v)) and let W be an open neighbour- 
hood of é in this product space. Choose W small enough so that there is an € > 0 
such that all the configurations ¢(v) for points ¢ € W have mesh at least 2e, i.e., the 
points in the configuration ¢(v) are at least a distance 2e apart. This implies that if 
in such a configuration we replace one or more points x by a configuration centred 
at x with diameter < e, the result is still a configuration of distinct points. 

Now write /(T) for the set of inner edges of T and define a map 


y: W x 0,2)! — FMq(B) 


as follows. For a point (¢,t) with ¢ € W and ¢ a sequence of lengths t(e) assigned 
to inner edges of T, let S, be the tree obtained by contracting all edges in T of 
length > 0. Then W(Z, t) will land in the stratum FMa(S;), so is given by a family 
of configurations w(Z, t)(w) indexed by the vertices w of S+. Such a vertex w arises 
as the contraction of a subtree Tẹ C T all of whose inner edges e have length 
0 < t(e) < £. The configuration w(Z, t)(w) is obtained by iteratively substituting the 
configurations ¢(v) (of diameter 1) rescaled by the lengths r(e). Before giving the 
formula, let us consider a small example to illustrate the idea. 
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Example 1.31 Consider the trees 


a b c d 
aN 
| R 


and a point ¢ € FM4(T) given by configurations ¢(u) € C({a, e}), Z(v) € C({b, f}), 
and ¢(w) € C({c, d}). Let (t(e), t(f)) be an assignment of lengths in [0, £) to the 
inner edges of T. If t(e) = 0 < t(f), then W(Z,f) is a point in the stratum for the 
tree S. It is given by the old configuration ¢(u) at the vertex u and the new three- 
point configuration W(Z, t)(y) at the vertex w, obtained from the configuration ¢(v) 
by replacing the point ¢(v)(f) by the tiny configuration t(f) - ¢(w) now centred 
around ¢(v)(f). If t(e) and t(f) are both strictly positive, then w(Z, t) is a four-point 
configuration in the stratum FM4(R) = Ca({a, b, c, d}). It is defined by additionally 
replacing the point ¢(u)(e) by the configuration t(e) - W(Z, t)(y). 


In order to give a general formula for w(Z,t)(w), consider the incoming edges 
of w in the tree S+. Since w was obtained by contracting the subtree 7,, of T, these 
incoming edges are exactly the leaves of Tọ. For such a leaf Z, the point W(Z, t)(w)(1) 
in R7 is the point in the configuration obtained by rescaled substitution along the 
path from / down to the root of Tw. If we depict this path as 


è VO 


then w(Z, t)(w)(L) is the point 
f(vo)(e1) + tler)S(vi (er) + ter )t(er)E(va)(es) + +++ + Her) tlen) Vn). 
This completes the definition of the map 
y: W x (0,2)! — FM4(B). 


It is not difficult to check that this map is a homeomorphism onto its image. For 
example, to see that it is injective, notice that we can recover the rescaling factors t(e) 
from y(ć, t). Indeed, w(Z,t) lies in a stratum S, already telling us which of the t(e) 
are nonzero. The values of these nonzero t(e) can then be read off from the diameters 
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of the substituted rescaled configurations. For instance, in the first example above 
where t(e) = 0 < t(f), the configuration W(Z, t)(y) of three points b, c, and d is 
normalized with diameter 1, but its subconfiguration of just the points labelled c and 
d has exactly diameter t(f). 


Historical Notes 


The theory of operads first demonstrated its importance through the characterization 
of iterated loop spaces by means of the little cubes operads, by Boardman—Vogt [21] 
and May [112]. The latter reference contains the first occurrence of the definition 
of an operad as we gave it. Boardman and Vogt formulated their results in terms of 
the closely related notion of a ‘prop’, and also described what we have called the 
‘Boardman-Vogt resolution’ and the tensor product of operads in these terms. While 
operads describe general algebraic structures in terms of operations with a finite 
number of inputs and one output, a prop does the same thing for a finite number of 
inputs and any finite number of outputs. These props arose in the work on higher 
homotopies of Adams, MacLane and others in the 1960s [107]. A precursor of the 
characterization of iterated loop spaces in terms of operads is Stasheff’s charac- 
terization [135] of loop spaces in terms of ‘Stasheff polytopes’, closely related to 
the operad of little 1-cubes (i.e., little intervals). The compactification of the con- 
figuration space in terms of trees discussed in the last section of this chapter goes 
back to Fulton—MacPherson [60] and Axelrod—Singer [7]. The Fulton—MacPherson 
operad was first introduced by Getzler—Jones [65]. Our description of the compact- 
ification and its operad structure is based on Kontsevitch-Soibelman [100], Sinha’s 
work [134] and on the PhD thesis of Dean Barber [9]. A further useful reference is 
Salvatore’s work [132]. 

The force of the notion of operad is that it makes sense in any symmetric monoidal 
category, so that operads and their algebras can easily be transported along functors 
between such categories, and can be dualized to obtain ‘cooperads’. Nonetheless, 
after having demonstrated their importance in topology, it took a while before operads 
and cooperads were explicitly used in other, more general categories. Decisive steps 
here were taken by Getzler-Jones [65] and Ginzburg—Kapranov [68], who discussed 
bar-cobar and Koszul duality for (co)operads and studied the operad structure on 
moduli spaces of curves. The role of operads in deformation theory and quantization 
was emphasized by Kontsevich [100]. Nowadays, operads play a crucial role in many 
parts of mathematics. For more details on the history of the theory of operads, the 
reader is referred to the books by Markl, Shnider, and Stasheff [110] and the book of 
Loday and Vallette [104], which gives a very comprehensive treatment of operads 
in the context of homological algebra. 
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Chapter 2 updates a) 
Simplicial Sets 


Simplicial sets form a very convenient tool to study the homotopy theory of topolog- 
ical spaces. In this chapter we will present an introduction to the theory of simplicial 
sets. We assume some basic acquaintance with the language of category theory, but 
no prior knowledge of simplicial sets on the side of the reader. We present the basic 
definitions and constructions, including the geometric realization of a simplicial set, 
the nerve of a category, and the description of the product of two simplicial sets 
in terms of shuffles. The category of simplicial sets is an example of a category of 
presheaves, and we also take the opportunity to discuss Kan extensions and several 
other constructions for presheaves that will be used again later in this book. The 
chapter ends with some examples of other types of simplicial objects, such as bisim- 
plicial sets and simplicial operads. The material in this chapter is quite classical, 
and different presentations each having their own virtues can be found in the books 
already mentioned in the introduction. Our particular way of selecting and present- 
ing the material was mainly motivated by the need to prepare the ground for the 
extension of the theory to that of dendroidal sets in the next chapter. 


2.1 The Simplex Category A 


In this section we recall the definition of the category A of finite linear orders, which 
lies at the basis of the theory of simplicial sets. In fact there are two equivalent 
definitions of this category, a skeletal and a non-skeletal one. The skeletal category 
A has as its objects the natural numbers, which are denoted [n] (for n > 0) and are 
thought of as linear orders 
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The morphisms « : [n] — [m] in A are the non-decreasing functions or, from the 
second perspective, functors [n] — [m]. 

Sometimes it is convenient to consider a larger version of A, whose objects are 
finite non-empty linearly ordered sets and whose morphisms are non-decreasing 
functions between them. The difference between the two versions will not matter 
very much, but we will usually stick to the skeletal one described above for notational 
convenience. 

There are some morphisms in A for which we introduce additional notation. First, 
there is for each O < i < n the injective monotone function 


ôi : [n — 1] — [n] 
which skips the value i. Also, for each O < j < n — 1 there is the surjective function 
oa; : [a] — [n- 1] 


which hits the value j twice and every other value once; in other words, it is given 
by o;(k) = k for k < j and o(k) = k — 1 for k > j. These morphisms are called the 
elementary faces and elementary degeneracies respectively. 

Note that any injective function [m] — [n] can be written as a composition 
of elementary face maps (although not necessarily uniquely). Also, any surjective 
function factors as a composition of elementary degeneracies. Since any morphism 
[m] — [n] factors as a surjection [m] — [k] followed by an injection [k] — [n], this 
shows that the elementary faces and degeneracies generate all the morphisms of A. 
One easily figures out the relations satisfied by these generating maps. For example, 
if0 <i < j < n then the composition 


ôi 6j 
[n — 2] — [n- 1] — [n] 
is the injective map skipping i and j in its image, as is 


[n-2) 2, n- S f. 

In other words, we have the relation 
(1) 676; = 6;6;-1 fori < j. 
The other relations are as follows: 
(2) ojo; = oj-10; fori < j. 

ôj-ı0; ifi<j-1 
(3) o76; = jid ifi=j-lori=j 

Ojoj-1 ifi>j. 
These relations are called the cosimplicial identities. As a consequence, a functor F 
from A into any other category C can be specified by giving the values F([n]) for 


all n > 0 together with the maps F(6;) and F(o;) corresponding to the elementary 
faces and degeneracies, provided that these maps satisfy the cosimplicial identities. 
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The category A has very few limits and colimits, but there are some which we 
wish to single out. Suppose we have inclusions f : [k] — [n] and g : [k] — [n] 
where f is an ‘initial segment’ and g is a ‘terminal segment’, i.e. they satisfy 


f@=i and gi) =i+tm-—k. 


Then the pushout square 


exists in A; indeed, the bottom right corner is the linear order [m + n — k]. The 
simplest example of this is the pushout square 


Iterating this type of pushout we can write [n] as the colimit of a diagram involving 
only [0]’s and [1]’s: 
[a] = [1] Yio [1] Ufo «+ Ufo [H]. 


Here there are n copies of [1] and each [0] includes as the vertex 1 of the copy of [1] 
on its left and the vertex 0 of the copy of [1] to its right. 
An example of a different kind is the pushout of two surjections 


[k] [n] S [1 


between linear orders. One can think of [k] as obtained from [n] by collapsing 
certain segments to points and similarly for [/]. When one collapses both families of 
(possibly overlapping) segments to points, one obtains a further quotient [m] which 
is the pushout of p and q. For example, for0 <i < j <n, 


[n] —> [n- 1] 


«| |e 


[n - 1] => [n - 2] 


Oj-1 


is such a pushout. These pushouts in A have a special property, expressed by the 
following proposition: 
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Proposition 2.1 (i) In the square above withi < j there exist sections a: [n—1] > 
[n] of o; and p: [n-2] > [n — 1] of ci, which are compatible in the sense that 
Tja = Boj-1. 

(ii) Consider a commutative square 


in a category C, with p a split epimorphism (i.e., admitting a section) and q an 
epimorphism. If there exist compatible sections a of p and B of r (in the sense 
described in (i)), then the square is a pushout. In fact it is an absolute pushout, 
meaning any functor from A to another category sends the square to a pushout 
square. 


(iii) Let [k] E [n] EA [L] be surjections in A. The pushout 


exists in A and is an absolute pushout. 


Proof (i) Define a = 6;: [2-1] > [n] and 8 = 6;: [n -2] — [n — 1]. The equation 
0-0; = 0;07;-1 is one of the cosimplicial identities discussed above. 

(ii) If X is an object of C and f : B — X, g : C — X are maps such that 
f4 = gp, then one defines a corresponding map h : D > X by h := fp. We 
should check that hs = g and hr = f. The first equality is clear from fBs = fqa = 
gpa = g. For the second equality, it suffices to prove hrq = fq because q is epi. 
The left-hand side equals hrq = fBsp = fqap = gpap = gp, which equals fq by 
assumption. To see that our choice of extension h : D — X is uniquely determined 
by (f, g), one observes that r is an epimorphism. The conclusion that the square is 
an absolute pushout follows from the fact that our proof only uses structures (split 
epis, commutative diagrams) that are preserved by any functor. 

(iii) The surjections p and q can both be factored as compositions of elementary 
degeneracies, so that the conclusion follows by repeatedly applying (i) and (ii). o 


Finally, let us record the following two existence results: 


Proposition 2.2 (i) If f: [m] — [n] is a monomorphism, then the pullback of any 
morphism g: [k] — [n] along f exists, provided that the image of g intersects 
the image of f nontrivially. 

(ii) If f: [m] > [n] is an epimorphism, then the pushout of any morphism g: [m] > 
[k] along f exists. 
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Proof (i) is clear by restricting g to the preimage of f([m]). For (ii), it suffices to 
treat the case where f is an elementary degeneracy o; : [m] — [m — 1]. Then the 
pushout of g is the map which collapses the interval [g(i), g(i+ 1)] to a single point.o 


2.2 Simplicial Sets and Geometric Realization 


Let € be a category. The reader should keep in mind the examples where € is the 
category of sets, of topological spaces, or of groups. A simplicial object in € is a 
functor 

X: AP — £. 


With natural transformations between such functors as morphisms, one obtains a 
category of simplicial objects in €, which we denote by s€. One generally refers to 
a simplicial object in Sets as a simplicial set, and similarly for simplicial spaces, 
simplicial groups, simplicial schemes etc. We will soon see plenty of examples of 
such simplicial objects. 

In more detail, a simplicial object X in € is given by a sequence of objects 
Xn := X([n]) in E (n = 0), together with maps a* : Xn — Xm for morphisms 
a : [m] > [n] in A. These maps should be functorial, in the sense that 


id* id R> Xm 
(ap = B'a": Xa > Xy for [k] [m] S [n]. 


A morphism f between two such simplicial objects X and Y is then a sequence of 
morphisms f : Xn — Y, in € compatible with all the a*, in the sense that 


Sma" = 0° 8p 


for a : [m] > [n]. When £ = Sets, we will often refer to the elements of the set Xn 
as the n-simplices of X. 

By our description of the morphisms in A in the previous section, one may 
equivalently describe a simplicial object by specifying the operations a* only when 
a is an elementary face or degeneracy. These are usually denoted 


di = (ôi) : Xn > Xn-1 ES Oai 


sj = (0Y : Xn-1 > Xn i=0,...,n-1. 


These maps are called the face maps and degeneracy maps of the simplicial object X. 
To distinguish them from the corresponding elementary face and degeneracy maps 
in the category A, the latter are in the literature sometimes referred to as cofaces 
and codegeneracies. The functoriality requirement on the a* is equivalent to the 
requirement that the d; and s; satisfy the following simplicial identities (dual to the 
cosimplicial identities of the previous section): 
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(i) did; = dj-ıdi for i <j 
(ii) SjSi = SiSj-1 for i <j 
sidj- ifi < j -1 
Gii) djs; = ¥id ifi=j-lori=j 
Si-1dj ifi > J. 
Similarly, a collection of maps f : X, — Y, determines a morphism of simplicial 
objects if and only if it is compatible with the face and degeneracy maps, as in 
fa-ıdi = difa forn 2 0, i=0,...,n, 
Ins; = Sjfn-1 forn >20, j=0,...,n-1. 
For the remainder of this section we will focus on the category sSets of simplicial 
sets. The main motivation for the concept of a simplicial set is to give a combinatorial 
procedure for building a topological space, as we will recall below, although the uses 


of simplicial sets and simplicial objects are now much more widespread. 
Consider for each n > 0 the standard topological n-simplex 


A” := {(t0,..-5tn) ER! |to+---+t,=14%20 Vi}. 


This standard simplex has n + 1 vertices vo, ...,V¥,, where 
v; = (0,...,0, 1,0,...,0) 


with the 1 in the ith entry. Thus, any function of sets f : {0,...,m}— {0,...,n} 
defines an affine map 
fe : A” > A” 


which is uniquely determined by the requirement f(v;) = vfa). In particular, this 
makes the family of standard simplices into a functor 


A® : A — Top. 
We write A” as œ, as for f above. Explicitly, for a : [m] —> [n], 


@,(t0,.--,tm) = (S0. .-,Sn) With s; = D tj; 
a(j)=i 


In particular, for an elementary face map 6; : [n — 1] — [n], the map 


(ôi) : A! = A” 
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embeds A”! as the face opposite the vertex v;. More generally, for an injective map 
a: [m] — [n], the corresponding map a, embeds the m-simplex A” as a face of A” of 
possibly high codimension. Also, for the elementary degeneracy o; : [n] > [n- 1], 
the map 

(Tj) : A" > ne 


collapses A” onto A”~! by a projection parallel to the line connecting vj and vj41. 

We will use these topological n-simplices to define for each simplicial set X its 
geometric realization |X|. This is a topological space defined as a quotient of the 
large disjoint sum of simplices 


[ [x xa" = LI LI A", 
n20 n>0xEXn 


the points of which we denote by 
(x,t) for xEXn, tEA”. 
This quotient is formed by making the identification 
(x, a,t) ~ (@* x,t) 


for each morphism @: [m] — [n] of A and each x € X,, t € A”. We write x @ t 
for the equivalence class of a pair (x,t) € X, X A”. This notation comes from the 
idea that X is a ‘right module’ over A and A° is a ‘left module’, where left and right 
correspond to co- and contravariant functoriality respectively. There is a sense in 
which |X| can be interpreted as a ‘tensor product’ X @, A® of such modules, but we 
will not elaborate on it here. 

A map f : X — Y between simplicial sets induces an obvious continuous map 


fl: |X| > Y|: x8t = f(x) 8t, 


where we have suppressed the subscript n on f in the expression f(x) for x € Xn. 
This assignment makes geometric realization into a functor 


| - | : sSets — Top. 
For a simplicial set, every n-simplex x € X, defines a map 
2: A" |X|: tr xet. 


The images of all these maps evidently cover all of |X| and we will examine more 
closely how they overlap in the next section. For now, observe that by the equivalence 
relation imposed to form the geometric realization, these maps respect the simplicial 
structure of X, in the sense that for any a : [m] — [n] and y € Xm such that a*x = y, 
the diagram 
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Am —__*_, |x| 
A” 
commutes. 


If C° : A > € is any functor, each object E of € defines a simplicial set Singç. (E) 
by the formula 
Singc. (E)n = E(C", E), 


where for a : [m] — [n] the map a@* is defined by precomposition with C®, the 
image of œ under the functor C*. This general way of constructing simplicial sets 
applies in particular to the standard simplices A° : A — Top, so that any topological 
space T defines a simplicial set Sing,.(7). It is usually more briefly denoted Sing(T) 
and called the singular complex of T. 

In this way we obtain a functor 


Sing : Top — sSets 


which bears a special relation to geometric realization. Indeed, a continuous map 
y : |X| — T of topological spaces is given by a family of continuous maps 


yok: A" > |X| > T xe Xy 


for which each diagram of the form 


gos T 
A” 


commutes. Thus, ¢ defines for each n a map of sets 


A” 


Yn: Xn > Sing(T), : x= yok 


which group together into a map of simplicial sets by the compatibility described 
above. In fact, this gives a natural bijective correspondence 


Top(|X|, T) =~ sSets(X, Sing(T)), 
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so that the singular complex functor is right adjoint to geometric realization: 


|- |: sSets =—~ Top : Sing. 


2.3 The Geometric Realization as a Cell Complex 


In this section we will examine the cellular structure of the geometric realization of a 
simplicial set X. Recall that we refer to the elements of X, as the n-simplices of X. An 
n-simplex x € X, is called degenerate if it lies in the image of one of the degeneracy 
operators s; : Xn-1 — Xn for O < i < n — 1. Equivalently, x is degenerate if there 
exists a surjection a : [n] — [m] and y € Xm such that x = a* y. In fact, by choosing 
a further surjection in case y itself is degenerate, it is clearly possible to arrange 
that x = 6*z for a surjection £ : [n] — [k] and z a non-degenerate k-simplex of X. 
Furthermore, given x € Xn, this choice of (8, z) with z non-degenerate is unique. 
Indeed, if (y, w) was another such pair with y*w = x and w non-degenerate, one 
forms the following pushout: 


It is an absolute pushout by Proposition 2.1 and therefore the resulting square 


Xn ae Xk 


I 


X <— X; 


is a pullback. Thus there is an element v € X; whose image is z (resp. w) in Xx (resp. 
Xı). By the assumption that w and z are non-degenerate, this can only happen if the 
maps [k] — [j] and [/] — [j] are identities. It follows that 8 = y and z = w. The 
reader should also note that any 0-simplex is non-degenerate. 

Every point of |X| can be represented in the form y ® s with y a non-degenerate 
simplex of X. Indeed, for any x @t € |X|, choose y non-degenerate and a : [n] — [m] 
so that x = a* y. Then a, : A” — A” is surjective, so that there is an s € A” with 
as = t, and x ®t = y @s. This section serves to explain the much more precise 
statement formulated in the theorem below. Recall that every n-simplex x € Xn 
determines a map ¢ : A” —> |X|. 


Theorem 2.3 Let X be a simplicial set. Its geometric realization |X| naturally has 
the structure of a CW complex with precisely one closed n-cell £ : A” — |X| for 
every non-degenerate n-simplex x € Xn. 
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We begin by describing the CW structure of the theorem in more detail. Recall 
that we write x ® t for the point of |X| determined by a pair (x,t) € Xp x A‘. Denote 
by |X| the subspace of |X| consisting of points which can be represented as x @ t 
for some (x,t) € Xk X Ak with k < n. This describes a filtration of X, 


XO c XI c [XI co, JX =x 
n 


and |X| has the weak topology with respect to these subspaces. Indeed, the latter is 
clear from the definition of |X| as a quotient of Hn Xn x A”. This filtration will serve 
as the skeletal filtration for the CW structure of |X]. 

First, we claim that the space |X | is discrete and is in fact given by Xo X A°, 
so that the elements of Xo will serve as the O-cells of |X|. Indeed, it is clear that the 
evident map Xo x A? > |X| is surjective. To see that is a bijection, we should 
argue that no two distinct 0-simplices of X are identified in |X|. If x, y € Xo, then 
x ® 1 and y @ 1 represent the same point of |X| only if there exists z @ ¢ with z € Xn 
and t € A”, together with morphisms a, 8 : [0] — [n] such that a*z = x, B*z = y 
and a1 = 1 = t. The last condition immediately implies that a = 8, from which 
it follows that x = y. This establishes our claim. 

We should show that for n > 1 the space |X|”) can be obtained from |X|~) by 
attaching an n-cell for each non-degenerate n-simplex if X. More precisely, consider 
the square 


Lenan) 2A” —> |X|"? 


| | 


Lxenacx,,) A” E [x|, 

where nd(X,,) denotes the subset of X, consisting of non-degenerate n-simplices. 
The conclusion of the theorem is clear if we can show that this square is a pushout. 
Note that it is a pullback: indeed, a point x @ t of |X|" with x € nd(X,,) and 
t € A” is contained in |X|"~) if and only if t is contained in the boundary of A”. 
(This conclusion would not hold if we replaced the collection of non-degenerate 
n-simplices by the collection of all n-simplices.) 

To see that the square is a pushout, we should argue that if x ®¢ = y @ s for points 
(x,t) and (y, s) of [Tx cnacx,,) A”, then either (x, t) = (y, s) or both (x, t) and (y, s) are 
contained in [| cnacx,,) 9A”. This will follow from: 


Proposition 2.4 Let € € |X|. Choose x € X, and t € A" with £ = x ®t and with n 
as small as possible. Then x is non-degenerate and if n > 1 then t is contained in 
the interior of A". Also, the pair (x, t) representing £ with x non-degenerate and t in 
the interior of A” is unique. 


Indeed, to conclude the theorem from this, suppose x ®t = y 8 s, still with 
x, y E€ Xn non-degenerate as above. If both s and ¢ are in the interior of A”, then the 
proposition implies (x,t) = (y, s). If one of them, say ¢, is on the boundary of A”, 


2.3 The Geometric Realization as a Cell Complex 59 


then we can write x ® t = z @ r for z of smaller dimension k and r in the interior of 
AF, uniquely. But then s must also be on the boundary of A”; if it were in the interior 
this would contradict the uniqueness of representatives expressed by the proposition. 


Proof (of Proposition 2.4) First we show x is non-degenerate. If it were not then 
there would exist a nontrivial surjection œ : [n] — [m] and y E€ Xm with a*y = x. 
But then x & t = a*y @t = y @a,t, contradicting the minimality of n. It is also 
straightforward to see that ¢ is in the interior of A” (assuming n > 1); indeed, if it were 
on the boundary 0A[n] then there would exist a nontrivial injection 8 : [k] —> [n] 
such that ¢ is in the image of 6, : AX — A”, so we may write t = p.s. In that case 
X@t=x®P,s = B*x ®s, which again contradicts the assumption that n is minimal. 

It remains to argue that the representative pair (x, t) of the proposition is unique. 
So suppose € = x ®t = y @ s where both x and y are non-degenerate and s,t are 
interior points of A”. By the equivalence relation involved in the definition of ®, this 
means that there is a zigzag in A of the form 


[m] i [n] 


“A ee 


[kn] 
and elements (a;, uj) € Xk; X Aki, (bi, vi) € Xm; X A” for which 


a} bi-1 = di, (@i)xUi = Vi-1, 


8; b; = ai, (Bi)-Ui = vi. 


Here we have written (x, t) = (bo, vo) and (y, s) = (by, vy). Since t = vo and s = vy 
are interior points, the maps a; and y must be surjective. We now reason by 
induction on the length of the zig-zag. If N = 1, then the pushout of the surjections 
[n] — [kı] > [n] exists in A and is absolute, so that X turns it into a pullback 


IS K, 


Lf 


Xn —— Xk 


for the appropriate value of / < n. But then there is a z € X; with y*z = x, meaning 
that 7 must equal n (otherwise we reach a contradiction with the minimality of n) 
and a; = £1 = id. Thus (x, t) = (y, s). If N > 1, factor B; as 


[ki] Š [m] Š [m] 


with ô a monomorphism and e€ surjective. Then one can apply the same argument as 
above to the pushout of the degeneracies 


Qa 


[n] — [ki] > [mi] 
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and the elements (x,t) € X, x A” and (6°, €,u 1) € Xm X A”: to conclude that £ 
must be the identity. Hence 6; = 6 is a monomorphism. But then the pullback of 6, 
and a exists in A (cf. Proposition 2.2(i)) and such pullbacks are easily checked to 
be preserved by the functor A’: 


8. 


[k] —— [k] AK s Ake 
bobo ae 
[kı] — [m] Ak Eoy ym, 


So we can shorten the zigzag by replacing the first two spans by the single span 


[n] E [xr] ÊS [m] 


and using the element (c, w) € Xe x AK, with c = ņřaı = 6*a2 and w the unique 


point in AK satisfying 7.w = u and 6,w = u2. This completes the inductive step.O 


The filtration of the geometric realization |X| by subspaces |X |”) has a counterpart 
in the theory of simplicial sets, called the skeletal filtration of X. It is a fundamental 
tool when one proves properties of X ‘simplex by simplex’. In fact, our filtration of 
|X| above simply arises as the geometric realization of the skeletal filtration of the 
simplicial set X. 

We define sk,,X to be the simplicial subset of X generated by its simplices of 
dimension at most n. In other words, it is the smallest subobject sk, X © X which 
contains every simplex x € X; fork < n. Clearly U,;sk,X = X. The crucial property 
is that sk,,X can be built from sk„-1X by ‘cell attachments’ as follows: 


Proposition 2.5 The evident square 


Hrena) PAL] ——> skn-1X 


l l 


HMxenax,) Aln] —> sknX, 


is a pushout. As before, the coproduct is over the set nd(X,) of non-degenerate 
n-simplices of X. 


Proof For the length of this proof we write P for the pushout in the square above and 
p : P—sk,X for the evident map. We should demonstrate that P is an isomorphism 
of simplicial sets. 

To see that p is surjective, consider an n-simplex x € X,. Then we can write 
x = a*y for some degeneracy a : [n] — [m] and a unique non-degenerate simplex 
y E€ Xm. lfm < n, then y (and hence also x) is already contained in sk„-1 X and hence 
in the image of p. If m = n then a is the identity and x is non-degenerate, so that 
x occurs in the coproduct in the lower left corner of the square of the proposition. 
Again, x is therefore in the image of p. 
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It remains to argue that p is injective. There are two things to check: 


(a) If x € nd(X,,), then the pullback of the corresponding span 
A[n] Š sk, X < sk„-1X 


is precisely the boundary dA[n]. 
(b) For two distinct non-degenerate simplices x, y € nd(X,,), consider the pullback 
square 


Q —— Aln] 
Afa] es sk, X. 
Then v and w factor through the boundary inclusion dA[n] € A[n]. 


Indeed, (a) and (b) express the idea that all identifications to be made when adding 
non-degenerate n-simplices to sk„-1 X concern only the boundary of those simplices. 


Proof of (a): Say [k] = [n] is a map so that a*x is contained in sk„-1X. We 
should show that «œ is not surjective, so that it factors through 0A[n]. We reason by 
contradiction; suppose a is surjective. By definition of the (n — 1)-skeleton we can 
write a*x = B*y for some non-degenerate m-simplex y € Xm (with m < n) anda 
surjective map £ : [k] — [/]. Form the absolute pushout square 


[k] — [n] 
— 


[z]. 


Since X turns it into a pullback, there exists a z € X; with y*z = y and 6*z = x. 
Now, 6 is surjective and x non-degenerate, so we must have that 6 is the identity. But 
then k = m, contradicting the fact that m < n < k. 

Proof of (b): Consider maps a, 8 : [k] — [n] so that a*x = B* y. We should show 
that both « and £ are not surjective. Factor these maps as 


[k] D [m] S fa, 1] E [m] & [n], 
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As before it follows that there is a z € X; with (ya_)*z = x and (6B_)*z = y. 
The non-degeneracy of x and y then implies that all the surjections in the above 
square are in fact identities. We conclude that œ = a, and p = p+ are both injective. 
It remains to argue that neither can be the identity. But if one of them was, then 
[k] = [n] and clearly both of them are identities. It follows that x = y, contradicting 
our assumption. m 


2.4 Simplicial Sets as a Category of Presheaves 


For a small category C, a functor 
X : CP — Sets 


is called a presheaf (of sets) on C. Together with the natural transformations between 
them, these presheaves form a category which we denote by 


PSh(C). 


(Other common notations are Sets?” and C.) Thus, the category sSets of simplicial 
sets is the category PSh(A) of presheaves on A and as such enjoys the general 
properties of such categories of presheaves. In this section we review several of 
those properties which will be relevant to us. 

First some notation: for a presheaf X as above and a morphism @ : c > d in C, 
its value under X is denoted 


a* : X(d) > X(c). 


If f : X — Y is a morphism between presheaves, consisting of a natural family 
of morphisms fe : X(c) — Y(c) for c ranging through the objects of C, we often 
abbreviate fe by f again if no confusion can arise. 


Representable presheaves. Each object c € C determines a so-called representable 
presheaf y(c), defined on objects by 


y(c)(d) = C(d, c) 


and with the evident action of morphisms in C by precomposition. It can also be 
denoted C(—, c). This construction is also functorial in c and determines a functor 


y : C > PSh(C) 


called the Yoneda embedding. The basic Yoneda lemma states that for any presheaf 
X there is a natural bijective correspondence between morphisms of presheaves 
f : y(c) — X and elements x € X(c). This correspondence is given by x = f(ide) 
and f(@) = a*x. We write x for this morphism f corresponding to x. 
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Standard simplices. For the special case of simplicial sets, the representable presheaf 
y([n]) is denoted by A[n] and referred to as the (simplicial) standard n-simplex. It 
mirrors the topological n-simplex A” in the sense that 


|A[n]| = A”, 


as one easily checks. The Yoneda lemma gives a correspondence between n-simplices 
x € Xn and maps x : A[n] — X and the geometric realization of the latter is precisely 
the map we denoted by £ : A” — |X| in previous sections. 


Limits and colimits. Each presheaf category PSh(C) has all small limits and colimits 
and these are all computed ‘pointwise’. To be precise, if 


X : I — PSh(C) : i > X; 
is a diagram of presheaves indexed by a small category Z, then 


(iy XXe) = lim Xi), 


the colimit on the left being computed in PSh(C), the one on the right in Sets. The 
same applies to limits. To give a simple example, the product of simplicial sets X 
and Y is constructed as 

(X xY)n = Xn X Yn, 


with simplicial operators (e.g. faces and degeneracies) defined componentwise, as 
di(x, y) = (dix, diy), etc. 

A similar observation applies to epimorphisms, monomorphisms and images: a 

map f : X — Y between presheaves is epi (resp. mono) if and only if each of its 
components f : X(c) — Y(c) is. For a general f : X — Y, its image f(X) C Y is 
constructed as f(X)(c) = f(X(c)) for each object c of C. A monomorphism A —> Y 
for which each component A(c) — Y(c) is the inclusion of a subset is referred to 
as a subpresheaf of Y. Sometimes we will also use this terminology to refer to an 
isomorphism class of monos A — Y, secretly identifying them with their common 
image. 
Colimits of representables. Every presheaf X on a category C is canonically iso- 
morphic to a colimit of representable presheaves. To see this, one first constructs the 
category of elements of X, variously denoted El(X), Je X or C/X in the literature. 
We will use the latter notation. The objects of C/X are pairs (c, x) with c € C and 
x € X(c). A morphism (c, x) — (d, y) is a morphism @ : c > d with the property 
that a*y = x. There is an evident projection 


tx :C/X > C:(c,x)He 
and an isomorphism 


Ox: lim y o 7x — X. 
C/X 
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This natural transformation 9x is induced by the morphisms 
x:y(c) ~X 


for (c, x) ranging over the objects of C/X. 


Kan extension. The category PSh(C) is the free category with all small colimits 
generated by C. What this means is that for any category € with all small colimits, 
any functor F : C — £ extends (uniquely up to natural isomorphism) to a functor 
F, : PSh(C) — £, such that F, preserves all small colimits. To make sense of the 
word ‘extends’ here, one should regard C as a subcategory of PSh(C) via the Yoneda 
embedding. In other words, there is a natural isomorphism F; o y ~ F. Another 
common notation for F, is LanyF, indicating that it is the left Kan extension of F 
along y. The functor F, can be constructed explicitly by writing every presheaf as a 
colimit of representables: 
F(X) = lim F o zx. 
C/X 


More informally, one might also write 


F(X)= lim F(e). 
ceC,xeF(c) 


To check that F, is indeed a functor, one observes that the construction of the category 
of elements is itself functorial in X. To see that F, extends F, one observes that the 
category of elements C/y(c) is isomorphic to the slice category C/c. The latter has a 
terminal object, namely id¢, so that the colimit over this category may be computed 
by evaluation at this object. 

The functor F, just constructed admits a right adjoint F*. Indeed, for E € € we 
simply define the presheaf F* E by 


F*E(c) = €(F(c), E). 


Functoriality of F* is clear; to see it is indeed right adjoint, consider a presheaf 
X € PSh(C) and observe the sequence of natural isomorphisms 


E(F\X, E) = lim €(F o mx, E) 
C/X 
= lim F E ony 
C/X 
= lim PSh(C)(y o mx, F*E) 
C/X 
= PSh(C)(X, F* E). 


Here we have applied the Yoneda lemma to go from the second to the third line. 
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Geometric realization. The category Top of topological spaces has all small colimits. 
Therefore the left Kan extension explained above applies to the functor of standard 
topological simplices 

A* : A — Top. 


The resulting functor from sSets to Top is precisely the geometric realization dis- 
cussed in previous sections. Indeed, geometric realization preserves colimits and the 
composition | - | o y is (isomorphic to) the functor A°. Therefore geometric realiza- 
tion is the left Kan extension of A® to the category of simplicial sets. In this specific 
example, the right adjoint discussed in the previous paragraph yields the singular 
complex functor 

Sing : Top — sSets. 


The nerve of a category. An important construction which is analogous to the 
adjoint pair | - | and Sing is the following. Consider the category Cat of small 
categories. It contains the categories of partially ordered and linearly ordered sets as 
full subcategories and in particular there is a fully faithful functor 


1: A —> Cat 


sending an object [n] to the corresponding linear order (0 —> 1 — --- — n). The 
left Kan extension of i defines a functor which is usually denoted 7 in the literature, 


T = 4: sSets — Cat. 


Following the general pattern explained above, this functor t has a right adjoint 
called the nerve functor and usually written 


N: Cat — sSets. 


Spelling out the general formula for the right adjoint in this specific case, we see that 
for a small category C, its nerve can be described as follows: the set of 0-simplices 
(NC) is the set of objects of C and the set of n-simplices (NC), is the set of strings 
of n composable morphisms 


The simplicial operators d; : (NC), —> (NC)n-1 and s; : (NC)n-1 — (NC), can 
somewhat cryptically be described by ‘d; deletes c;’ and ‘s; inserts the identity 
cj = c;’. To be more precise, for 0 < i < n we have: 


fi h Ja h fa 
dolco => c1 +++ => cn) = c1 D+ > Cn, 
fi h Ja fi Ja-1 
dy(co = c1 > +++ => cn) = co > + — Cnt, 
fi h Ja fi Sis oi Ja 
di(co > c1 > + = Cn) = co > +t Ci- > Cil t S Chs 
fi R fei fi idej fe 


1 
sj(co — c1 > +++ — cn-1) = C9 > +: > cj — cj t S Cn- 
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One easily checks that the nerve functor N : Cat — sSets is fully faithful. In other 
words, a functor C —> D is essentially the same thing as a morphism of simplicial sets 
NC — ND. An equivalent statement is that the counit TNC — C is an isomorphism. 
This can also easily be checked using the following explicit description of T. 

For a simplicial set X, the category TX has Xo as its set of objects. Any 1-simplex 
f € X defines a morphism x — y in TX, with x = dıf and y = dof. These 
morphisms generate all morphisms in TX, in the sense that any arrow x — y in 
TX can be represented by a finite string of ‘“composable’ 1-simplices (fi,..., fx), 
i.e. these 1-simplices satisfy dı fı = x, dofk = y and dof; = dı fi+1. The relations 
satisfied by these generators are of two kinds: each degenerate 1-simplex is identified 
with an identity morphism in TX and each 2-simplex € € X describes a composition 
relation, namely 

dié = doé o dé. 


More graphically, the 2-simplex € imposes that the following be a commutative 


diagram in TX: 
y 
x — z. 
dı 


One may wonder why this explicit description indeed describes r. This can be 
proved by showing directly that the functor we just described is left adjoint to the 
nerve functor. 

For later use, we note that the functor t: Cat — sSets preserves products. Indeed, 
for representable simplicial sets A[n] and A[m], this follows from the chain of natural 
isomorphisms 


T(A[n] x A[m]) = tN(e[n] x e[m]) = [n] x cfm]. 


General simplicial sets are colimits of representables and the assertion follows since 
the functors involved preserve colimits in each variable separately. 


The classifying space. Composing the nerve functor with geometric realization, one 
recovers the well-known and important construction of a space out of a category C, 
namely its classifying space, denoted 


BC := |NC|. 


This classifying space functor is particularly useful in relating the (co)homology of 
categories to the (co)homology of spaces; in the case where C is a group G (i.e., C 
has a single object and all its morphisms are isomorphisms), then the (co)homology 
of G as defined by homological algebra coincides with the singular (co)homology 
of its classifying space BG. This is related to the fact that the geometric realization 
and singular complex functors are homotopy inverse to each other in an appropriate 
sense, a fact we will discuss extensively in the second part of this book. 
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Internal hom or exponential. Any presheaf category PSh(C) is cartesian closed, 
meaning that for any object X € PSh(C), the product functor 


-x X : PSh(C) > PSh(C) 


has a right adjoint. This right adjoint is referred to as the internal hom or exponential 
and accordingly denoted hom(X, —) or (—)* respectively. The construction of this 
adjoint can actually be viewed as another example of an adjoint pair F, and F* 
obtained by Kan extension as discussed above. Indeed, the functor — x X preserves 
colimits, because the same is true in the category of sets and colimits of presheaves 
are computed objectwise. So — x X is the left Kan extension of its restriction to 
representables, 
F:C— PSh(C) : ch y(c)x X. 

Therefore the right adjoint F* exists and gives the exponential alluded to above. The 
adjointness of these functors is the usual exponential relation 


PSh(C)(Z x X,Y) = PSh(C)(Z, ¥*). 
For the special case of simplicial sets, we thus have the formula 
(Y*),, = sSets(A[n] x X,Y). 


Some of the functors we have discussed in this section behave well with respect to 
exponentials. For left adjoints this is rarely the case, but right adjoints are generally 
better. Explicitly, consider an adjoint pair gy, : D SG E : gy” between categories 
with finite products and exponentials. Then the exponential law gives, for objects 
X,Y € E, a canonical map 


y: PY”) > (Y~. 
Indeed, we have natural maps 
p(Z x g°X) > p(Z) x g(y"X) > p(Z) x X. 


The first one derives from the universal property of the product, the second uses the 
counit of the adjoint pair (%1, y*). Write p for the composition of these two maps. 
Then we can form the sequence of natural maps 


DZ, g"(¥*)) =~ E(yiZ x X,Y) 


Z, E(p\(Z x y*X),Y) 
D(Z x y*X, Y) 
D(Z,(¢*Y)?*). 


R 


R 
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Applying this to the case Z = y*(Y~) and its identity map this gives the promised 
comparison map y. At the same time, we conclude that y is an isomorphism for all 
X,Y € E if and only if p is an isomorphism for all X € E and Z e€ D. For example, 
this applies to the adjoint pair T : sSets 5 Cat : N. Indeed, it is straightforward to 
verify that t commutes with products. We already noted that the counit TVC — C 
is an isomorphism, so that the map p : t(X x NC) > TX x TNC > TX x Cis an 
isomorphism for any simplicial set X and small category C. Thus, the nerve functor 
preserves exponentials. 

The case of the adjoint pair | - | and Sing is different; a similar argument to the 
above would apply if Top had exponentials, if geometric realizations would preserve 
products and if Sing was fully faithful. However, all three of these statements are 
in general false. The first two can be corrected by replacing the category of spaces 
by ‘a convenient category of spaces’, such as the category of compactly generated 
weak Hausdorff spaces. Still, not much can be done about the third: for a topological 
space X, the map |Sing(X)| — X is generally not a homeomorphism. It is, however, 
a weak homotopy equivalence, as we shall discuss in Section 8.6. We will come back 
to the relation between geometric realization and products in the next section. 


Dependence on C. We include a general remark on how the presheaf category PSh(C) 
depends on C. Consider a functor y : C — D between small categories. It induces 
an obvious restriction functor 


y* : PSh(D) > PSh(C), *Y(c) = Y(¢c). 


Since colimits in presheaf categories are computed pointwise, the functor y* pre- 
serves colimits. Therefore it is the left Kan extension of its restriction to representa- 
bles and by the same logic as before, it must admit a right adjoint for which we 
write 

p. : PSh(C) > PSh(D), yg. X(d) = PSh(C\(y*((A)), X). 


But y : C > D also induces an obvious functor 
yog: C — D — PSh(D) 


resulting in another pair of adjoint functors, which we should for now denote by 
(y o wy); and (y o g)*, in accordance with our earlier discussion of Kan extensions. 
But 

(y o y)* : PSh(D) — PSh(C) 


is given by the formula 


(y © pY (c) = PSh(D)((y © v)(c), Y) = Y((c)), 


the latter by the Yoneda lemma. In other words, (y o y)*Y is (isomorphic to) the 
presheaf y*Y consider before, so we need not distinguish between y* and (y o )*. 
Similarly, we will abbreviate the notation (y o ~); to gy. Up to natural isomorphism 
it is the unique functor 

gy: : PSh(C) — PSh(D) 
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which is left adjoint to the restriction functor y*. Also, it is up to natural isomorphism 
the unique functor preserving small colimits and agreeing with y on representables, 
in the precise sense that there is an isomorphism yy(c) ~ y(¢c), natural in c. 

As an example, consider the inclusion 


L: Ac, > A 


of the full subcategory A<n of A on the objects [k] for k < n. It gives rise to three 
functors 
we 
PSh(A.,,) <—— sSets, 
Wee 
with ų and 4, the left and right adjoint of c* respectively. For a simplicial set X, the 
counit of the first and unit of the second adjunction give rise to maps 


ulX > X> LX. 


The simplicial set 4*X is precisely the n-skeleton sk„X discussed at the end of 
Section 2.3. Dually, the simplicial set 1*1,X is called the n-coskeleton of X and 
usually denoted cosk,,X. 


Constant presheaves. There is an evident notion of constant presheaf on a category 
C. Indeed, the constant presheaf F with value a set S is the functor which satisfies 
F(c) = S for every object c of C and which sends every morphism of C to the 
identity map of S. With the notation of the previous paragraph, one can consider the 
functor y : C — 1, where 1 denotes the trivial category with one object and only 
the identity morphism. Then under the obvious isomorphism PSh(1) = Sets, the 
constant presheaf with value S is precisely y*S. The left adjoint y, (resp. the right 
adjoint p.) is now the functor which takes the colimit (resp. the limit) of a presheaf 
F over the category C°?. 

In the context of simplicial sets we introduce some terminology and notation 
for this situation. We will say that a simplicial set X is discrete if it is constant as 
a presheaf on A®?. The reason for this terminology is the relation to topology; for 
a space Y with the discrete topology, the singular complex Sing(Y) is a discrete 
simplicial set. The functor which assigns to a set S the corresponding discrete 
simplicial set admits a left adjoint (called y in the previous paragraph) for which 
we will write 

To : sSets — Sets. 


As the notation suggests, we will refer to oX as the set of connected components of 
X. Again the reason is the analogy with topology. To be precise, oX is exactly the 
set of connected components of the geometric realization |X|. Indeed, the inclusion 


dis : Sets — CW 
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which equips a set with the discrete topology (thought of as a CW-complex) admits a 
left adjoint (also denoted 7), sending a CW-complex to its set of connected compo- 
nents. The composition of right adjoints Sing o dis sends a set to the corresponding 
discrete simplicial set. Hence the composition of left adjoints 7 o | - | agrees with 
the functor 7 we defined above. 

The interested reader may wish to verify that to compute 7X in practice, one can 
simply take the coequalizer 


do 
Xı =3 Xo ——> m0X, 
1 


rather than the colimit of the entire diagram X, on A°?. 


2.5 Products of Simplicial Sets and Shuffle Maps 


The goal of this section is twofold: first, we discuss the product X xY of two simplicial 
sets X and Y, in particular in the case where X and Y are representable. The reason for 
the latter is that for simplicial sets, as for any cartesian closed category, the product 
as a functor 

Xx- or -—xY:sSets — sSets 


admits a right adjoint and hence preserves colimits. In other words, the product pre- 
serves colimits in each variable separately. Since every simplicial set is canonically a 
colimit of representables, many properties of the product can be deduced from those 
of the product of two standard simplices. We will discuss these products and their 
description in terms of shuffle maps in some detail, since an analysis of shuffle maps 
and generalizations thereof will return at various places in this book. In the second 
part of this section we examine the behaviour of the geometric realization functor 
with respect to products and, more generally, finite limits. 

Consider a p-simplex o of the simplicial set A[n] x A[m], the binary product of 
two standard simplices. It corresponds to a pair of maps 


a : Alp] > A[n], o2 : Alp] > Alm] 
or more simply a morphism (still denoted by the same symbol) 
o : [p] > [n] x [m] 


in the category of partially ordered sets. We will call the simplex o non-degenerate 
if this morphism is injective. Moreover, such a simplex o is a face of another non- 
degenerate simplex t precisely if the map of partially ordered sets o can be extended 
to an injective map T as follows: 
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[p] ————= [n] x [m]. 


Now 


Let us say such an injective map T : [q] — [n] x [m] is maximal if it cannot be 
factored further in this way. Such maximal simplices t correspond precisely to the 
injective maps [n + m] — [n] x [m]. Any non-degenerate simplex o of the product 
A[n] x A[m] is clearly a face of some maximal non-degenerate simplex 7, although 
this T need not be unique. 

An injective map T : [n +m] — [n] x [m] of partially ordered sets can be pictured 
as a Staircase. The following is an example with (n, m) = (3, 2): 


1(5) 


T2) TO) T 


7(0) 70) 


Indeed, the values of t trace out a path through the rectangle starting at T(0) = 
(0,0) and ending at t(n + m) = (n,m). We will refer to such a maximal injective 
map T as a shuffle of [n] and [m]. The reason for this terminology is that such 
a shuffle is uniquely described by specifying the ‘steps’ in this staircase. Indeed, 
observe that the staircase consists of n + m edges, of which n are horizontal and 
m are vertical. Those vertical edges are specified by a strictly increasing map v+ : 
{1,...,m} —> {1,...,2 + m}. Equivalently, one can specify the horizontal edges 
by a strictly increasing map h+ : {1,...,n} — {1,...,2 +m}, whose image is the 
complement of the previous map. In this sense, the staircase above corresponds to 
a ‘shuffle’ of the linearly ordered sets {1,...,1} and {1,...,m}. Observe that there 
are ("*'") such shuffles. 

For later use, we note that there is a natural partial ordering on these shuffles. 
Indeed, for shuffles tı and t2 with associated maps 


Vro Vn, | {L...,m}— {1,...,n +m} 


as above, one sets T} < T2 if v, (i) < vn (i) for each 1 < i < m. This partial order 
has a minimal and a maximal element. These are pictured below: 
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minimal maximal 


(2) 7(3) 7(4) 15) (5) 


r(1) 1(4) 


7(0) 


70) rl) T) 7(3) 


Also, the following illustrates a typical relation between two shuffles: 


IA 


t(i)| ti + 1) 


The conclusion of our discussion is that one can write 


An] x Afm] = U A[n + ml, 


where the union is over all monomorphisms 
A[n +m] — A[n] x Afm] 


corresponding to shuffles r. These simplices overlap in a way which is easily ex- 
pressed in terms of shuffles: for two shuffles tı and 72, the pullback 


Alk] ———— Ajn +m] 


A[n +m] E A[n] x Afm] 
corresponds to the map of partially ordered sets o : [k] — [n] x [m] enumerating 
the common values of tı and 72. It always satisfies o (0) = (0,0) and o (k) = (n,m). 
A typical example is as follows: 
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TI T2 


™1(3) (4) 


The remainder of this section will concern the behaviour of the geometric realiza- 
tion functor with respect to products (and more generally finite limits) of simplicial 
sets. First, a remark on the kind of topological spaces we consider is in order. 
As we have alluded to before, the category of topological spaces is not cartesian 
closed; in particular, products of topological spaces do not in general behave well 
with respect to colimits, in contrast to the case of simplicial sets. To remedy this, 
one works in a ‘convenient category of spaces’. For us this will be the category 
of compactly generated weak Hausdorff spaces, which includes all CW complexes 
and is cartesian closed. The product of two such spaces X and Y agrees with the 
usual product of topological spaces in the case that both are compact. For general 
compactly generated weak Hausdorff spaces X and Y, one retopologizes the product 
X XY with the compactly generated topology, for which a subset A is open precisely 
if its intersection with every compact subset K c X xY is open in K. From now Top 
will always refer to this category of compactly generated weak Hausdorff spaces. 
Geometric realization obviously takes values in these compactly generated weak 
Hausdorff spaces. Hence with this new interpretation of Top, geometric realization 
is still left adjoint to the functor Sing. We will prove the following result: 


Proposition 2.6 The geometric realization functor 
| -| : sSets — Top 


preserves finite limits. 


To prove that a functor preserves finite limits it suffices to show it preserves finite 
products and equalizers. The fact that geometric realization preserves equalizers is 
rather easy to show (see Lemma 2.7) and clearly it preserves the empty product, 
i.e. the terminal object, because |A[0]| ~ A°. Lemma 2.8 will show that it preserves 
binary products of simplices. From this it follows that |X x Y| ~ |X| x |Y| for general 
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simplicial sets X and Y; indeed, one expresses X and Y as colimits of simplices, uses 
that the left adjoint functor geometric realization preserves colimits and finally the 
fact that the product in (our new interpretation of) Top preserves colimits in each 
variable separately. This last step is why using a convenient category of spaces is 
necessary. 


Lemma 2.7 The geometric realization functor preserves equalizers. 


Proof If X isasimplicial set and E C X asimplicial subset, then | E| is a subcomplex 
of |X|, considered as a CW complex as in Theorem 2.3. In particular, the topology 
of |E| is the subspace topology inherited from |X|. Thus it suffices to show that if 


f 
E —>¥xX = Y 
is an equalizer of simplicial sets, then the resulting diagram 
Ifl 
|E| — |X| er IY 


is an equalizer of sets. It suffices to show that if x ®t is a point of |X| such that 
f(x) @t = g(x) @t in |Y], then f(x) = g(x). We may assume that x @ ¢ is in the form 
described in Proposition 2.4, so that x is a non-degenerate n-simplex and ż is in the 
interior of A” when n > 1. As explained at the beginning of Section 2.3, there is a 
unique non-degenerate k-simplex y of Y and a surjection a : [n] — [k] such that 
f(x) = a*y. Similarly, there is a unique non-degenerate /-simplex z and a surjection 
B: [n] > [L] with g(x) = B*z. Then we have 


f(*)@t=y@a,t = 78 pt = g(x) @t 


and by the uniqueness of representatives in Proposition 2.4 this implies y = z (in 
particular k = l) and a,t = £,t. But one easily checks that if the two surjective 
maps @,, 8. : A” — A* agree on an interior point t, then œ = $£. It follows that 
f(x) = a*y = B*z = g(x), as was to be shown. m 


Lemma 2.8 The natural map 
|A[n] x A[m]| — [A[n]| x |Alm]| 
is a homeomorphism. 


Proof We write the points of A” = |A[n]| as convex linear combinations of its 
vertices: 
fovo +++ +tnvn, J i=l, 420. 
i 


Similarly we denote the points of A” by 


Sowo + -° + SmWm- 


2.5 Products of Simplicial Sets and Shuffle Maps 75 
Then A” x A” is the space of all such pairs 
(tovo + -++ + bnVn, SOWO +*+ + SmWm). 
On the other hand, each shuffle map t : [n + m] — [n] x [m] defines an embedding 
It]: A” — A” x A” 


sending (ro, . . ., +m) to the convex combination 
oy riri» Vax(i)) 
i 


where T, and T2 are the components of t. Now |A[n] x A[m]| is the colimit of these 
embeddings, glued together along their intersections as discussed above. It suffices 
to check that the resulting map 


T: | Ja” — a" x a™ 


is a bijection, because the spaces involved are compact Hausdorff. 
To see that T is injective, let r and o be two shuffle maps and suppose that 


It |(vo, ees Paim) = |o|(r65 28 rene 
so that 
/ 
rirli} Wai) = ri Voi) Woi) 
foreach i = 0, . . .,n+m. Since the vertices (v;, wj) € A”XA” are linearly independent 


this can only happen if r; = r; for all i and (i) = o(i) whenever r; # 0. Let 
p : [k] — [n + m] enumerate those i for which r; + 0. Then T op = 0 o p and 


|T|(ro, - - -, Fn+m) = |T © pl(Foo) ++ -> Fo) = lol -s Tam): 


Therefore the points T 8 (ro, . . ., nym) and 7 8 (rọ -- 
in |A[n] x A[m]|, proving injectivity. 

To prove surjectivity of T, we should check that every point of A” x A” lies in 
an n + m-simplex spanned by the vertices (v;,(;), Wz,(¢)) enumerated by a shuffle map 
tT: [n+m| > [n] x [m]. We work by induction on n + m, noting that the cases 
n+m < | are trivial. Consider a point 


) are already identified 


, 
oT nem 


(x, y) = (tovo +--+ + tnVn, SOWO + +++ + SmWm) 
of A” x A”. If tn < Sm, we can write it as 


tnns Wm) T (tovo test Én-1Vn-1, S0W0 +*+: + (Sm = tn)Wm) = inns Wm) + x’, y’). 
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In this case we set t(n + m) = (n,m) and t(n + m — 1) = (n — 1,m). Note that if 


tn = Sm = 1 then (x, y) = (Vn, Wm), which is clearly in the image of y. Therefore 
assume ft, < 1. The point 


(x”, y”) z= 


ih (x,y) 
lies in the product of simplices A”! x A” spanned by the vertices (vi, w;) for 
i =0,...,n— land j =0,...,m. By the inductive hypothesis there is a shuffle map 


yes et +m- 1] > [n-1]x im | such that the image of the map |r’| contains (x’, y’). 
In other words, there exist coefficients r; with },; r; = 1 such that 


n+m-1 


(x,y) = F ri(Vr G)» Wea). 


i=0 
Extend the definition of t by t(i) = t’(i) fori < n+ m -— 1. Then 


n+m-1 
(X,Y) = tans Wm) + (1= ta) >) river Weta) 
i=0 
n+m 


= F ri (Ve(i)s Wr(i)) 
i=0 


with rj = (1 - ty)r; fori < n + m and rpm = tn, proving that (x, y) is in the image 
of g. If tn > Sm then one sets t(n +m — 1) = (n,m — 1) and proceeds similarly. oO 


We conclude this section with a well-known consequence of the fact that geometric 
realization preserves products. 


Corollary 2.9 Consider functors F,G : C — D between small categories and a 
natural transformation v : F — G between them. Then v induces a homotopy 


|Ny| : A! x BC > BD 
between the corresponding maps of classifying spaces. 
Proof The natural transformation v can be seen as functor 
v:(0— 1)xC —> D, 
which upon applying the nerve functor (which preserves products, being a right 


adjoint) gives 
Ny: A| 1] x NC > ND. 


Applying geometric realization and using that it preserves products gives a map 


|Ny| : A! x BC > BD. o 
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In particular, considering the unit and counit of an adjoint pair of functors gives 
the following: 


Corollary 2.10 An adjoint pair of functors between categories C and D induces a 
homotopy equivalence between the classifying spaces BC and BD. 


2.6 Simplicial Spaces and Bisimplicial Sets 


As mentioned at the start of Section 2.2, one can define simplicial objects in any 
category € as functors A°P — €E. The cases where € is the category of spaces or of 
simplicial sets itself frequently occur in the literature and we will need some general 
facts and constructions for these. 


2.6.1 Simplicial Spaces 


A simplicial space is a functor X : A°? — Top. In other words, X is a simplicial set 
equipped with a topology on each X,„ for which all the face maps d; : Xn > Xn-1 
and degeneracy maps sj : Xn-1 — Xn are continuous. With natural transformations 
between them, they form a category for which we write sTop. 

For example, if X is a simplicial set and T a topological space, one can define a 
simplicial space X @ T by setting 


(XIT) = Xn XT, 


giving X, the discrete topology and X,, x T the product topology, while defining the 
face and degeneracy maps in the obvious way. 

A second example, perhaps one of the most important, is the following. If G is a 
topological group, its nerve NG is naturally a simplicial space. Recall from Section 
2.4 that as a simplicial set it is defined by (VG), = G”, which we can now equip 
with the product topology. Its face and degeneracy maps are 


(g2,--->8n) ifi = 0, 
di(g1,-++»8n) = (21, -< -3 Si41 i, <- -> 8n) if0<i<n, 
(go, - . -> 8n-1) ifi =N, 


and 
Sj(B1s- ++) 8n-1) = (E1; -<+ 8j; 1, 8j+b + +» 8n-1).- 


For a simplicial space X one can define its geometric realization |X| by exactly the 
same formula as for simplicial sets, again describing it as a quotient space of 


| x A", 
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except that now each X,, is a topological space (rather than just a set). In this way 
one obtains a functor 
| - | : sTop — Top, 


which again preserves colimits. In the first example above, for a simplicial set X and 
a topological space T, one has 


|X @T| = |X| xT. 
For a topological group G as in our second example one defines 
BG := |N(G)I, 


the classifying space of G. 
The homotopical properties of this realization functor have been widely discussed 
in the literature and we will address some aspects of this in Chapter 8. 


2.6.2 Bisimplicial Sets 


A bisimplicial set is a simplicial object in the category of simplicial sets, i.e. a functor 
X : AP — sSets or equivalently a functor 


X : (A x A)? — Sets. 


Thus, such an X is given by a collection of sets Xp, for p,q = O together with 
‘horizontal’ and ‘vertical’ face and degeneracy maps: 


I 
dh 


— 
Xp.q —— Xp-1,q 


Xp.q-1- 


These horizontal and vertical operations should satisfy the simplicial identities, while 
‘horizontal’ and ‘vertical’ commute with one another. For instance, 
h yh h gh go; l l 
di dj = d;d; (i <j), d; d? = d; dř, etc. 
Bisimplicial sets and natural transformations between them form a category denoted 
bisSets. Applying the general facts about presheaf categories from Section 2.4, we 


find that the diagonal functor 
ô:A> AxA 


induces a triple of adjoint functors 
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ô! 


— 5S 
sSets <—— bisSets. 
Sx” Ê 7 
The functor 6* is usually referred to as the diagonal and for a bisimplicial set X it 
gives 
(O° X)n = Xan: 


The functor 6) is essentially uniquely determined by the fact that it preserves colimits 
and sends representables to representables according to 6. If we write 


Alp, q] = (A x AG, ([p], La) 
for the bisimplicial set represented by ([p], [g]) € A x A, then 
ôA[a] = A[n, n]. 


Any two simplicial sets X and Y define a bisimplicial set X m Y, their external 
product, by 
(X BY )p.g := Xp X Yq. 


For example, the representable bisimplicial set A[p, q] = A[p] & A[q] is such an 
external product. Notice that 6* maps the external product to the ordinary product, 
i.e. 

O(X BY)=XxY. 


Any bisimplicial set X gives rise to two simplicial spaces, obtained by geometric 
realization in the horizontal and vertical direction respectively. The horizontal one 


h 
[x = [Xa 


is obtained by taking the geometric realization of the gth row for each fixed g and 
the vertical one 
IX|p” = [Xp.e| 


is similarly obtained by realizing the columns. One can next realize these simplicial 
spaces to obtain spaces 
h 
Ix] and |X|". 


It is a simple and very useful observation that these two spaces are naturally home- 
omorphic and furthermore coincide with a third way of ‘realizing’ X, namely by 
taking the geometric realization of the diagonal. We record this result as follows: 


Proposition 2.11 There are natural homeomorphisms 


h * 
IXP] = |X] = [XI]. 
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Proof Observe that the three functors involved are colimit preserving functors 
bisSets — Top, so it suffices to show that they are naturally isomorphic on rep- 
resentables, i.e. that there are natural homeomorphisms 


h * v 
Alp, gP] = 16 Alp, gl = IlALp. glie’. 


Recall that A[p, g] = A[p] & A[g]. But for general simplicial sets Y and Z one has 
natural identifications 


Yaz =Ye@|Z| and |Yaz| =|Yl/@z 
and so by the observation at the beginning of this section also 
|Y a Z|) =|¥|x|Z| and ||¥aZ|| =|¥| x |Z]. 


Finally, we have 
\O"(Y &Z)| = |Y x Z| = |Y| x |Z| 


since geometric realization preserves products. We conclude by setting Y = A[p] 
and Z = A[q]. m 


For a bisimplicial set X we will sometimes write ||X|| for |6*X| and refer to it 
as the geometric realization of X. The observations above are useful when studying 
the classifying spaces of simplicial groups. Such a simplicial group is of course a 
functor G : AP — Gp or equivalently a simplicial set G with a group structure on 
each Gn such that the face and degeneracy maps of G are group homomorphisms 
between them. Taking the nerve of each G,, (where one regards a group as a category 
with one object) yields a bisimplicial set, 


NGp.q = N(Gp)q = Gp X: X Gp 
— amm 
q times 


and its classifying space is the geometric realization, 
BG =||NG|[. 


In particular, by the proposition above, BG coincides with the classifying space of 
the topological group |G|. (Note that |G| indeed inherits a group structure from G, 
because geometric realization preserves products.) 


2.7 Simplicial Categories and Simplicial Operads 


We encountered some examples of topological categories and topological operads 
in Chapter 1. These come up naturally when describing algebraic structures in 
homotopy theory (e.g. the E,,-operads for n-fold loop spaces) and when one wishes 
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to describe structures ‘up to coherent homotopy’ (by means of the W-resolution, for 
example). In this section we replace topological spaces by simplicial sets and discuss 
the resulting notions. 


2.7.1 Internal Versus Enriched Categories and Operads 


For a category € with pullbacks there is a notion of internal category in € or a 
category object in €. Such an internal category C is given by two objects ob(C) and 
ar(C), the ‘object of objects’ of C and the ‘object of arrows’ of C, with structure 
maps for domain, codomain, identity morphisms and composition in C, together 
making up a diagram in € of the form 


ar(C) Xon(c) ar(C) —> ar(C) === ob(C) 


satisfying the usual equations for a category. A morphism f : C — D between two 
such internal categories, also called an internal functor, consists of two morphisms 
fob : ob(C) — ob(D) and far : ar(C) — ar(D) satisfying the usual equations. In this 
way we obtain a category of internal categories in €. 

Each such internal category C gives rise to a simplicial object NC in €, its nerve, 
by means of pullbacks in €. One sets 


NC, := ar(C) Xoc) +++ Xob(c) ar(C) 
SS 
n times 


forn > 1 and 
NCpo := ob(C). 


A closely related notion is that of a category enriched in €, or briefly an £- 
category. An €-category C consists of a collection of objects ob(C) and for any 
two objects x, y of C an object C(x, y) of €, the ‘object of arrows’ from x to y. 
Furthermore, there are structure maps 


C(y, z) x C(x, y) > C(x, z) 


for composition and 1 — C(x, x) for identities, where 1 denotes the terminal object 
of €. A morphism between such €-categories f : C — D consists of a map 
f : ob(C) — ob(D) and for each x, y € ob(C) a morphism C(x, y) — D( f(x), f(y) 
of €, compatible with composition and identities. In this way one obtains a category 
of €-categories. 

As we have just described it the notion of enriched category is more restrictive 
than that of internal category: if € has coproducts which distribute over products, 
one can view an enriched category C as an internal category in which the object of 
objects is a coproduct of copies of the terminal object indexed by the set ob(C). On 
the other hand, the definition of enriched category only uses products, not pullbacks, 
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and in fact makes sense if € is any monoidal category: in the definition one simply 
replaces the product and terminal object by the tensor and unit of the monoidal 
structure. 

Exactly the same dichotomy applies to operads. For € with pullbacks, there is 
a notion of internal operad P in €, given by an object of colours C and for each 
n > Oan object of operations P,,. The structure maps are P, — C” x C (for domain 
and codomain), an action of the symmetric group x, on P,,, and maps for unit and 
composition 


Pn Xen (Px, X +++ X Px) > Pkittkn> 
CP, 


all satisfying equations we leave for the reader to spell out. 

On the other hand, an operad P enriched in € (or more simply an €-operad) 
consists of a set of colours C and for each sequence of colours (c1, . . ., Cn; €) an object 
P(c1,...,Cn3¢) of E, all equipped with structure maps for composition, symmetries 
and units, much like the definition of operad we gave in Chapter 1. 

Thus, when one speaks of topological or simplicial operads or categories, it is a 
priori not clear whether one is referring to the internal or the enriched notion. In this 
book we will always mean the enriched notion, unless explicitly stated otherwise, 
which is also fairly standard in the literature. This is consistent with our use of the 
phrases topological category and topological operad in Chapter 1. Note that the 
ambiguity disappears when the object of objects is the terminal object of €, as is the 
case for topological or simplicial groups, monoids, or operads with a single colour. 


Remark 2.12 Another valid interpretation of the phrase ‘simplicial category’ would 
have it be a simplicial object in Cat. We leave it to the reader to verify that this is 
essentially the same thing as a category internal to simplicial sets. 


2.7.2 Simplicial Categories 


According to the convention above, a simplicial category C is given by a set of 
objects ob(C) and for any two x, y € ob(C) a simplicial set C(x, y) of arrows from x 
to y. Furthermore, there are identity elements id, € C(x, x)o and maps of simplicial 
sets C(y, z) x C(x, y) — C(x, z) for composition. The equations for these structure 
maps come down to the requirement that for each fixed n, one has a category Cn, 
all having the same set of objects ob(C), with the face and degeneracy operators 
between the various C, being the identity on objects. With morphisms of simplicial 
categories as defined above we obtain a category which we denote by sCat. 
The nerve of a simplicial category gives a bisimplicial set NC with 


NCp.g =N(Cp)q = |] Cpe. x1) x +++ x Cp(%q-1, ¥q) 


X0, -- -Xq 
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for q > 0 and 
NC,,0 = ob(C,,) = ob(C), 


i.e. this bisimplicial set is constant (or discrete) in its bottom row. Another relevant 
construction is the following: one can take the geometric realizations |C(x, y)| of 
all the objects of arrows to obtain a topological category |C|. (The reason that this 
is still naturally a category is, again, that geometric realization preserves products.) 
We can define the classifying space of C in the evident way and express it in the 
following two ways, cf. Proposition 2.11: 


BC = ||NC|| = |N(IC))I. 


2.7.3 Boardman-Vogt Resolution 


For a simplicial category C one can construct its Boardman—Vogt resolution WC 
exactly as in the topological case, now using the representable 1-simplex A[1] instead 
of the topological unit interval [0, 1]. Indeed, the construction essentially only uses the 
elements 0 and 1 of [0, 1] together with the supremum operation v : [0, 1] x [0,1] - 
[0, 1]. These are now replaced by the vertices 0, 1 : A[O] — A[1] (which correspond 
to ð, and ĝo respectively) and the map 


vV: A[1] x Af1] > Afi] 


corresponding to the map of partially ordered sets v : [1] x [1] — [1] taking the 
supremum of a pair. Since this is really all the structure we need, we will discuss 
the W-resolution slightly more generally, with respect to an arbitrary interval object. 
For us, this will be a simplicial set J together with maps 


+:A[0] ~7 and -:A[0O] —7 


and an associative operation V : J x I — I for which — is a unit and + is absorbing, 
in the sense that x V + = + = + V x. One could define such intervals in more general 
monoidal categories as well (and carry out much of what we do in this section), but 
we will remain in the relatively explicit setting of simplicial sets. The most important 
examples of intervals we have in mind are the following: 


Example 2.13 (i) The representable A[1], with — = 0 and + = 1 and V being the 
supremum, as described above. 

(ii) The opposite of the previous example, with again J = A[1] but now — = 1 
and + = 0, with v taking the infimum rather than supremum. 

(iii) The nerve J of the ‘free isomorphism’. To be precise, write J for the category 
with objects — and + together with morphisms ¢ : — — + and s : + — — satisfying 
the relations ts = id, and st = id_. Thus, J consists of two objects and an isomor- 
phism between them. One then defines J = NJ. The geometric realization of J is 
homeomorphic to the infinite-dimensional sphere. Indeed, J has two nondegenerate 
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simplices of dimension n for every n > 0, given by the alternating sequences sts -- - 
and tst--- of length n. Thus, |J| has a CW structure with precisely two cells in each 
dimension. It is therefore clear that |J| = S° and more generally (by induction) 
one sees that |J|™® is the n-sphere S” with its ‘equatorial’ cell structure, i.e. the 
one consisting of two closed n-cells glued along their common boundary S”~!. One 
makes J into an interval object in the same way as for A[1], setting — = 0 and + = 1 
and taking the supremum operation. This makes the evident inclusion A[1] — J into 
a morphism of intervals. 


Let us now describe the simplicial category WC in detail. Its objects are the same 
as those of C. For any two objects x, y of C we construct WC(x, y) by induction as 
a filtered simplicial set, 


WC(x, y)™ c WE(x, yO C---, U WC(x, y)® = WC(x, y). 


We start with WC(x, y) := C(x, y). At each stage, WC(x, y) will come equipped 
with a map 


(n) 
[| x Cx) xx CG, y) > WEL, yy 
X15--5Xn 
which is the identity for n = 0. One constructs WC(x, y) and the map é from 
WC(x, y)"—) and £”) by means of the pushout square of simplicial sets 


A z > WC(x, yO) 


| 


LUx,,...x, I” x C(x, x1) X +++ X C(x, y) rs WC(x, yy”, 


Here A is the simplicial subset of the bottom left corner consisting of those elements 
which have — in one of the n entries of J” or an identity arrow of C in one of the slots 
C(x;, xi+1). More explicitly, A is the coproduct of simplicial subsets of two types; 
the first are of the form 


I! x AJO] x IË x C(x, x1) x ++ X Can, Y), 


which are included by means of the map — : A[0] — Z and which map to 
WC(x, y)"~) by using the composition 


C(xj-1, xi) X COG, X41) > COG-1, X41) 
and the evident identification 


I! x Afo)x ft = 7}, 
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and then composing these with £7". The subsets of the second type are of the form 
I” x C(x, x1) X -+ X {idx } X Crit, ai42) XX Cin Y), 

which map to 
I! x C(x, x1) K+ X Cn xi1) X X C(Xn, y) 
by using the map 


—;—] idxvxid 
x J" 1 


J” ~ Ji~! x P Ji! x I x yu ~ yo 


and then to WC(x, y)"~) by composing with é-) again. 

This construction mimics the identifications made in the topological case and 
gives a well-defined simplicial category WC. The composition in WC is uniquely 
determined by the fact that each diagram of the form 


(I x TEjo Ci xi41)) X U” X TT jbo Cj, Yj) —> WC(x, y)™ x WCO, 2) 


| | 


D xI” x pyet C(zx, Zk+1) WC(x, z)ntm+l) 


uxid 
é(ntmtl ) 


1 
pore Cler, zk+1) 


commutes, where x9 = X, Xn+1 = Y = Yo, Ym+1 = Z. Also, the sequence of zg’s is the 
sequence xo, .. .,Xn+1 = Y0, - - -, Ym+1 and 


u : I” x I” = I” XA) x I” > I" xIx” are 


inserts + in the (n + 1)st coordinate. 


2.7.4 Homotopy-Coherent Nerve 


As for the topological Boardman—Vogt resolution, the case where C is the free 
category 
[a] =(O7 1—>----> n) 


(regarded as a discrete simplicial category) is much easier to describe. In this section 
we take J = A[1] with — = 0 and + = 1, as in Example 2.13(i). Explicitly, W[n] has 
the same objects as [n] and 


WinlG, j) = ALLY! 
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for i < j, with the convention that A[1]~! = A[O]. (As before, we heuristically think 
of an arrow į — j in W[n] as a sequence of waiting times on the objectsi+1,..., 7-1 
in a virtual composition i > i+1—---— j — 1 —> j, so there are j — i — 1 such 
waiting times.) Composition 


W[n]@, j) x WIn|G.k) > Win]G k) 


is given by the map which inserts 1 in the appropriate slot, as in the following 
diagram: 


APE! x A[1 JE —— Afi P-*! x ALO] x Afe! 
| fiaa 
AJE = ți! x AL] x ALTA. 
This construction gives a functor 
W : A > sCat. 
By the general procedure of left Kan extension it induces an adjoint pair 
w: : sSets =—— sCat : w*. 
Explicitly, for a simplicial category C, the simplicial set w*C is defined by 
w*C,, = Hom(W[n], ©), 


where Hom is the set of functors of simplicial categories. This simplicial set w*C 
is called the homotopy-coherent nerve of C. If C happens to be a discrete simplicial 
category, it agrees with the usual nerve NC. The left adjoint w, is uniquely determined 
(up to isomorphism) by the fact that it preserves colimits and agrees with W on 
representables, i.e. 

w(A[n]) = W[n]. 


In the second part of this book we will explain in what sense this adjoint pair gives an 
equivalence of homotopy theories between simplicial sets and simplicial categories. 


Remark 2.14 The adjoint pair (w1, w*) is commonly denoted (C, N) in the literature, 
but we will not use this notation. 


2.7.5 Simplicial Operads 


Our discussion of simplicial categories has a parallel for simplicial operads. A 
simplicial operad P is given by a set of colours C and for each sequence c1, . . . , Cn, € of 
colours a simplicial set P(c, ..., Cn; C), thought of as the simplicial set of operations 
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from c}, . . ., Cn to c. Furthermore, there are composition maps and symmetric group 
actions, as well as units q € P(c, c)ọ for each colour c, similar to the cases of operads 
in Sets and Top discussed in the first chapter. In particular, for each simplicial 
degree q, there is an operad P, in Sets with the same set of colours C and the 
sets P(c1,..., Cn; C)q as operations. Moreover, the simplicial face and degeneracy 
operators give morphisms of operads P, — P,_; and P,-; — Pz, respectively. A 
morphism of simplicial operads P > Q consists of a function g : C — D between 
the respective sets of colours of P and Q and a family of morphisms of simplicial 
sets (all denoted ọ again) 


g : P(c1,. . -> Cn} €) > Q(Y(c1), - - -, PlEn); Y(C)), 


one such for each sequence of colours c1,...,Cn,c of P. These morphisms are 
required to be compatible with composition, symmetries and units. A different way 
of describing such a morphism is as a collection yg, : Pa — Q, of morphisms of 
operads in Sets, natural in q with respect to face and degeneracy operators. In this 
way one obtains a category of simplicial operads, which we denote by sOp. 

Since geometric realization preserves products, each such simplicial operad P 
yields a topological operad with the same set of colours C and spaces of operations 
|P(ci,..., Cn; c)|. In fact, this defines a functor 


| 3 | : sOp Få OP top 


between the categories of simplicial and topological operads. When compared to 
the discussion of simplicial categories above, the parallel seems to stop here, since 
we do not have a nerve functor for operads at our disposal which parallels the nerve 
functor for categories. This gap will be filled in the next chapter and is in fact a major 
theme of this book. 

Finally, we note that any simplicial operad P of course ‘contains’ a simplicial 
category j*P with the set C as its set of objects and the simplicial sets P(c; d) as 
morphisms from c to d. Conversely, any simplicial category C can be regarded as 
a simplicial operad (which we denote j;C) with only unary operations, i.e. one for 
which the simplicial sets j\C(c1, .. ., Cn; c) are empty unless n = 1. This procedure 
is easily seen to define an adjoint pair 


jı : sCat =—~ sOp: j*. 


2.7.6 The Barratt-Eccles Operad 


In this section we discuss an important example of a simplicial operad, the so-called 
Barratt—Eccles operad. As before we write 2, for the symmetric group on n letters, 
for n > 0. Every group G (or in fact every monoid) gives rise to a category usually 
denoted EG, whose objects are the elements of G and where an arrow g — h is 
an element k € G with g = hk. Of course for groups this element k is unique, 
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namely k = h`! g. Alternatively, viewing G as a category with one object * and the 
elements of G as morphisms, EG is simply the slice category G/*. Then the identity 
of the object * is a terminal object of EG, so that its classifying space |N(EG)| 
is contractible. Moreover G acts on EG from the left in the obvious way, using 
multiplication of elements of G. Clearly this action is free. 

The simplicial sets N(E%,,) fit together to form an operad with one colour, as we 
will now explain. We will define the operadic composition maps by first specifying 
group homomorphisms 


yi Èn X Èk Xe X Èk, —> Èk 


for each n, kı, ..., kn => 0 and k = kı +++- + kn. One way to do this is to view the 
elements o € È, as permutation matrices and defining y(c, T1, . . ., Tn) by replacing 
the 1 in the ith column (and o-(i)th row) of o by the permutation matrix 7;. Another 
way is to combine the embedding 


block : Xk; X++ X Èk, > Èk, 


given by letting 24, act on the ith ‘block’ of length k; in the set {1, . . ., k}, with the 
homomorphism 2, — Èp permuting the n blocks. If we write 


f:{1,...,k}—> {1,... 7n} 


for the map sending every element of the ith block to the number i, we denote this 
homomorphism by f* : Zn — X,. Then the map y can be described as a product in 
the group Xx: 


WT Tissa Ta) = f r - block(t,..., Th) 
= block(tı, . .., Tn) f*o. 


Now the maps N(Ey) give the desired operadic composition. The action of 2, on 
EX, is as described above and one easily verifies that these are compatible with the 
operadic composition in the desired way. In this way we obtain a simplicial and a 
topological operad BE, and BErop with 


BEa(n) = N(EXn) 
BEqop(11) = IN(EX,)| 
which are called the (simplicial and topological) Barratt-Eccles operad. As we 


already observed, it is an operad whose spaces are contractible and have a free 
Xn-action. In this respect it resembles the little disks operad E~ of Example 1.9. 
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2.7.7 The Simplicial Boardman-Vogt Resolution of an Operad 


For a simplicial operad P, one can mimic the topological Boardman—Vosgt resolu- 
tion for topological operads (as in Section 1.7) and construct a simplicial operad 
WP equipped with a map to P which is the identity on colours. The modification 
to the simplicial case is done completely analogously to the W-construction for 
simplicial categories of Section 2.7.3, replacing the topological unit interval by the 
simplex A[1]. In particular, for a sequence of colours c4, . . ., Cn, c the simplicial set 
WP(c1,.. ., Cn; C) is a quotient of a coproduct of simplicial sets WP) indexed over 
planar trees T with numbered leaves and edges labelled by colours of P, so that the 
leaves of T are labelled by c1, . . ., Cn (not necessarily in that order) and the root by 
c. For such a labelled tree T, the simplicial set WP”) is the product 


P(v) x I] AÏ], 
veV(T) ecin(T) 


where v ranges over the vertices of P and e over the inner edges, while P(v) = 
P(e1,..., en; e) with e1, . . ., €n the incoming edges of v and e its outgoing edge. 

We will return to this simplicial W-construction many times in this book. For 
now, we note that if P has only unary operations (i.e. is a simplicial category), this 
W-construction agrees with the one given in Section 2.7.3. Recall that in that case 
the description of W[n] was much simpler than the general case. The same is true 
for the free operads Q(T) corresponding to trees, see Section 1.3. Recall that the 
colours of Q(T) are the edges of T and its operations are generated by the vertices 
of T. The Boardman-Vogt resolution WQ(T) has the edges of T as colours again. 
For a sequence e1, ..., €n, € of such edges, the simplicial set WQ(T)(e1, ..., €n; e) 
is empty unless there exists a subtree S of T whose leaves are e1, . . ., €n and whose 
root is e. In this case 


WO(T)(e1,..., €n; e) = I] AÏ], 


sEin(S) 


the product now ranging over the inner edges s of S. Operadic composition in WQ(T) 
is defined by grafting subtrees, now inserting length 1 for the edges along which the 
grafting takes place, exactly as in the topological case. 

One would hope that this construction gives rise to a “homotopy-coherent nerve’ 
for simplicial operads. This is indeed the case, once we have found a suitable context 
for nerves of operads in the next chapter. 
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Historical Notes 


Simplicial sets were introduced as a tool to describe the homotopical properties of 
topological spaces in a combinatorial way. The first definition of simplicial sets (then 
called complete semi-simplicial complexes) appears in a 1950 paper of Eilenberg— 
Zilber [54]. Much of the basic theory was developed soon after; Moore’s lectures in 
the Séminaire Henri Cartan of 1954-1955, his overview paper [118], and the early 
works of Kan [96, 97, 98] are classic references. These include the fundamentals of 
homotopy theory (such as homotopy groups and fibrations) from the simplicial point 
of view; much of this material will appear in Chapters 5 and 7 of this book. Standard 
textbook references on simplicial sets were written in the 1960s by Gabriel—Zisman 
[61], Lamotke [101], and May [111]. Another very useful survey of work from this 
time is given by Curtis [47]. 

All of the above references focus on the application of simplicial sets to the ho- 
motopy theory of topological spaces. The shift in focus to general simplicial objects 
and their applications came a bit later. The application of simplicial techniques to 
problems of algebra is perhaps most famously promoted in the works of Quillen 
[123, 126] on the (co)homology of commutative rings and on higher algebraic K- 
theory. Simplicial categories, as defined in this chapter, rose to importance in the 
work of Dwyer—Kan [51, 50] from the 1980s. The more recent textbook on simpli- 
cial homotopy theory by Goerss—Jardine [69] takes some of these developments into 
account. 

In this chapter we have also introduced the homotopy-coherent nerve, which 
produces a simplicial set out of a simplicial category. This construction first arose 
in the work of Vogt [139] on homotopy-coherent diagrams of spaces, building on 
his earlier work on homotopy-coherent algebraic structures with Boardman [21]. 
Cordier [45] systematically studied the simplicial version of the homotopy-coherent 
nerve and made the connection to the work of Dwyer—Kan on simplicial categories. 

The Barratt—Eccles operad we described just above originates in [10]. 
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Chapter 3 updates. 
Dendroidal Sets 


In this chapter we will introduce the category of dendroidal sets, which is the main 
object of study of this book. The definition of a dendroidal set mirrors that of a sim- 
plicial set, except that the category A is replaced by a larger category Q of trees. The 
morphisms in the latter category are the operad morphisms between the free operads 
generated by these trees. The category of dendroidal sets contains the categories 
of simplicial sets and of coloured operads (in Sets) as full subcategories, and the 
Boardman-Vogt resolution discussed in Chapter 1 can be used to construct for each 
coloured operad (in topological spaces or in simplicial sets) a homotopy-coherent 
nerve which has the structure of a dendroidal set. The category of dendroidal sets 
is a category of presheaves, just like that of simplicial sets, and many constructions 
can be lifted from the simplicial context to the dendroidal one. At the same time 
there are several important differences, some of which are caused by the fact that 
unlike the category A, the category Q of trees contains non-trivial automorphisms. 
This leads to the introduction of normality and normalization of dendroidal sets, not 
present in the simplicial theory, and a more refined notion of skeletal filtration. 


3.1 Trees 


We already defined the trees we will work with in Section 1.3. In this section we 
fix some more terminology. The reader is advised to quickly glance over it and refer 
back to it when necessary. 

Recall that all our trees are finite, rooted, and are allowed to have inner edges, 
connecting two vertices, and outer edges, only attached to a vertex at one end. One of 
these outer edges is the root and all others are leaves. A typical picture of a tree was 
already provided in Section 1.3. For a tree T, we will write E(7) for its set of edges 
and V(T) for its set of vertices. These vertices come in two kinds, namely external 
vertices which only have one inner edge attached to them, and internal vertices. Note 
that removing an external vertex and all the outer edges attached to it yields a new 
tree; a similar procedure is not available for internal vertices. We will often refer to 


© The Author(s) 2022 91 
G. Heuts, I. Moerdijk, Simplicial and Dendroidal Homotopy Theory, 

Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern 

Surveys in Mathematics 75, https://doi.org/10.1007/978-3-03 1-10447-3_3 


92 3 Dendroidal Sets 


this removing of an external vertex as pruning. An external vertex occurring at the 
top of T (i.e. minimal in the partial order on V(T)) will sometimes be called a leaf 
vertex. 

Both V(T) and E(T) come with a natural partial ordering. We will mostly use the 
one on E(T), defined by e < f if the path from e to the root of T passes through 
f. The root itself is of course the maximal element. We call two edges e and f 
incomparable if they are not related in this partial order and denote this by e 1 f. 
The edges on a path from a given edge e to the root are linearly ordered; from this 
one easily deduces that 


elf, ese f'’<f > eu’. 


The partial ordering on E(T) defines for any vertex v an outgoing edge out(v) anda 
set in(v) of incoming edges. The number of incoming edges is the valence of v and 
sometimes denoted |v]. A vertex of valence zero is a nullary vertex or a stump. 

There is one rather special tree having no vertices at all, which can be pictured as 
follows: 


It has a unique edge which is both a leaf and a root. We often write 7 for this tree. 

A tree is called open if it has no nullary vertices; on the other hand, it is called 
closed if it has no leaves. For example, the tree 77 is open but not closed and generally 
a tree cannot be both open and closed. A tree is called linear if all its vertices have 
valence one. The linear tree with n + 1 edges running from the leaf 0 to the root n 
will be denoted [n]: 


0 
1| 


n | 


The reason for this notation, if not yet clear, will become apparent in this chapter. 
Note that by our convention the tree obtained from [n] by putting a stump on top will 
not be referred to as a linear tree. 

An embedding y : S — T of trees consists of injective maps yr : E(S) > E(T) 
and yy: V(S) — V (T) such that for any vertex v of S, the map gg gives a bijection 
between in(v) and in(yv) and y(out(v)) = out(gv). It is an easy exercise to see that 
such an embedding will automatically respect the partial orderings on sets of edges 
and vertices. A typical example of an embedding looks as follows: 
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eo ad 


b 
P 


However, there are no embeddings of trees as indicated below: 


An embedding which is bijective (on edges as well as on vertices) is an isomor- 
phism of trees. If y : S — T is an embedding and the map ọ is just given by inclusion 
of subsets E(S) C E(T) and V(S) € V(T), then we call S a subtree of T. In other 
words then, an embedding S — T is the same thing as an isomorphism of S onto 
a subtree of T. Note that if S is a subtree of T, then S can be obtained from T by 
successively pruning away external vertices (and the outer edges attached to them) 
from T. Note that any edge e of T determines an embedding denoted 


e:n—-oT. 


Any tree T embeds into its closure T defined by putting a nullary vertex on top of 
each leaf of T. Conversely, any tree T has an embedded interior T° — T obtained 
by pruning away its nullary vertices. 


N \ | 


A corolla is a tree with precisely one vertex. We will write C, for the corolla with 
root 0 and leaves 1,...,7. 


. i. i. h 


3 
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If S and T are trees and / is a leaf of S, one can graft T on top of S by identifying 
l with the root of T. The resulting tree will be denoted 


So, T 


NY 


l 


and can be depicted as below. 


Similarly, if l1, . . ., In are leaves of S and T, . . ., Tn are trees, one can graft each 
T; onto l; to obtain a tree 
S Olipa (Ti, Pokey Tn). 


One can inductively build any tree by grafting together corollas. Indeed, any tree T 
is either isomorphic to 7 or isomorphic to one of the form 


Ch Olin (Th, sey Ta) 


for strictly smaller trees T}, . . ., Ta. This description will sometimes be helpful when 
using induction on the size of trees. For example, the automorphism group of a 
tree can be described as an iterated semidirect product of symmetric groups as 
follows. First observe that Aut(C,,) = Xn. Then for T as above, partition the set of 
trees T1, ..., T, so that T; and 7; are in the same equivalence class if and only if 
they are isomorphic. Say the sizes of the equivalence classes are nj,...,n, with 
ni +++: +g = n and choose a representative 7 for each isomorphism class, 
i=0,...,k. Then 


Aut(T) = (Zn, X +++ X Eng) x (Aut(T)™ x +++ x Aut(T)"*), 


We already discussed planar structures on trees in Section 1.3. It is worth noting 
that the evident action of Aut(7) on the set of planar structures of T is free. However, 
it is generally not transitive. Indeed, consider the two pictures below, which indicate 
two different planar structures (now we do use the planar structure induced by our 
pictures!) on the same tree T which cannot be related by an automorphism of T. 


| | 
Y i 


We end this section with some observations on the poset of edges E(T) of a tree 
T. 
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Lemma 3.1 Let T be a tree. Then T is uniquely determined (up to isomorphism) by 
the partially ordered set E(T) and the subset of leaves L(T) € E(T). 


Proof We will show how to reconstruct T from E(T) with its partial order and 
the subset L(T). First of all, the set of vertices V(T) is in bijection with the set 
E(T) — L(T), by assigning to each vertex its outgoing edge. We will now inductively 
reconstruct T from E(T). Start with the root r, which is the unique maximal element 
of E(T). If r € L(T) then T = 7. Otherwise, attach a vertex v, to the top of r; as 
incoming edges of this vertex, take the elements e < r of E(T) such that there does 
not exist any f € E(T) with e < f < r. Next, for every input edge e of v, which is 
not contained in L(T), attach a vertex ve to the top of e. Give it the incoming edges 
e’ € E(T) with e’ < e so that there are no f’ with e’ < f’ < e. Continuing in this 
way one ends up with T itself. m 


Conversely, we can characterize which posets arise as sets of the form E (T), for 
some tree T. 


Lemma 3.2 Let E be a finite poset with a unique maximal element r and assume 
that E satisfies the following property: 


(x) For every e € E, the poset Ee< := {x € E | e < x} is linearly ordered. 


Let L C E be a subset consisting of minimal elements. Then there exists a tree T 
with E(T) = E and L(T) = L. This T is unique up to isomorphism by the previous 
lemma. 


Proof One constructs T as in the proof of the previous lemma. To see that the process 
described there yields a tree, we need to check that every edge e with e + r is the 
input edge of a uniquely defined vertex v. This is guaranteed by assumption (*), since 
there is a unique element f with the property that e < f and there exists no f’ with 
e < f’ < f. To see that E(T) = E, one simply notes that any e € E is connected to 
r by the finite chain of elements Ee<, so that such an e is added to T at some stage 
of the process. Finally, it is clear that L = L(T) by construction. m 


Note that the previous two lemmas make it possible to give an alternative definition 
of tree, simply in terms of a pair (E, L) as above. 


3.2 The Category Q of Trees 


In Section 1.3 we discussed how any tree generates an operad Q(T) in Sets. The 
colours of Q(T) are the edges of T. Given a sequence of colours e1, . . ., €n, e, the set 
of operations Q(T) (e1, . . ., €n; e) is either empty or a singleton. There is an operation 
in Q(T )(e1,..., €n; e) if and only if there exists a subtree of T with leaves e1,..., €n 
and root e. In particular any vertex v of T gives, for any ordering of its input edges 
in(v) = {e),...,e,}, an operation v € Q(T)(e},..., €n; out(v)). The operad Q(T) is 
free and any planar structure on T fixes a set of generating operations corresponding 
to the vertices of T. 
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Definition 3.3 The category Q is the category whose objects are trees and whose 
morphisms S$ — T are maps of operads Q(S) —> Q(T). 


Thus, by definition, Q is a full subcategory of the category of operads in Sets. The 
linear trees [n] form a full subcategory of Q. For such a tree [n], the corresponding 
operad Q[n] is precisely the category 

O-1—7>-::--> 4, 
so that we may identify this full subcategory with A. We will denote the resulting 


inclusion by 
i:A>Q. 


This inclusion is compatible with the inclusion of Cat into Op, in the sense that the 
square below commutes. 
A —= Cat 


Q ——~ Op 


Let us consider the morphisms in Q more closely. A morphism y : S > T sends 
edges to edges and vertices v to subtrees y(v) of T, by definition of the operads Q(S) 
and Q(T). If e1, . . . €n are the input edges of v and e the output, then (e1), ..., p(en) 
are the leaves of y(v), whereas (e) is the root. Since the operad Q(T) has at most 
one operation from a given sequence of colours to another colour, it is clear that 
the morphism ¢ is uniquely determined by its effect on colours. This map on edges 
ge : E(S) > E(T) is a map of posets, i.e. 


e<f = gle) < ¢(/), 


and preserves independence of edges, 


elf = fe)l 9(f). 


To see the latter fact, observe that the paths from e and f to the root of S first meet in 
a vertex v. This vertex has two leaves e’ and f’ such that e < e’ and f < f’. These 
two leaves are distinct and therefore incomparable; moreover, the edges y(e’) and 
y(f’) are distinct leaves of the subtree (v) and therefore also incomparable. Since 
yle) < ye’) and y(f) < y(f') it follows that y(e) and y(f) are incomparable as 
well. 

Each embedding of trees S — T (as defined in the previous section) defines a 
morphism in Q. In fact, this morphism sends generators to generators, or in other 
words it sends vertices to subtrees with one vertex. We already noted that there is no 
embedding as follows: 
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S 


In fact, there is no such morphism in Q. Indeed, the binary operation in Q(S)(a, b; c) 
would have to map to a binary operation in Q(T), but there are none. On the other 
hand, there is a map between the following trees: 


It sends the unique operation in Q(S)(a, b; c) to the composition v og w. This example 
shows that taking the interior of a tree is not a functor. The situation is better for the 
closure of a tree. Let us first observe the following: 


Lemma 3.4 Let T be a closed tree. Let €1,..., €n,e be edges in T for which e; < e 
and e; L e; for any distinct i and j. Then there is a unique subtree of T with leaves 
€l, - - -, €n and root e. 


Proof Uniqueness is clear, since subtrees of any tree T (closed or not) are always 
determined by their leaves and root. For existence, one prunes away everything above 
the edges e1, ..., en. To be more precise, consider the subset X of E(T) consisting 
of the edges f for which there exists an e; such that e; < f < e. Also, let Y be the 
subset of V (T) consisting of those vertices v for which the path from v to the root of 
T contains only edges of X. Then it is easily verified that the pair (X, Y) defines the 
necessary subtree. o 


Proposition 3.5 Let S and T be trees and let y : E(S) — E(T) be a map of posets 
which preserves the incomparability relation L on edges. IfT is closed, then g is the 
underlying map on edges of a unique morphism S —> T in Q. 


Proof Fora vertex v of S, the input edges and output edge of v satisfy the conditions 
of the previous lemma, so we can define y(v) to be the resulting unique subtree. o 


Corollary 3.6 Any morphism y : S — T in Q extends uniquely to a morphism 
between closures 9 : S — T. 


We write Q for the full subcategory of Q on the closed trees. It is worth noting 
that the combination of Proposition 3.5 and Lemma 3.2 gives an alternative way of 
describing the category of closed trees. Indeed, since L(T) = @ for a closed tree T, 
one concludes that Q is equivalent to the category whose objects are finite posets 
satisfying the assumptions of 3.2 and whose morphisms are the maps of posets which 
respect the incomparability relation. 
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Corollary 3.6 shows that the operation of taking the closure of a tree defines a 
functor which is left adjoint to the inclusion: 


oag. 


Recall from Corollary 2.10 that this implies in particular that the classifying spaces 
of Q and Q are homotopy equivalent. We use this observation to prove the following: 


Proposition 3.7 The classifying space BQ is contractible. 


Proof By the adjunction above it suffices to prove this for BQ. Consider the object 
7 = Co and the corresponding constant functor denoted 7 : Q — Q. It suffices to 
relate the identity functor to 7 by a zig-zag of natural transformations. For a closed 
tree T, let T* denote the tree obtained from T by adjoining a unary vertex to the root. 
In other words, if r is the root of T, then T* = C, 0, T. Write er for the newly arising 
root edge of T*. The procedure assigning T* to T is in fact a functor; indeed, any 
map of closed trees y induces an evident map E(S*) — E(T*) which satisfies the 
condition of Proposition 3.5. Clearly there is an embedding ir : T — T*. Moreover, 
since T is closed, the map er : 7 —> T* extends to a map 27 : 7 — T* by Corollary 
3.6. Both ir and er are parts of natural transformations, completing the proof. o 


Remark 3.8 The use of closed trees in the previous proof is essential. Although the 
construction of T* from T makes sense for any tree, it cannot generally be made 
functorial in a way that renders the map er : 7 — T* to the new root natural in T. 
For example, while there is a map 6,, as pictured below, there is no root-preserving 
map between the trees S* and T* at all. 


| 
anand 


S T 


3.3 Faces and Degeneracies in Q 


In Chapter 2 we explained in what sense the category A is generated by the face 
maps 0; : [n — 1] — [n] and the degeneracy maps o; : [n] — [n — 1]. We will 
now discuss a similar set of generating morphisms for the category Q. There is one 
important difference however, in that the automorphism groups of objects of A are 
all trivial while in Q they need not be. 
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3.3.1 Outer Faces 


For a tree T and an external vertex v of T, write ôT for the tree obtained by pruning 
away v and all the outer edges attached to it. This vertex v can be any leaf vertex or 
it can be the vertex attached to the root of T, provided it is only attached to one inner 
vertex of T. We write 


ôv 
T —T 


for the inclusion of this tree and refer to it as an outer face. If v is a leaf vertex we 
will sometimes specifically speak of a leaf face and similarly for a root face. Below 
is an example of a leaf face 6, and a root face ôw. 


pey 


There is one case which deserves special mention. For most trees T the notions 
of leaf vertex and root vertex are distinct and the preceding discussion suffices. 
However, for corollas (i.e. trees with one vertex) this is not the case. There are n + 1 
different maps 

N —> Cn 


corresponding to the inclusion of each of the n leaves and the root. All of these are 
by definition outer faces as well. 


3.3.2 Inner Faces 


For a tree T and an inner edge e, let 0-T denote the tree obtained by deleting the edge 
e and identifying the vertices v and w at either end of e. We will usually say 0-T has 
been obtained from T by contracting e. This gives an inclusion of trees denoted 


Ôe 
0.T >T 


which sends the new vertex obtained by contraction to the subtree of T obtained 
by grafting the two corollas with vertices v and w, i.e. the smallest subtree of T 
containing these vertices. In terms of the associated operads, it sends the new vertex 
in 0eT to the composition in Q(T) of the operations correspondingly given by v and 
w along e. A morphism of this kind will be referred to as an inner face. 
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3.3.3 Degeneracies 


Let e be an edge in a tree T. Consider the tree oT obtained from T by splitting this 
edge into two edges e; and e2 by placing a unary vertex v in the middle of e. Then 
there is a morphism 


Ce 
CeT — T 


in Q which sends both edges e and e2 to e and the new unary vertex v to the subtree 


n + T of T. In operadic terms, it sends the new vertex v to the identity operation of 
the colour e in the operad Q(T). A morphism of this kind is called a degeneracy. 


y 


|e, 
oa 


Notice that face maps are injective on edges and increase the number of vertices 
by one, while degeneracy maps are surjective on edges and decrease the number 
of vertices as well as the number of edges by one. It need not be true that a face 
map increases the number of edges, as witnessed by the inclusion 7 — 7. We will 
sometimes refer to the face and degeneracy maps discussed above as elementary 
faces and degeneracies and use the general terms face (resp. degeneracy) also for 
compositions of elementary faces (resp. elementary degeneracies). We will say these 
general face maps are of ‘higher codimension’ if itis necessary to make the distinction 
with elementary face maps. Similar terminology applies to degeneracy maps. Note 
that a composition of elementary outer faces is precisely the same as the embedding 
of a subtree. 


3.3.4 Codendroidal Identities 


Analogous to the cosimplicial identities, there are equations governing the various 
ways in which elementary faces and degeneracies compose. These equations are the 
codendroidal identities, dual to the dendroidal identities to be introduced in the next 
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section. For completeness’ sake we provide a list below, although we will rarely 
make use of it in this form. This list is necessarily more complicated than that of the 
cosimplicial identities. In the list below T is a tree, e and f are edges of T and v and 
w are vertices. 


(1) 6,6y = 6,6, if v and w are distinct external vertices. 


This equation makes sense, because w is still an external vertex of ôT and v an 
external vertex of 0,,7. It is to be read as stating the commutativity of the diagram 
in Q pictured below. 


ôy T) = (ôT) 
e WS 
OyT OwT 
T 
Similar remarks apply to the remaining identities below. 

(2) ôeôf = Of de if e and f are distinct inner edges. 
(3) 626, = 6,6¢ if e is an inner edge and v an external vertex not attached to e. 
(4) 6c6x = ôyôw if v is an external vertex and e is an inner edge connecting v to 

another vertex w, provided w is an external vertex of the tree 0,7. Here x is 

the new vertex of ôT arising as the composition of v and w along e. 
(5) Geof = Of Ge if e and f are distinct edges. 
(6) Oefe; = CeCe, if e; and ez are the two new edges in the tree oT. 
(7) Ceôe; = id fori = 1,2 if e; is an internal edge. 
(8) oc6, = id if e is an outer edge and x is the new vertex connecting e; and e2. 


(9) oed¢ = Of Ce if e and f are distinct and f is an inner edge. 
(10) Cey = 6,0 if v is an external vertex and e is not an outer edge attached to v. 


3.3.5 Factorization of Morphisms Between Trees 


Recall that we use the term face map to mean a composition of elementary face 
maps as described above. Similarly a degeneracy map is a composition of elementary 
degeneracies. 


Proposition 3.9 Any morphism y : S —> T in Q can be factored as 
sg w Ê 
SoS >T >T, 
where o is a degeneracy, œ an isomorphism and ô a face map. This factorization 


is unique up to unique isomorphism, in the sense that for any other factorization 
(a’, a’, 0’) there is a commutative diagram 
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AH 
R 
R 


T 
ODES 


Ss” a T” 


in which the vertical maps are isomorphisms, and moreover the choice of vertical 
isomorphisms is unique. 


Proof First consider the effect of y on edges and factor it as a surjection followed 
by an injection: 
E(S) 5 A & E(T). 


Here one takes A to the quotient of E(S) by the equivalence relation ~ identifying 
two elements whenever they have the same image in E(T). If e ~ e’ then e and e’ 
must be related in E(S); indeed, any map of trees preserves independence of edges. 
Let us assume e < e’. Then y must send all the edges on the path from e down to e’ 
to the same element of E(S). It follows that every vertex on this path must be unary. 
Hence there is a degeneracy S$ — Se e’ collapsing the segment from e to e’ in S to 
a single edge in Se e’. Applying this reasoning to every equivalence class of edges 
gives a degeneracy o : S — S’ such that E(S’) = A. Moreover, ọ factors as i o o for 
some injective map S’ — T. This map i may be factored as 


SSTT 


where œ is an isomorphism onto the image of i. The map 6 is an injective map of 
trees which on the level of edges is simply an inclusion of subsets E(T’) € E(T). 
Any such map is a composition of elementary face maps, as we shall prove in detail 
in the next proposition. 

The uniqueness of this factorization up to isomorphism is straightforward to 
establish. Indeed, it is clear on the level of edges, and one uses that maps of trees are 
uniquely determined by their effect on edges. m 


Proposition 3.10 Any face map ọ : S > T in Q can be factored as 
SS St 


in the following two ways: 


(1) 6 is a composition of outer faces and £ a composition of inner faces. 
(2) 6 is a composition of inner faces and € a composition of outer faces. In this case 
the factorization is unique up to unique isomorphism. 


Proof We start with the factorization of type (2). Write /|,...,/, for the leaves 
of S and r for its root. Then take S’ to be the maximal subtree of T with leaves 
(lı), .. ., p(n) and root y(r). Clearly ọ factors into injective maps ô : S — S’ and 
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€ : S’ — T. The map € is a composition of elementary outer face maps, where 
each such outer face adds a single vertex to S’. We should argue that the map 6 is a 
composition of elementary inner faces. Recall that every face map sends a vertex v of 
S to a subtree of T. If 6 sends every vertex of S to a corolla, then 6 is the inclusion of 
a subtree. But S and S’ have the same leaves and root, so 6 is the identity. Otherwise 
there is a vertex v of S such that the subtree (v) of T has an inner edge, say e. Then 


y factors as 
Oe 


SS as Sy, 
where the map ô’ still preserves the leaves and root. We complete the proof by 
induction on the number of inner edges in the trees y(v), for v € V(S). For uniqueness 
we argue as follows: if (6’, £^) is another factorization as in (2), then £’ has to be 
the inclusion of the subtree of T with leaves (l1), . . ., (ln) and root (r). Such a 
subtree is unique (namely S$’), so that £ = £e. Now the map 6’ : S — S’ is uniquely 
determined by the induced map on edges E(S) — E(S’). But this map has to coincide 
with the map induced by 6, so that 6’ = 6. 
For (1), it suffices to argue that a composition 


ater) Ser Sr 


of an inner face ôe followed by an outer face ô, can also be factored as an outer face 
followed by an inner face. Note that the inner edge e of 0,7 is also an inner edge 
of T, which moreover is not connected to v (otherwise it could never be inner in 
OT). But then we simply have 0,0. = 0-0, by the codendroidal identity (3) of the 
previous subsection. Oo 


Definition 3.11 A morphism ọ : S — T in Q is positive if it is injective on edges. A 
morphism is negative if it is surjective on edges and on vertices. 


By surjective on vertices we mean that any vertex of T is contained in a subtree 
y(v) for some vertex v of S. In fact, the surjectivity of p on edges implies that any 
such (v) is simply a corolla. The classes of positive and of negative maps are clearly 
closed under composition, so that they define subcategories Q* and Q respectively. 
It is easily verified that their intersection is precisely the class of isomorphisms in Q. 
Note that Proposition 3.9 implies that every positive morphism is the composition 
of an isomorphism followed by a face map, whereas every negative morphism is the 
composition of a degeneracy map followed by an isomorphism. Also, the proposition 
implies: 


Corollary 3.12 Every morphism S —> T in Q factors as the composition of a neg- 
ative morphism S — R followed by a positive morphism R — T. Moreover, this 
factorization is unique up to unique isomorphism. 


Finally, the following observation will be useful later on: 
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Proposition 3.13 Leto : S — T be a degeneracy and a an automorphism of S. Then 
there is at most one automorphism B of T making the following square commute: 


Qa 
— y 


S S 
-| |e 
T—Ê>T 


Conversely, given an automorphism ß of T, there is at most one automorphism a of 
S making the square commute. 


Proof The first statement is clear from the fact that o is an epimorphism. For the 
second statement we use that the map a is completely determined by its effect on 
edges, like any map in Q. By commutativity of the diagram, it must send the fibre 
a !{d} to o~!{B(d)}, for any edge d of T. This fibre is a linear tree, which does not 
have nonidentity automorphisms. It follows that the effect of a on edges is completely 
determined by £. m 


Remark 3.14 The phrase ‘at most’ in the previous proposition is crucial. It is not true 
that an automorphism a of S always induces an automorphism of T, or conversely 
that an automorphism of T induces one of S. As an example, consider the following 
trees S and T: 


Then T has an automorphism interchanging the vertices v and w, but S does not. 


3.3.6 Some Limits and Colimits in Q 


As in Section 2.1 we will now establish the existence of certain pushouts and 
pullbacks in Q. 


Lemma 3.15 Let S — T —> R be two negative morphisms in Q. Then their pushout 
exists in Q and is an absolute pushout. 


Proof As in the proof of Proposition 2.1 it suffices to show this for elementary 
degeneracy maps Ce : T — S (collapsing two neighbouring edges e; and ez toa 
single edge e, deleting the vertex v in between) and oy : T — R (collapsing fı and 
jz to f, deleting a vertex w). The evident candidate for a pushout square is 
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Te 


T 


S 
OF |e r 
1 


T 


R —> Q, 


where Q is obtained from T by deleting both v and w and performing the collapses 
involving e and f. Again as in Proposition 2.1, it suffices to give sections «œ of of 
and a’ of oF which are compatible in the sense that ce = a’a3. When v = w, one 
can take any section œ of oy (there are two choices, depending on whether a(/f) is 
fi or f2) and take a’ to be the identity section of oF = id. If v and w are different and 
not connected by a single edge, then one can take «œ to be any of the two available 
sections and a’ to be the section with a’(f) = a(f). 

The remaining case is where v and w are connected by a single edge. If v is 
directly above w, so that e = fı, one takes a(f) = fı anda’(f) = fi. If v is directly 
below w, so that f2 = e1, one takes a(f) = a’(f) = fr. Oo 


Lemma 3.16 Let o : S — T be a negative morphism in Q. Then the pushout of any 
morphism along o exists in Q. 


Proof Lett : S — R be a morphism. The negative morphism o collapses several 
linear subtrees of S; the images of those subtrees in R are also linear and we define 
R — o R to be the degeneracy morphism collapsing those linear subtrees of R. Then 
S — oR factors uniquely through a morphism T — oR and it is easily verified 
that the resulting morphism is the pushout of t along o. m 


Lemma 3.17 Let 0 : S — T be a positive morphism and © : R —> T a negative 
morphism. Then their pullback exists in Q. 


Proof The morphism o collapses several linear subtrees R; onto single edges i of 
T. For every edge i in the image of 0, replace the edge ~li in S by the linear subtree 
Ri. It is easily verified that the resulting tree gives the pullback S xr R. m 


We proved in Section 2.1 that in A all pullbacks along face maps exist. In the 
previous lemma we only established the analogous statement in Q for the pullback 
of a negative morphism along a face map. The case of a positive map is potentially 
problematic, as the example after the following lemma shows: 


Lemma 3.18 Let 0 : S —> T and e : R > T be two elementary face maps, for a tree 
T with at least two vertices. Then their pullback exists in Q, except in the case of 
eT — T and 0,T —> T, where v is an external vertex, e an inner edge attached to 
v and the other vertex attached to e is not unary. 


Proof If we are not in the exceptional case of the lemma, we can use the codendroidal 
identities established earlier to describe the pullback of two elementary faces. For 
example, if 0 and € are outer faces corresponding to distinct outer vertices v and w, 
one uses identity (1) to see that the pullback is the tree obtained by removing both v 
and w from T. One uses (2) for two inner faces, and (3) and (4) for the combination 
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of an outer face and an inner face; note that in (4), where e is the inner edge attached 
to v, our assumptions guarantee that the other vertex w attached to e is an external 
vertex of 0,7. Oo 


Example 3.19 We illustrate the problem arising in the exceptional case of the lemma. 
Let T be the following tree: 


Then the ‘intersection’ between 0,T and 0,T consists of the two edges r and J; it is 
disconnected and can no longer be described as a single tree. 


3.4 Dendroidal Sets 


The definition of a dendroidal set is analogous to that of a simplicial set, except that 
the category A is replaced by the category © of trees described in the previous two 
sections. Thus, a dendroidal set is a functor 


X : QP — Sets. 


With natural transformations as morphisms between them, dendroidal sets form a 
category which we denote dSets. More explicitly, a dendroidal set is given by a 
family of sets Xr, one for each T € Q, together with a map 


a* : Xr > Xs 


for every morphism a : S — T in Q. These maps should be functorial in the sense 


that (Ga)* = a* p* for morphisms R 2 s E T in Q and id} = idx, . The elements 
of Xr are called dendrices of X of shape T (or simply T-dendrices of X). 

In particular, each set Xr carries an action of the group Aut(7) and the dendroidal 
set X is completely determined by the collection of all these Aut(T)-sets together 
with the elementary face and degeneracy operators of the following three kinds: 


de = 0; : Xr > XƏT inner face, for each inner edge e in T, 
dy = 05 : Xr > Xa,r outer face, for each external vertex v of T, 
Se =05: Xr > XoT degeneracy, for each edge e of T. 


These operators satisfy the dendroidal identities, dual to the identities of the previous 
section: 


(1) dyd, = d,d,, if v and w are distinct outer vertices. 
(2) dfde = ded; if e and f are distinct inner edges. 
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(3) dyde = ded, if e is an inner edge and v an external vertex not attached to e. 

(4) dyde = dyd, if v is an external vertex and e is an inner edge connecting v to 
another vertex w, provided w is an external vertex of the tree 0,7. Here x is 
the new vertex of OT arising as the composition of v and w along e. 

(5) SfSe = Sesy if e and f are distinct edges. 

(6) Se,;Se = Se,Se if e; and ez are the two new edges in the tree oT. 

(7) de, Se = id fori = 1,2 if e; is an internal edge. 

(8) dxSe = id if e is an outer edge and x is the new vertex connecting e; and e2. 

(9) dfSe = Sedy if e and f are distinct and f is an inner edge. 

(10) dySe = Sed, if v is an external vertex and e is not an external edge attached to 

v. 


Moreover, the face and degeneracy operators are equivariant with respect to isomor- 
phisms of trees, in the sense that if œ : S — T is an isomorphism and e an inner 
edge of T, then the square 


XT) —* = X(8) 


de | Jeo 


X(0-T) Oa” X(da(e)S) 


commutes. Of course a similar statement applies to outer faces and degeneracies. 
The following is a list of first examples of dendroidal sets. 


Example 3.20 (a) As for any presheaf category, any object T of gives rise to a 
representable presheaf which we denote by Q[7]. Thus 


Q[T]s = Homg(S,T). 


(b) One can form limits and colimits of diagrams of dendroidal sets by calculating 
them ‘pointwise’, as in any presheaf category. For instance, one can form the product 
X XY of dendroidal sets X and Y as 


(X XY)r = Xr x Yr, 


and similarly for pullbacks, coproducts, pushouts, images, unions, etc. 
(c) As a particular case, each face 6, : ôxT — T, where x is an inner edge or 
outer vertex, defines a monomorphism of dendroidal sets 


Q[ð,T] > Q[T]. 


We will write ôeQ[T] c Q[T] for the image of this morphism and call it the face of T 
opposite e. The union of all these (for all inner and outer faces) defines the boundary 
OQ[T] of Q[T]. Note that these faces and the boundary can be explicitly described 
as follows: 
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(0-Q[T])s = {a : S — T | the edge e is not contained in the image of a}, 
(O,Q(T])s = {a : S — T | no subtree a(w) contains the vertex v}, 
(OQ(T])s = {a : S — T | a factors through a proper inclusion R —> T}. 


(d) For a tree T consider the set PI(T) of planar structures on T. If a : S > T, 
then it induces a map 
a* : Pl(T) > PI(S). 


Indeed, for v a vertex of S, the morphism a gives an bijection between in(v) and 
the set of leaves of a(v). The latter is linearly ordered by the planar structure of T, 
so that the former inherits a linear ordering. This construction is easily seen to be 
functorial in œ, so that planar structures define a dendroidal set Pl. 

(e) The category Q has been defined as a full subcategory of the category of 
operads in Sets. Thus any such operad P defines a dendroidal set NP, its dendroidal 
nerve, by 


NPr = Op(Q(T),P). 


Note that this definition is completely analogous to that of the nerve of a category. 
Let us take a closer look at the dendroidal set NP. For the tree 7 consisting of a single 
edge, the set NP, is the set of colours of P. With C, the n-corolla and (c1, . . ., Cn, €) 
a sequence of colours of P, there is a pullback square 


P(ci, ...,n3¢) ———> NP, 
* c TI;=0 NP}. 


Here the vertical map on the right has as its ith component the map i* : NPc, > 
NP, induced by the edge inclusion i : 7 —> Cn, while c denotes the sequence 
(ci, ..., Cn, €). More generally, for a tree T a dendrex in NPr can be pictured as 
follows. It consists of an assignment c of colours of P to the edges of T and an 
equivalence class of pairs (p, f), where p is a planar structure on T and f assigns an 
operation f(v) € P(c(e1),...,c(en); c(e)) to each vertex v of T, where e denotes the 
output edge of v and e1, . . ., €n enumerates the input edges of v in the order provided 
by the planar structure p. Two such pairs (p, f) and (q, g) are equivalent if for each 
vertex v, the permutation o relating the planar structures p and q as in 


{1,...,n} Z— inv) 
| Ke 
{1,...,n} 


satisfies 


fO) = o*g(). 
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A little more informally, a dendrex in NPr is an assignment of colours of P to the 
edges of T and a compatible assignment of an operation in P to each vertex of T. As 
explained above, this is only a precise statement if one has a planar structure on T in 
mind. 

(f) We list a few special cases of the construction of the nerve of an operad. First 
of all, representables are nerves: for the operad Q(T) generated by a tree T, we have 


NQ(T) = QIT]. 


Secondly, for the commutative operad Com and any tree T, the set NComr is a 
singleton. Thus the dendroidal set NCom is a terminal object of the category dSets. 
We already encountered the nerve of the associative operad in example (d) above; 
indeed, there is an isomorphism 


NAss ~ Pl. 


Finally, every symmetric monoidal category V can be viewed as a coloured operad 
V® and hence gives rise to a (large) dendroidal set NV®. 
(g) Every simplicial set M gives a dendroidal set i; M by “extension by zero’, 


uM )r = 
ae : otherwise. 
This is indeed a well-defined dendroidal set, because if a : S — T is a morphism in 
Q and T is a linear tree, then S must be linear as well. As the notation suggests, the 
functor 

i: : SSets — dSets 


is the left Kan extension of the functor 
i: A — dSets 


which sends [n] to the representable Q[n]. Its right adjoint i* : dSets — sSets 
gives for every dendroidal set X its underlying simplicial set i* X. For a symmetric 
monoidal V as in the previous example, the simplicial set i*NV® is precisely the 
usual nerve NV of the category V. Note that the dendroidal nerve NV® also records 
the monoidal structure of V. 

(h) Let P be an operad and let A be a P-algebra. In particular, A defines a set Ac 
for each colour c of P. The nerve of A, written 


N(P, A), 


is the dendroidal set defined as follows. A dendrex of N(P, A)r is adendrex é € NPr 
together with an assignment of an element ae € Age) for every edge e of T, satisfying 
a compatibility which we spell out below. The dendrex € gives a planar structure on 
T and for every vertex v of T an operation f(v) € P(e1,...,é@n3e), with e1,...,en 
the ordered set of inputs of v. The assignment of elements of the algebra A should 
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satisfy the equation 


SW) (Gey, ++ -> en) = ae. 


This description of N(P, A)r is evidently functorial in T and hence defines a den- 
droidal set. Note that it would suffice to specify just the elements az, for / ranging 
through the leaves of T, since any other ae is then uniquely determined by € because 
of the compatibility specified above. 

For example, if P is Com and A is a commutative monoid, an element of N(P, A)r 
is an assignment of elements ae for e ranging through the edges of T, with the property 
that for any vertex v of T the element assigned to out(v) is the product of the elements 
assigned to the input edges of v. Similarly, if P is Ass and A is an associative monoid, 
an element of N(P, A)r is a pair (p,a) where p is a planar structure on T and a is 
an assignment as before, now taking the order of the multiplication at each vertex as 
prescribed by p into account. 

We should also point out a more abstract way of describing the nerve of an 
algebra. For a tree T, the set of edges of T defines an Q(T)-algebra E(T). In fact 
it is the terminal Q(T)-algebra, because E(T)e consists of just the edge e. But it is 
also the free algebra generated by the leaves of T. An element of N(P, A)r is a pair 
(€,a) where £ : Q(T) — P is a map of operads and a : E(T) —> &*A is a map of 
Q(T)-algebras. 

(i) As a final example in this section, recall the Boardman—Vogt resolution WP 
of a topological operad P as discussed in Section 1.7. When applied to each of the 
discrete operads Q(T) associated to objects T in Q, we obtain a functor 


w: Q > OProp T > W(Q(7)). 


Thus we can define for each topological operad P its homotopy-coherent nerve w*P, 
which is the dendroidal set given by 


w*Pr = OProp(w(T), P). 
In exactly the same way one can use the simplicial Boardman—Vogt resolution 
w : Q —> sOp, T => Wa(Q(T)) 


to define a homotopy-coherent nerve w*P for any simplicial operad P. Let us make the 
description of the homotopy-coherent nerve a little more explicit in the topological 
case by means of an example. For a tree T with one internal edge, as depicted below, 
a point x in w*Pry consists of an assignment of a colour x; of P to each of the edges 
i of T, as well as three operations 


Xp € P(x1, x2; x3) Xq € P(x0, x3; x4) Xr € P(X0, x1, x2; x4) 


of P, together with a path between xq °x, Xp and x, in the topological space 
P(xo, x1, X2; x4). 
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À, P 
T: A 
q 
4| 


More generally, for an arbitrary tree T, a point x € w*Pr can be described in terms of 
a chosen planar structure on T (which we are also implicitly using above) as follows. 
It is given by a collection of maps 


xs : [0,1]! > P(£(S), root(S)), 


one for every subtree S of T, where /(S) is the set of inner edges of S, £(S) is the 
sequence of leaves of S (in the order prescribed by the planar structure of T) and 
root(S) is the root of S. These maps should be compatible in the following sense. 
If S is a subtree and e is an inner edge of S, then ‘cutting along e’ results in two 
subtrees S/e and e/S of S, the first having e as its root and the second having e as a 
leaf. Then on the face of [0, 1]/“S) having 1 at coordinate e, the map xs should take 
as value the appropriate composition of xs/e and xe/s. In a diagram: 


[o gj o [o ij x [o if 
Jessie 
le P(€(e/S), root($)) x P(€(S/e), e) 
[o, 1]? —— > P(S), root(s)). 


We end this section by recording an observation analogous to the one at the 
beginning of Section 2.3. Let X be a dendroidal set. A dendrex x € Xr is called 
degenerate if there is a degeneracy map o : T — S which is not an isomorphism 
and a dendrex y € Xs with o*y = x. Of course a dendrex is non-degenerate if such 
a pair (o, y) does not exist. 


Proposition 3.21 For any dendrex x € Xr there exists a degeneracy 0 : T —> S 
and a non-degenerate dendrex y € Xs with o*y = x. Furthermore the pair (o, y) is 
unique up to isomorphism, in the sense that for any other such pair (o’, y’) there is 
an isomorphism a: S —> S’ with o’ = ao and y = a*z. 


Proof The existence of (oc, y) is clear. Indeed, if x is degenerate one starts with a 
degeneracy T : T — R and z € Xp such that r*z = x. If z is non-degenerate we 
are done; if it is not one simply repeats the process for z. Clearly one arrives at a 
non-degenerate dendrex after finitely many steps. For uniqueness of (o, y), suppose 
that (o’, y’) is another such pair as in the proposition. Then one forms the pushout 


112 3 Dendroidal Sets 


which exists and is an absolute pushout by Lemma 3.15. Therefore the map 
Xr > Xs Xx, Xs" 
is a bijection. Thus there is an element z in Xr whose image is y (resp. y’) in Xs 


(resp. in Xs’). By the assumption that y and y’ are non-degenerate, the maps T and 
T’ must both be isomorphisms. The desired isomorphism a is then t7!7’. m 


3.5 Categories Related to Dendroidal Sets 


In this section we exploit the fact that dSets is a presheaf category to construct 
adjunctions between it and other categories using the method of Kan extension. 
These categories include those of simplicial sets, operads and I-spaces, as well 
as variations on the category of dendroidal sets. Recall from Section 2.4 that if 
f: C — D is a functor between small categories, restriction along f defines a 
functor 

f* : Sets?” — Sets” : X œ Xo f 


which admits a left adjoint f; and a right adjoint f4. These are described by the 
formulas 


fX(d)= tim X(c), 
d—-f(c) 

f.X(d)= lim X(¢), 
f(c)>d 


where the colimit and limit are taken over the slice categories d/f and f/d respec- 
tively. The left adjoint f, is determined up to natural isomorphism by the fact that 
it coincides with f on representables (after identifying C and D with their images 
under the Yoneda embedding) and preserves colimits. Let us observe the following 
elementary properties: 


Lemma 3.22 Let f: C — D be a functor between small categories, inducing func- 
tors fi, f*, fs as above. 


(i) If f is fully faithful, then so is fi. 
(ii) If f has a left adjoint g: D — C, then g, is also left adjoint to fi. Equivalently, 
g* is naturally isomorphic to f; and g, to f*. 
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Proof (i) It suffices to show that for each presheaf X on C, the unit nx : X > f* fiX 
is an isomorphism. Since both f* and f, preserve colimits and 77 is natural, it suffices 
to check this when X is representable. Indeed, any other presheaf is canonically a 
colimit of representables. But if X = C(-,c), we have 


(F AXX) = (FDC, FE’) 
= D(f (c^), f(O), 
and 7x(c’) is the map 
C(c’,c) > D(F Cc’), f(c)). 


This map is a bijection if f is fully faithful, so that 7x is indeed an isomorphism. 

(ii) Since adjoints are unique up to natural isomorphism, the various assertions 
in part (ii) are all equivalent. If g is left adjoint to f, then for a representable C(-, c) 
there are natural isomorphisms 


gC, c) = C(g-,c) 


= DE, f(c)) 
= fiC(-,c). 


Since f; and g* both preserve colimits, this shows that fi = g*. m 


3.5.1 Dendroidal Sets and Operads 


Recall that every operad in Sets has a nerve NP defined by 
NPr = Op(Q(T), P). 
This construction defines an adjoint pair (left adjoint on the left) 
T : dSets =—~ Op: N. 


Up to natural isomorphism, the left adjoint 7 is the unique colimit-preserving functor 
which coincides with Q on representables, i.e. 


T(QUT]) = Q(T). 


More explicitly, for a dendroidal set X, the operad 7(X) has as its colours the elements 
of the set X}, while the operations are generated under composition by elements of 
Xc, for n > 0. These are subject to the following two types of relations: a degenerate 
element of Xc, corresponding to a colour c € X} gives the identity morphism idc, 
whereas the operation corresponding to an inner face ôeT of a tree T with two 
vertices (as pictured below) is identified with the composition of the two operations 


corresponding to the vertices v and w of T. 
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N 
e 
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There is a simplified description of t(X) for dendroidal sets satisfying the inner 
Kan condition, to be discussed in Chapter 6. Using our description of t(X) (or 
the simplified one of Chapter 6) it follows easily that the counit TVP — P is an 
isomorphism for any operad P. In other words, the nerve functor N is fully faithful, 
as it is for simplicial sets and categories. 

We observed before that the functor t, when applied to simplicial sets, preserves 
products. The same is true for the functor T: dSets — Op under consideration here. 
Indeed, for representables Q[S] and Q[7] we have 


T(Q(S] x QTI = tN(Q(S) x ATY) = AS) x Q(T). 


The case of general dendroidal sets X and Y now follows from the case of repre- 
sentables, because the expressions T(X x Y) and t(X) x t(Y) both commute with 
colimits in each variable separately. 


3.5.2 Dendroidal Sets and Simplicial Sets 


The inclusion i : A — Q defines three adjoint functors 
sSets <—— dSets. 
N+ 
Thus, each dendroidal set X has an underlying simplicial set i* X defined by 
@X)n = Xin}: 


Conversely, a simplicial set M gives rise to a dendroidal set iM by ‘extension by 
zero’, as already mentioned in Example 3.20(g) above. Since i : A > Q is fully 
faithful, so is i; by part (i) of Lemma 3.22. Thus, we can identify the category of 
simplicial sets with a full subcategory of the category of dendroidal sets. In fact, it 
is also a slice category: indeed, the equivalence 


A= Q/n 
also implies the equivalence of categories 


sSets ~ dSets/Q[7]. 
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The commutative square of functors on the left gives rise to the commutative square 
of adjoint pairs on the right (meaning that the square of left adjoints commutes up 
to natural isomorphism, as does the square of right adjoints): 


A — > Cat sSets —— Cat 
N 

Lf FE 

Q ——~ Op, dSets =o Op. 


In the diagram on the right we follow our standard convention of writing left 
adjoints to the left or on top of their right adjoints. The commutativity of the square 
translates into natural isomorphisms of functors 


jite=ti and  Nj*=i'N. 


Note that since i;, jı and both functors labelled N are fully faithful, we also have the 
following natural isomorphisms: 


Nji = iN and Ti = jt. 


3.5.3 Dendroidal Sets and Simplicial Operads 


The category of simplicial operads has all small colimits. Therefore the simplicial 
Boardman-Vogt resolution Wa induces an adjoint pair 


w, : dSets =—~ sOp: w* 


for which 
wiQ(T] = Wa(Q(7)). 


In other words, the homotopy-coherent nerve functor w* introduced in the previous 
section has a left adjoint. A similar procedure applies to the category of topological 
(rather than simplicial) operads. One of the main goals of the second part of this 
book will be to show that this adjoint pair induces an equivalence of ‘homotopy 
categories’ in an appropriate sense. 


3.5.4 Open Dendroidal Sets 


The inclusion u : Q° — Q of the category of open trees into the category of all trees 
induces adjoint functors 
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eS 
odSets <—— dSets, 
xr 


where we have written odSets for the category of presheaves on Q°, which we will 
refer to as the category of open dendroidal sets. The functors involved are very easy 
to describe. Any dendroidal set X restricts to a presheaf u* X on open trees, whereas 
any open dendroidal set Y can be ‘extended by zero’ to form uY: 


urri (" if T is open, 

Ø otherwise. 
This is indeed a presheaf, because if S — T is any morphism in Q then S must be 
open if T is. The functor u, is a fully faithful embedding because u is (cf. Lemma 
3.22) and we will usually identify odSets with the corresponding full subcategory 
of dSets. 

The category of open dendroidal sets can also be described as a slice category. 
Indeed, write 1 = NCom for the terminal dendroidal set and define O := u,u*1. It 
can be described by 

l; if T is open, 
Or = i 
Ø otherwise. 


It is then clear that a general dendroidal set X is open (i.e., is in the essential image 
of u,) if and only if it admits a (necessarily unique) map X — O. Hence u, gives an 
equivalence of categories 


odSets > dSets/O. 


An operad P is called open if P(@, c) is empty for each colour c. The nerve of an 
open operad is an open dendroidal set. 


3.5.5 Closed Dendroidal Sets 


The adjoint pair 
cl: Q == Q : incl 
given by the inclusion of closed trees into Q defines, according to Lemma 3.22(ii), 


adjoint functors 
cl, 4 cl* = incl; 4 cl, = incl* 4 incl,. 


Here f 4 g is shorthand for ‘f is left adjoint to g’. We write cdSets for the category 
of closed dendroidal sets, i.e., the category of presheaves on Q. The functor 


incl; : cdSets — dSets 
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is fully faithful and we will usually identify cdSets with the corresponding full 
subcategory of dSets. There is a useful way to characterize the dendroidal sets in the 
essential image of incl. Indeed, a dendroidal set X is isomorphic to one of the form 
incl,Y if and only if for every tree T, the restriction map 


dSets(Q(T], X) > dSets(Q[T], X) 


is a bijection. If X = incl,Y, then one uses that incl; = cl*. Conversely, for X 
satisfying the condition above, one checks that the counit inclincl*X — X is an 
isomorphism. To do this, observe that 


dSets(Q[T], inclincl*X) = dSets(Q[T], cl*incl* X) 
= dSets(incl cl Q(T], X) 


and inclichQ[T] = Q(T]. 

An operad P is called unital if P(@;c) is a one-point set for every colour c of P. 
In other words, P has a unique constant for each colour. The terminology ‘unital’ 
comes from operads like Ass and Com, where the constant in P(0) gives the unit in 
each associative or commutative algebra. The nerve of a unital operad is a closed 
dendroidal set. 


3.5.6 Uncoloured Dendroidal Sets 


A dendroidal set X is called uncoloured if X;, is a one-point set. The category of 
uncoloured dendroidal sets will be denoted udSets. The nerve of an operad with a 
single colour is an uncoloured dendroidal set. 

A pointed dendroidal set is a pair (X, xo) with X a dendroidal set and x9 € 
X,, a chosen basepoint. These pointed dendroidal sets and maps preserving the 
basepoint form a category which we denote by dSets,.. For later use we construct 
some functors relating this category to that of uncoloured dendroidal sets. There are 
evident ‘forgetful’ functors 


udSets — dSets.. — dSets, 


the first of which is fully faithful, while the second is only faithful. This second 
functor admits a left adjoint 


dSets — dSets,: X Hb X, := X Un, 


which ‘freely adds a basepoint’. The forgetful functor from dSets,. — dSets does 
not admit a right adjoint though, simply because it does not preserve coproducts. 
The functor udSets — dSets,., which we will denote r*, does admit a right adjoint 


rą: dSets,. — udSets 
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which is given by ‘restriction to the basepoint’: for a pointed dendroidal set (X, xo) 
and a tree T, one defines r,(X, xo)r © X(T) as the subset of dendrices all of whose 
edges are xo. More formally, there is a pullback square 


rx(X, xor ————> Xr 


| l 


T 
* - Teer) Xn 


where Xo takes the value xg in every coordinate. The inclusion udSets — dSets, 
also admits a left adjoint 
rı: dSets, — udSets, 


defined by simply collapsing all the elements of X,, to the basepoint. More formally, 
each x € X} defines a map x: 7 — X of dendroidal sets, and r;(X, xo) is the pushout 


Lxex, 1 ——> X 


d 


n ————> r(X, xo) 


We will sometimes call (X, x9) the reduction of (X, x9). The x9 may be omitted 
from the notation, since the reduction is independent of the choice of basepoint. 


3.5.7 Dendroidal Sets and F -Sets 


An important tool in the theory of infinite loop spaces is Segal’s category I. We 
shall recall the definition of this category and construct several functors relating 
dendroidal sets to presheaves on I. In later parts of this book we will return to the 
relation between dendroidal sets and the theory of infinite loop spaces in depth. 

We write Fpart for the category of which the objects are finite sets and the mor- 
phisms are partial maps. A partial map from A to B is by definition a pair (U, f), 
with U C A and f : U — B an ordinary map of sets. Given another such partial 
map (W, g) from B to C, the composition of the two is given by (f~'W, g o fly-iw)- 
The category T is the opposite category of Fpart- 

We will now define functors 


A:Q5T and V:Q9 >T. 


Here J sends a tree T to its set of leaves. For a morphism of trees y : S — T one 
defines A(y) as follows. Consider an element £ € A(T), i.e. a leaf of T, and the path 
from £ to the root. If this path meets an edge y(¢’) with £’ some leaf of S (which is 
unique if it exists) then A(y)(€) = 7’. If that path does not meet any such edge then 
A(y) is not defined on £. As before, the functor A induces adjoint functors 
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ay 
r `> 
dSets <—— PSh(T). 
ks 


The functor V sends a tree T to its set of vertices V(T). Consider a map y: S > T 
and a vertex v € V(T). If v occurs in a subtree y(w) of T, with w some vertex of 
S, then we set V(y)(v) = w. If v does not occur in such a subtree, then V(y) is not 
defined on v. Again there are induced functors V,, V*, and V.. Of course there is also 
a functor E : Q — Sets sending a tree T to its set of edges E(T), inducing analogous 
adjoint pairs, but we will not have any use for these. 

Let us also briefly consider the restriction of the functor V to the subcategory 
A C Q. For an object [n] € A, interpreted as a linear tree with n + 1 edges, its set of 
vertices V([n]) can be identified with the linear order 


1<2<---<n. 


Write Pora for the opposite of the category of linearly ordered finite sets and partial 
maps (U, f): A — B with the property that U is a convex subset of A. Then the 
restricted functor V: A — T factors through this category Pora in an evident way. 
This category admits a perhaps more familiar interpretation in terms of intervals, as 
follows. Write Int for the category whose objects are the linearly ordered finite sets 


n=(-o<1<---<n<o) 


for n > 0, and whose maps are the monotone maps f between these preserving the 
endpoints —co and oo. Any such map f: n — m defines a partial map V([n]) > 
V([m)]) by restricting it to the preimage of V([m]) in V([n]), which is always convex. 
This assignment defines an equivalence of categories 


Int? Ž Tora. 


Thus we may interpret the restriction of V to A as a functor V : A — Int. The reader 
can verify that this functor is in fact an isomorphism of categories, thus giving a 
duality between linearly ordered finite sets and intervals. Note that the vertices of 
the linear tree corresponding to [n] form precisely the set of ‘cuts’ of the linearly 
ordered set [n] into two pieces; it is this interpretation of V one often finds in the 
literature. 
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For a dendroidal set X and a tree T in Q, the group Aut(T) acts on the set Xr. The 
dendroidal set X is called normal if this action is free for any tree T. More generally, 
a monomorphism u: X — Y of dendroidal sets is called normal if for each tree 
T the group Aut(T) acts freely on the complement Yr — u(Xr) of the image of u. 
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Thus, X is normal precisely if the inclusion of the empty dendroidal set @ — X isa 
normal monomorphism. In Part II we will see that normality plays an important role 
in the homotopy theory of dendroidal sets, comparable to that of CW complexes in 
the homotopy theory of topological spaces. In this section we will show that normal 
dendroidal sets have a well-behaved skeletal filtration analogous to that of simplicial 
sets. But before that, we start with some examples. 


Example 3.23 (a) Any representable dendroidal set Q[7] is normal. To see this, 
suppose f: S — T is a morphism in Q and a is an automorphism of S such that 
fa = f. Factor f as 6Bo, where o : S — S’ is a degeneracy, 8 is an isomorphism, 
and 6 is a face. Since 68 is a monomorphism in 6, we find that ca = oa. By 
Proposition 3.13 it follows that « is the identity. 

(b) The dendroidal set of planar structures Pl = NAss is normal. 

(c) The terminal dendroidal set NCom is not normal. 

(d) Example (b) is a special case of the following general fact. Let P be an operad 
with the property that for each colour c, the symmetric group &,, acts freely on the 
set 

P,,(-3¢) := LI P(ci,..-,Cn3C) 
Cl,- Cn 

of all n-ary operations into c. (An operad with this property is called Ł-free.) Then 
its nerve NP is a normal dendroidal set. To see this, first note that by assumption the 
automorphisms of a corolla C,, act freely on NPc,,. For a general tree T we argue 
by induction on its size. Suppose «œ is an automorphism of T and that a*é = & for 
some dendrex € € NPr. Then a restricts to an automorphism œ, of the root corolla 
C,,., which is the corolla consisting of the root r of T, the root vertex v,, and its 
incoming edges e),...,@,. Write j : Cy, — T for the inclusion of this corolla in 
T. Then a7(j*&) = j*&, so that a, must be the identity. It follows that œ restricts to 
an automorphism a; of each of the subtrees T/e; obtained by chopping off the root 
corolla. The restriction of é to T/e; is fixed by a;, so that (by induction) a; must be 
the identity. It follows that «œ is the identity as well. 

(e) The same reasoning as in the previous example shows that for a 2-free topo- 
logical or simplicial operad P, its homotopy-coherent nerve w*P is normal. 


The following simple observation will sometimes be useful: 


Proposition 3.24 If X is a dendroidal set such that Aut(T) acts freely on the set 
nd(Xr) of non-degenerate T-dendrices for every T, then X is normal. More generally, 
ifu : X — Y is a monomorphism and Aut(T) acts freely on the non-degenerate T- 
dendrices in Yr — u(Xr), then u is normal. 


Proof Implicit in the formulation of the proposition is that a T-dendrex x is non- 
degenerate if and only if a*x is, for any automorphism a of T, so that the action of 
Aut(T) restricts to give an action on non-degenerate T-dendrices. This fact follows 
easily from Proposition 3.13. We prove the second claim of the proposition, since 
the first is a special case. Suppose Aut(T) acts freely on non-degenerate elements 
of Yr — u(Xr) for all T. Let x € Yr — u(Xr) be an arbitrary element and write 
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x = oy for some degeneracy o : T — S and a non-degenerate y € Ys — u(Xs) (cf. 
Proposition 3.21). If a € Aut(T) fixes x, let B be the unique automorphism of S such 
that Bo = oa. Then 


o*(B"y) = a*(o"y) = a*x =x =0"(y). 


Since o* is a monomorphism (o has a section), we conclude that B*y = y. Since 
y is non-degenerate, we have 6 = id by assumption. Therefore œ is the identity as 
well, since the homomorphism g, : Aut(T) — Aut(S) is injective. Oo 


We will now discuss skeletal filtrations of dendroidal sets. For a dendroidal set 
X, we define a dendroidal subset 


sk, X C X 


by declaring that a dendrex x € Xr belongs to (sk,,X)r if there exists a tree S with 
at most n vertices and an element y € Xs together with a morphism a : T — S such 
that a*y = x. Notice that if 8 : T’ — T is any morphism in Q and x € (sk,X)r, 
then B*x € (sk,X)7. So sk,X is a well-defined dendroidal set and the inclusion 
sk, X — X is a morphism of dendroidal sets. In this way one obtains a filtration 


skoX C sk) X C sk X C.. 


with 


|_J sknx =X. 

n=0 
One refers to sk, X as the n-skeleton of X and to the above filtration as the skeletal 
filtration of X. Note that 


skoX = LI Q[n). 


xEXy 


In contrast to the case of simplicial sets this skeletal filtration is not necessarily 
of much use in proving properties of a general dendroidal set X, but it turns out to 
be very useful when dealing with normal dendroidal sets. The reason is that in this 
case the n-skeleton of X is obtained from the (n — 1)-skeleton by ‘cell attachments’, 
as expressed by the following: 


Proposition 3.25 Let X be a normal dendroidal set. Then for each n > Q, the 
dendroidal set sk,X can be obtained from sk,_,X by means of a pushout square 


LHe,» LLT] Lam skn-1X 


| | 


Uer,» QT] =—> sknX. 
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Here the coproduct is over pairs (T, x) with T a tree with precisely n vertices and 
x € Xr a non-degenerate dendrex, where we take one such pair in each isomor- 
phism class. By definition, two pairs (T, x) and (S, y) are isomorphic if there is an 
isomorphism a: T — S with a*y = x. The map g sends the summand QJ|T] indexed 
by (T, x) to sk, X by means of the map Q[T| — X corresponding to x. The map f is 
the restriction of g. 


Proof Let us temporarily write P for the pushout in the square and p : P > sk,X S 
X for the evident map. We will show that this map is an isomorphism. 

Let T be a tree and let x € (sk„X)r. Then x = a*y for some a : T > S with S at 
most n vertices and y a non-degenerate dendrex in Xs. If S has fewer than n vertices, 
x is contained in sk„-1X. If S has precisely n vertices, then there is an isomorphism 
B:S— S and y’ € Xs with B*y’ = y such that the summand (S, y’) occurs in 
the indexing set of the coproduct. So x must lie in the image of g. We conclude that 
p : P —> sk„X is surjective. 

We will now prove that if X is normal, the map p is also injective. Since sk,_;X — 
sk„X is a monomorphism there are two things to check: 

(a) If (T, x) occurs as a summand on the left and u : S — T is a morphism in Q 
with u*x € (sk,-,X)s, then u factors through a face of T (so that u is an element of 
OQ(T]s). 

(b) If (T, x) and (S, y) both occur as summands on the left and T & R > Sare 
morphisms in Q such that u*x = v*y in Xp, then either (T, x) = (S, y) and u = v or 
u factors through a face of T and v through a face of S. 

Loosely speaking, item (b) expresses the idea that any two elements identified by 
the map g are already identified by f. 

Proof of (a): Take (T, x) and u as in the statement of (a). Then u*x = v*y for 
some morphism v : S — R and y € XR non-degenerate, with R having fewer than 
n vertices. Suppose to the contrary that u does not factor through a face of T. Then 
u must necessarily be a negative map, i.e. a composition of a degeneracy and an 
isomorphism. Factor v as S Z, 5’ + R with v- negative and v, positive. Then 
consider the diagram 

T 


—+YV 


u 
ý 


Ve 


R<— S 


V4 2 


in which the square is a pushout (which exists by Lemma 3.15). Since x is non- 
degenerate, the map T — V must be an isomorphism. Then V has n vertices, but 
at the same time the bottom line of the diagram shows it has fewer vertices than R 
(since v+ is injective), which is a contradiction. 

Proof of (b): Choose factorizations of u and v into a negative morphism followed 
by a positive morphism, say R = R “5 T and R 5> R” —> S. Form the pushout 
of u_ and v- to obtain a diagram 
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T 


al 


| 


Saa ka O. 


Since the pushout is absolute the resulting map 
Xo =$ XR’ XXR XR” 


is bijective. Hence there is an element z € XQ with p*z = ułx and q*z = vý y. But x 
and y are both non-degenerate, so that if u+ is an isomorphism then so is p; similarly 
if v, is an isomorphism then so is q. Now, if both u, and v, are not isomorphisms 
then u and v factor through faces and we are done. So suppose one of them is an 
isomorphism, say u+, so that p is an isomorphism as well as we just said. Then T, 
R’ and Q all have the same number of vertices, namely n. The bottom row of the 
diagram gives inequalities 


n = |V(Q)| < |V(R")| < |V(S)I. 


But |V(S)| = n so that in fact these are both equalities. It follows that q and v, are 
isomorphisms as well. The composition œ = v,q~!pu;! is an isomorphism satisfying 
x = a*y. Therefore (T, x) = (S, y), since in the coproduct we picked only one pair in 
each isomorphism class. Since X is assumed to be normal, the isomorphism œ must 
be the identity. Now observe that 


finishing the proof. m 


In exactly the same way one can prove a relative version of the above statement 
about skeletal filtrations. To state it, let A — X be a normal monomorphism of 
dendroidal sets. For ease of notation let us identify A with its image in X. Let 


sk,(X, A) = A U skp X, 
giving a filtration 


A=: sk_1(X, A) Cc sko(X, A) Cc ski (X, A) Gorges 
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with union X. The argument of the previous proposition then also gives the following 
more general statement: 


Proposition 3.26 Let A — X be a monomorphism of dendroidal sets. If it is a 
normal monomorphism, then for each n > 0 there is a pushout square 


+ 
Le,» QIT] —> skn-1(X, A) 


| | 


L rx) QIT] —— skn(X, A). 


The coproduct ranges over isomorphism classes of pairs (T, x) where T has n vertices 
and x € Xr is a non-degenerate dendrex not contained in Ar. 


Finally, there is also a variant of the skeletal filtration for closed dendroidal sets 
which we will sometimes use. For a closed tree T, let us define the closed boundary 
dO" Q[T] of T to be the union of all faces S of T which are themselves closed trees. 
We define the closed n-skeleton sk! X to be the dendroidal subset of X generated by 
all dendrices x € Xr for T a closed tree with at most n vertices. A straightforward 
adaptation of the proof of Proposition 3.27 can be used for the following: 


Proposition 3.27 Let X be a closed normal dendroidal set. Then for each n > 0, 
the closed dendroidal set sk! X can be obtained from sk“! X by means of a pushout 
square 


Uer,» ô OT] —> sk! X 


n-1 


| | 


Lx) QT] =—> sk"lx. 


Here the coproduct is over pairs (T, x) with T a closed tree with precisely n vertices 
and x € Xr a non-degenerate dendrex, where we take one such pair in each iso- 
morphism class. The map g sends the summand Q[T | indexed by (T, x) to sk! X by 
means of the map Q(T | — X corresponding to x. The map f is the restriction of g. 


3.7 Normal Monomorphisms and Normalization 


The previous section indicates that normal monomorphisms play an important role in 
the theory of dendroidal sets, analogous to relative CW complexes in the homotopy 
theory of topological spaces. Here we will discuss several elementary properties of 
the class of normal monomorphisms. In particular, we show it is a saturated class of 
morphisms (see Definition 3.30). Saturated classes naturally occur when studying 
lifting properties of morphisms and will feature heavily in Part II of this book. In 
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this section we present Quillen’s small object argument, which allows us to factor 
every morphism into a normal monomorphism followed by a trivial fibration. In 
particular, we discuss normalizations of a dendroidal set X. 


Proposition 3.28 (i) If A Ei B and B È C are normal monomorphisms, then so 
is their composition g f. 


(ii) If 
A ——> C 
B ——> D 
is a pullback in which C —> D is a normal mono, then A —> B is anormal mono 
as well. 
(iii) If A — B is a morphism of dendroidal sets and B is normal, then A is normal 
as well. 
(iv) If 


B—+>D 
is a pushout in which A —> B is anormal mono, then C —> D is anormal mono 
as well. 
u v 
(v) IfA > B is a retract of C > D, i.e. if there exists a commutative diagram 


A — + 
B 
in which ri = id4 and sj = idg, then u is a normal mono whenever v is. 
(vi) If {Ai —> Bi}ier is a family of normal monomorphisms, then their coproduct 
U;A; — H;B; is a normal mono as well. 


(vii) If Ag > Aı — A —> «++ is a sequence with colimit A~ for which each 
A; — Ai+1 is a normal mono, then each Ai —> Ac is a normal mono as well. 


y< > 


Se 
u 
tes 


ae 


Remark 3.29 (a) A property similar to (vii) holds for longer ‘continuous’ sequences 


indexed by a limit ordinal A. Explicitly, if {Az ue Ag| < € < A} isa family of 
normal monos such that fye © fen = fee for all ¢ < n < €, and A, = = lim = Ag for 
H4 a limit ordinal, then each map Az — Le ae Ag of the colimit cone is a Sona 
mono. 

(b) Property (vi), which is easily proved directly, also follows formally from 
properties (iv) and (vii), if necessary using its generalization just described in (a). 
Indeed, if for instance {A, — Bn} is a countable family of normal monos, then 
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U,A, — UB, is the map Cp —> Co defined by the sequence Co > C1 > C2 > +- 


with 
G= | [2 u | A. 


k<i kzi 


The map C; — C;+ is a pushout of the map A; — B;. 


Proof (of Proposition 3.28) All parts of this proposition can be proved by elemen- 
tary verification, using the fact that limits and colimits of dendroidal sets are com- 
puted ‘pointwise’. 

(i) Let us identify A and B with their images in C. Then for any tree T in Q, the 
complement Cr — Ar is the disjoint union of Cr — Br and Br — Ar. So if Aut(T) 
acts freely on the latter two, it acts freely on Cr — Ar as well. 

(ii) For any tree T, the map Br — Dr restricts toa map Br — Ar — Dr — Cr 
because the square is a pullback. By assumption Aut(7) acts freely on the latter, so 
it must act freely on Br — Ar as well. 

(iii) Consider the pullback square 


| 


><—Q 


w <—— 8 


and apply (ii). 
(iv) For any tree T we have a pushout of sets 


Ar ——> Cr 


|| 


Br —_—_> Dr. 
If we identify Ar with its image in Br we can rewrite this as 


Ar ———————_— Cr 


| 


Ar Ul (Br — Ar) —> Cr UN (Br — Ar). 
In particular, Br — Dr induces an isomorphism 
Br — Ar > Dr - Cr, 


from which the assertion is clear. 

(v) The complement of the image of A 4B maps to the complement of the 
image of C Z, D. Indeed, if x € Br and j(x) = v(y) for some y € Cr, then 
x = sj(x) = sv(y) = ur(y), so that x is in the image of u. The assertion follows, 
because Br — Ar maps to a free Aut(T)-set and is therefore free. 
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(vi) This is clear from the fact that the complement of the image of (I, An)r —> 
(U1, B,)r is the disjoint union of the complements of the images of (A,)r — (B,)r. 
(vii) For any tree T, the complement of the image of (A,,)r — (Ao )r is isomorphic 
to the disjoint union of the complements of the images of each of the (A,)r —> 
(An+1)r, from which the assertion is clear. o 


Definition 3.30 Let C be a category with all small colimits. A class of morphisms A 
in C is weakly saturated if it contains all isomorphisms and is closed under pushouts, 
composition and transfinite composition (as in (vii) above and its ‘longer’ version 
of the subsequent remark). The class A is saturated if moreover it is closed under 
retracts. 


Thus, the previous proposition implies that the normal monomorphisms form a 
saturated class of morphisms in dendroidal sets. Moreover, remark (b) shows that any 
saturated class is closed under coproducts. The arguments of the previous section 
show that the normal monomorphisms are ‘generated’ by boundary inclusions of 
trees in the following sense: 


Theorem 3.31 The class of normal monomorphisms is the smallest weakly saturated 
class containing the boundary inclusion OQ|[T] — Q[T | for every tree T in Q. 


Proof The class of normal monos is saturated, so in particular weakly saturated. 
Moreover, each boundary inclusion 0Q[T] — QJ[T] is in particular a normal 
monomorphism; indeed, observe that Q(T] is normal (cf. Example 3.23(a)) and 
apply Proposition 3.28(iii). Therefore the class described in the theorem is contained 
in the class of normal monomorphisms. To see that these classes are equal one ap- 
plies Proposition 3.26, which shows that any normal monomorphism can be written 
as a transfinite composition of pushouts of boundary inclusions of trees. Oo 


As mentioned at the start of this section, saturated classes arise when studying 
lifting properties. Perhaps the most familiar examples of such occur in the definitions 
of Serre fibrations and cofibrations in classical homotopy theory. 


Definition 3.32 Let C be a category and F a class of morphisms in C. We say that 
a morphism i: A — B has the left lifting property with respect to F if, for every 
f: X — Y in F and any commutative square 


there exists a morphism g: B — X such that gi = u and fg = v. (More briefly, there 
exists a lift in the square.) We denote the class of morphisms having the left lifting 
property with respect to F by +F. 

Dually, for a class of morphisms C, we say a morphism f: X — Y of C has the 
right lifting property with respect to @ if for any i: A — B in C and any square as 
above there exists a lift. The class of morphisms having the right lifting property 
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with respect to C is denoted C+. If C has a terminal object 1, we say that an object 
X has the extension property with respect to C if the morphism X — 1 has the right 
lifting property with respect to C. 


It is clear from the definition that for any class of morphisms € there is an inclusion 
ect(Ct). 


Lemma 3.33 If F is any class of morphisms of C, then the class +F is saturated. 


Proof Closure of +F under pushouts and (transfinite) compositions follows from 
the universal property of colimits. Suppose 


A —> Eea 


G A 
dodo 
B —>=D— >B 


is a retract diagram and g has the left lifting property with respect to F. Suppose 
h : X — Y is in F and we have a commutative square as on the right in the following 
diagram: 
C —— A—> X 
-E 


D —+> B —— Y. 


We can find a lift / : D — X in the rectangle by our assumption on g. Then 
lj : B > X isa lift in the square, so that f € +F. m 


Definition 3.34 A morphism of dendroidal sets is a trivial fibration if it has the right 
lifting property with respect to all normal monomorphisms. 


For now the terminology ‘trivial fibration’ is merely suggestive. It is inspired 
by homotopy theory: a map of topological spaces having the right lifting property 
with respect to all relative CW complexes is a Serre fibration which is also a weak 
equivalence. We will come back to the homotopy-theoretic properties of trivial 
fibrations of dendroidal sets in Part II. One can think of the following result and the 
subsequent corollary as the dendroidal analogue of CW approximation: 


Proposition 3.35 Every morphism of dendroidal sets f : X — Y admits a factor- 
ization X > Z “> Y with i anormal monomorphism and p a trivial fibration. 


If X is a dendroidal set, one applies this proposition to the map Ø — X to obtain: 


Corollary 3.36 For any dendroidal set X there exists a trivial fibration X’ —> X 
with X’ a normal dendroidal set. 


We will refer to such a trivial fibration as a normalization of X. Such normaliza- 
tions need not be unique, but we will see later that they are unique ‘up to homotopy’. 
Before proving the proposition, we note the following useful lemma: 


3.7 Normal Monomorphisms and Normalization 129 


Lemma 3.37 A map f : X — Y of dendroidal sets is a trivial fibration if and only 
if it has the right lifting property with respect to all boundary inclusions of trees 
dQ(T] > Q(T]. 


Proof Since boundary inclusions are normal monomorphisms, any trivial fibration 
has the right lifting property with respect to them. Conversely, suppose f has the 
right lifting property with respect to all boundary inclusions. Then Theorem 3.31 
and Lemma 3.33 imply that f has the right lifting property with respect to all normal 
monomorphisms. m 


Proof (of Proposition 3.35) The proof follows the classical ‘small object argument’. 
We explain it here in elementary form, but see also Remark 3.38 below. We will 


" ” ik Pk į i 
first construct factorizations X —> Zk yy by an inductive procedure. Set Zo = X, 
ig = idx and po = f. If Zg, ik and px have been defined, we construct Zķ+1, ik+1 and 
Px+1 as follows. Consider the set S of commutative squares S of dendroidal sets of 
the form 


as 


AAT] Č Z 


Define Zg+1ı by the pushout square 


Usas 


Uses, QIT] —— Zk 


| o| 


Uses, QIT] — Zk+. 


Define ix; to be the composition of the vertical map on the right with ig. Also, by 
the universal property of pushouts we find a map pk+1 : Zk+1 —> Y. We take the 
colimit over k to obtain a factorization 
Too Poo 
X —> Z» Y 
which we claim to have the desired properties. Since each ig is a normal monomor- 
phism, the colimit iœ» is a normal monomorphism as well by Proposition 3.28(vii). 
We wish to show that pæ is a trivial fibration. We will demonstrate how to solve a 
lifting problem of the following form: 
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This suffices by Lemma 3.37. We claim that u must factor as 0Q(T] 2 Zk > Loo 
for some k. Indeed, since 0Q[T] is a finite union U;Q[S;] of representable dendroidal 
sets, we have 


Hom(dQ(T], UkZk) = N;Hom(Q[S;], Ux Zk) 
= Nj Ux (Zk)s; 
= Uk Nj (Zk)s; 
= U,Hom(dQ[T], Zg). 


Here we used that finite intersections commute with infinite unions of sets. The 
square 
OQ(T] eS, 


a; 


Q[T |] ——~ Y 


is contained in Sg, so by construction there is a commutative square 


OQ{T] —*_+ Z; 


| 


O[T] > Zr. 


The composition Q[T] “a Zk+1 — Zoo provides a solution to the lifting problem 
above, completing the proof. m 


Remark 3.38 The small object argument is a general procedure for producing fac- 
torizations as above. For a set A of morphisms, it will give a factorization of a given 
morphism f : X — Y into morphisms i : X —> Z and p : Z — Y, where p has the 
right lifting property with respect to morphisms in A and i is a (transfinite) compo- 
sition of pushouts of morphisms in A. In the argument above, Z = Z% is constructed 
as a colimit indexed by the natural numbers. The factorization thus obtained had the 
required properties because any map from 0Q[T] to the colimit factored through a 
finite stage, using that OQ[T] itself is finite in the appropriate sense. In general, the 
object Z will be constructed as the colimit of a sequence indexed over a limit ordinal 
A, where 4 is chosen large enough so that any map from the domain of a morphism 
in A factors through some stage of the colimit. In this book we will only need the 
countable case, as exemplified in the preceding proof. 


We defined trivial fibrations of dendroidal sets to be those maps which have the 
right lifting property with respect to normal monomorphisms. Dually, the class of 
trivial fibrations determines the normal monomorphisms in the following way: 


Lemma 3.39 Suppose f : A — B is a morphism of dendroidal sets which has the left 
lifting property with respect to trivial fibrations. Then f is anormal monomorphism. 
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Proof Use Proposition 3.35 to factor f as A +, A’ Ż B with i a normal monomor- 
phism and p a trivial fibration. By the assumption on f there exists a lift as indicated 
by the dashed arrow in the following square: 


A 
i 
B 


This lift exhibits f as a retract of i, so that f is a normal monomorphism as well. o 


\ 
N 
\ ~. 
% 
M 


w4 a 


Historical Notes 


The observation that trees are a relevant organizing tool to describe homotopy 
coherent algebraic structures goes back to the work of Boardman-Vogt [21]. In fact, 
it seems that early on in the development of the theory it was already recognized that 
trees provide a convenient way to label the cells of Stasheff’s associahedra, as well 
as the cells of certain decompositions of configuration spaces, hinting at the Fulton— 
MacPherson operad we described in Chapter |. Ginzburg—Kapranov [68] use trees 
very explicitly, also in their description of free operads. Trees feature prominently 
in many of the subsequent works on bar constructions of operads, e.g., the papers 
of Fresse [58] for algebraic operads and Ching [36] for topological operads. In 
particular, Ching already proposes to study presheaves on a certain category of 
trees; he refers to these as arboreal objects. All of the aforementioned authors use 
trees to organize the ways in which different operations can be composed, as well 
as the contraction of inner edges of a tree to represent composition of operations. In 
this chapter we have also taken external face maps and degeneracies between trees 
into account to construct the category Q of trees. This viewpoint, and the fact that Q 
generalizes the simplex category A, first appears in [116]. An alternative approach 
to the category Q is presented in [99]. 
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Chapter 4 i 
Tensor Products of Dendroidal Sets 


In the first chapter we described the Boardman—Vogt tensor product of two operads. 
This operadic tensor product induces a related tensor product on dendroidal sets by 
the method of Kan extension. This new dendroidal tensor product agrees with the 
Cartesian product when restricted to simplicial sets, and reproduces the Boardman— 
Vogt tensor product when dendroidal sets are realized as operads by the functor T. 
In this chapter we will show how the dendroidal tensor product can be explicitly 
described in terms of a notion of shuffles of trees. This notion extends that of shuffle 
of linear orders featuring in the product of simplicial sets and many related notions, 
such as Eilenberg—Zilber maps of chain complexes. To prepare for an analysis of 
the homotopical properties of the dendroidal tensor product in Chapters 6 and 
9, we will carefully analyze the behaviour of the tensor product with respect to 
normal monomorphisms. While the tensor product of operads provides the category 
of operads with the structure of a symmetric monoidal category, the extension 
to dendroidal sets is symmetric but no longer associative up to isomorphism. To 
describe the more subtle associativity properties of this tensor product, we equip the 
category of dendroidal sets with an ‘unbiased’ tensor product of n variables. This 
notion will be useful in Part II, where we demonstrate that the tensor product of 
dendroidal sets is associative up to homotopy in many case, for example when the 
dendroidal sets involved are either all open or all closed, or when some factors are 
simplicial. 


4.1 Elementary Properties and Shuffles of Trees 


Recall from Section 1.6 that for operads P and Q of sets (or of topological spaces), 
their tensor product P @ Q is an operad with colours C x D and can be defined in 
terms of generators and relations. The generators are 


P®&dEe(P@Q)\(c @d,...,c, @d;c @d) 
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for d € D and p € P(cj,...,Cn;c), and 
coq Ee (PBQ\c@d,...,c 8dm;c 8d) 


for c € C and q € Q(di, . . ., dm; d). There are relations expressing the fact that for 
c € C and d € D the assignments 


-8d:P—P9Q and c®-:Q—>PeQ 


are maps of operads. The crucial relation is the Boardman—Vogt interchange, which 
states that 


(p @ d)\(c ®q,.-.,€n q) = Ti mlc 8 qp @ di, ...,p ® dm) 


for an appropriate permutation Op, m. 
In particular, we can use this construction to define a functor 


ten: Q x Q — dSets 


by assigning to a pair of trees (S, T) the corresponding free operads Q(S) and Q(T), 
forming their tensor product Q(S) @ Q(T) and finally taking the dendroidal nerve: 


ten(S,T) = N(Q(S) ® QT). 


By the method of Kan extension discussed in Section 2.4, this functor determines a 
functor (again denoted as tensor product) 


@ : dSets x dSets — dSets, 


uniquely determined up to natural isomorphism by the requirement that it agrees with 
ten on representables and preserves colimits in each variable separately. Explicitly, 


Q[S] 8 Q(T] = N(Q(S) 8 Q(T)), 
lim(X @ ¥)) = X @ (lim ¥), 
lim(X; @Y)= (lim X;) 8Y. 


L l 


Remark 4.1 Although these three natural isomorphisms characterize the tensor 
product of dendroidal sets up to natural isomorphism, this is strictly speaking not 
directly a special case of the method of Kan extension introduced in Section 2.4. 
Rather, it is a multi-variable extension of that method, which we leave the reader to 
formalize. 


The category of dendroidal sets, being a presheaf category, is Cartesian closed 
and therefore has inner hom objects adjoint to the cartesian product as discussed in 
Section 2.4. In exactly the same way, but more importantly for us, there exist inner 
hom objects adjoint to the tensor product we have just defined, characterized by 
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natural isomorphisms 
dSets(X © Y, Z) ~ dSets(X, Hom(Y, Z)) 


for dendroidal sets X, Y and Z. In later parts of this book we will make extensive 
use of the underlying simplicial sets of these hom objects, for which we introduce 
the notation 

hom(Y, Z) := i*Hom(Y, Z). 


Proposition 4.2 The tensor product of dendroidal sets satisfies the following prop- 
erties: 


(i) For dendroidal sets X and Y there is a natural isomorphism X ®Y = Y ® X, 
i.e., the tensor product is symmetric. 
(ii) The functor T: dSets — Op (cf. Section 3.5) commutes with tensor products, 
i.e., there is a natural isomorphism of operads t(X ®Y) = T(X) 8 T(Y). 
(iii) The functor i;: sSets — dSets sends products to tensor products, i.e., there is a 
natural isomorphism i(M x N) = iiM @ iN for simplicial sets M and N. 


Proof Since the functors @, t and i; are all compatible with colimits it suffices to 
establish these natural isomorphisms for representables. Then (i) follows from the 
symmetry of the Boardman—Vogt tensor product of operads. For (ii), recall from 
Section 3.5 that the nerve functor N is fully faithful, so that the counit TN — idis a 
natural isomorphism. It follows that 


T(Q(S] 8 QIT) = TN(Q(S) 8 Q(T)) = QS) 8 Q(T) = (TNQ(S)) 8 (FNQ(T)). 


Finally, (iii) follows from the fact that for categories C and D the tensor product 
C ® D coincides with the Cartesian product C x D, as one easily checks. m 


Remark 4.3 We warn the reader that the tensor product of dendroidal sets is not 
associative up to coherent isomorphism, so it is not part of a symmetric monoidal 
structure on the category dSets. However, in Section 4.4 we will introduce natural 
maps expressing associativity which are not necessarily isomorphisms, but which 
we will show to be equivalences in a homotopical sense in Part II. 


Example 4.4 Let us examine the tensor product of representables Q[S] and Q[T] 
more closely. From the description of the operad Q(S) ® Q(T) in terms of generators 
and relations and the fact that Q(S) and Q(T) are free operads, we see that any 
operation of Q(S) ® Q(T) can be obtained as a composition of operations p ® d and 
c ® q where p and q are themselves generating operations of the operads Q(S) and 
Q(T), i.e., correspond to vertices in the trees § and T (together with an ordering of 
the leaves of those vertices). To give a small example, consider the following trees: 
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Let us fix the planar structures on S and T induced by this picture, giving a choice 
of generators for the operads Q(S) and Q(T), namely v € Q(S)(d, c; a) and similarly 
for p and q. Then Q(S) ® Q(T) is an operad with colours (a, i), (b,i) and (c, i) for 
i = 0,...,4. The specified generators make it easy to describe the operations in 
Q(S) 9 Q(T). Indeed, each such operation will arise from a subtree of one of the 
following three trees (where we write a; instead of (a, 1) etc.): 


nap ee Os 
b} gh b\ oP (2 b\ (ct va 
bA /co ay far ar far 


ao ao] ao] 
A B C 


Any subtree of A, B or C, together with an ordering of its leaves, determines an 
operation of Q(S) 8 Q(T) by composing the operations corresponding to the vertices 
of the subtree. Each such vertex corresponds to a pair (p,t) (with p a generating 
operation of Q(S) and ¢ an edge of T) or (s, q) (with s an edge of S and q a generating 
operation of Q(7)). The trees A, B and C represent ‘maximal composable words’ in 
the generating operations of Q(S) and Q(T). Note that the root of each is labelled by 
(a, 0) (i.e., the roots of S and T) and the leaves by the product of the sets of leaves of S 
and T. Recall that the sets of edges E(S) and E(T) are partially ordered, with the root 
as maximal element. Each of the sets E(A), E(B), E(C) is a subset of E(S) x E(T) 
and the partial order on each of them, given by the tree structures of respectively A, 
B and C, is precisely the one inherited from E(S) x E(T). 

The representation of an operation of Q(S)@Q(T) as a subtree of A, B or C need not 
be unique. The Boardman—Vogt interchange relation describes which identifications 
to make. For example, the operation defined by the subtree of A with leaves b,, bo, 
C1, C2 and root ap describes the same operation as the one with leaves b1, c1, b2, c2 
and root ag inside the tree B (modulo a permutation of the inputs). In fact, one can 
view the tree B as obtained from A by interchanging the operations b ® p and c ® p 
with v ® 0, i.e., by shuffling up the white vertex v ® 0 through the two black vertices 
b® p and c 8 p. Similarly, the tree C is obtained from B by shuffling up the white 
vertex v ® 2. On the other hand, while certain operations like the one above occur 
in more than one tree, there are also operations which only occur in one, such as the 
operation with inputs b1, b2, co and output ag in A. 

What all this means for the dendroidal set Q[S] ® Q[T] = N(Q(S) ® Q(T)) is the 
following. Like any dendroidal set it is a colimit of representables. In this case it is 
the union of the dendroidal sets represented by the trees A, B and C, glued together 
by the Boardman—Vogt interchange relations. These can be described as follows. 
The tree 0p,0-,A obtained by contracting the inner edges ag and bo is isomorphic 
to ða, 0a, B, and similarly ôp, ðc, B is isomorphic to ĝa, a, C. Moreover, contracting 
all inner edges in each of A, B and C results in a corolla C4 = 0p,0¢, 0b) 0c)A; 
and similarly for Cg and Cc. These three are isomorphic. Together this gives the 
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following diagram in the category Q: 


The dendroidal set Q[S]®Q[T] is the colimit of this diagram, viewed as a diagram 
of representable dendroidal sets. It is a union of Q[A], Q[B] and Q[C], in the sense 
that Q[A] — Q[S]® Q[T] is a monomorphism, as are the maps from Q[B] and Q[C], 
and these three maps are jointly surjective. 


Example 4.5 As in the previous example, a tensor product Q[S] ® Q[T] of two rep- 
resentable dendroidal sets can be explicitly described as the union of representables, 
glued together along certain isomorphic inner faces. The number of these repre- 
sentables (A, B and C in the previous example) however can increase very rapidly 
as the trees S and T increase in size. For example, consider the two trees 


S T 


with their planar structure as pictured. Then the set of representables making up their 
tensor product Q[S] ® Q[T] can be listed as follows: 
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Notice that there is a natural partial order on this list, starting with copies of T on 
top of S and ending with copies of S on top of T. This partial order is generated by 
imposing the relation A < B when B is obtained from A by shuffling up a white 
vertex coming from the tree S. This relation is indicated by the lines in the picture 
above. 


We will now formalize the description of the tensor product Q[S] ® Q[T] of two 
representable dendroidal sets as a union of representables by means of the notion 
of a shuffle of the trees S and T. Before giving the formal definition, let us recall 
the classical notion of a shuffle of two numbers p, q > 0, which we discussed in the 
context of products of simplicial sets in Chapter 2. As explained there, a shuffle is 
an order-preserving injection 


{l,...,p} > {1,...,p+q} 


or equivalently an order-preserving injection 


{l,...,g} > {L....p+q} 


whose image is the complement of the previous one. If one thinks of the linear 
orders [p] and [q] as representing linear trees, with p white vertices and edges 
labelled 0,...,p for [p], and similarly q black vertices and edges 0,...,q for [q], 
a shuffle can also be represented by a tree with black and white vertices and edges 
labelled by pairs of numbers. For p = 2 and q = 3, the relevant trees are 


© 
- O 
e e- 


N 


N 
io) 


and the picture 


represents the shuffle {1,2} — {1, 2, 3,4, 5} mapping 1 to 2 and 2 to 5. 

The following definition of shuffle admits a more economical reformulation (see 
Proposition 4.8 below), but the elaborate one we give here is perhaps the most 
intuitive. 
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Definition 4.6 A shuffle of two trees S and T is a tree A together with a labelling of 
its edges by pairs (s,t), where s and ¢ are edges of S and T respectively, satisfying 
the following conditions: 


(1) The root of A is labelled by the pair (rs, rr) of root edges of S and T. 

(2) The set of labels of the leaves of A is the cartesian products of the sets of leaves 
of S and T. 

(3) If (s, t) is the label of an edge in A, then 


— either (s, t) is a leaf of A and by (2) s and ¢ are leaves of S and T respectively, 


— or the vertex above (s,f) has input edges labelled (s1,t),...,(5n,f), where 
S],..+55n are the input edges of the vertex above s in S (here s is not a leaf of 
S), 

SN Sn CON 
S: A: 
s (s,t) 

— or the vertex above (s,t) has input edges labelled (s, ti), .. ., (S, tm), where 
t1, . . ., Ím are the input edges of the vertex above t in T (and so t is not a leaf of 
T). 

ae (s, VAS tm) 
T: A: 
i (s, £)| 


(4) If (s,t) is not a leaf of A and the vertex above it is a stump (i.e., has no input 
edges), then s is either a leaf or has a stump above it in S and t is either a leaf or 
has a stump above it in T. 


Remark 4.7 (a) A choice of planar structures on S and T induces a planar structure 
on a shuffle A. 

(b) The set of edges E(A) of a shuffle A is a subset of the cartesian product 
E(S) x E(T). The partial order on E(A) induced by the tree structure of A coincides 
with the one induced by the product of the partial orders on E(S) and E(T). 

(c) To explain condition (4), note that if the vertex above (s, t) in A is a stump, it 
must correspond to a stump in S or in T or in both. For two trees 


AA \ /⁄2 
a | 


the tree on the left below satisfies conditions (1)—(3), but it is not ‘maximal’ in the 
sense that it is a face (contract by and c2) of the labelled tree on the right, which is a 
shuffle. 
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bì Ci bi he: C2 


(d) For linear trees defined by linear orders [p] and [q], a shuffle in the sense 
of Definition 4.6 is exactly the same as a shuffle as in the discussion immediately 
preceding the definition. 


If A is a shuffle, we observed that the labelling of its edges allows us to identify 
the partially ordered set E(A) with a subset of E(S) x E(T). Note that for a tree T, 
the minimal elements in the partially ordered set E(T) are precisely the leaves and 
the edges immediately below a stump. The following characterizes the shuffles of 
two trees: 


Proposition 4.8 For two trees S and T, their shuffles correspond precisely to subsets 
E(A) C E(S) x E(L) satisfying the following: 


(i) the partially ordered set E(A) satisfies the conditions of Lemma 3.2, 
(ii) the maximal element of E(A) coincides with the maximal element (rs,rr) of 
E(S)x E(T) and the subset of minimal elements of E(A) is precisely the product 
of the subsets of minimal elements of E(S) and E(T), 
(iii) the linear order given by the path in the tree A from a minimal element (s, t) 
to the unique maximal element (rs, rr) is a ‘classical’ shuffle of the two linear 
orders given by the paths from s to rs in S and from t to rr in T. 


Proof Clearly the set of edges of a shuffle A satisfies (i)-(iii). Conversely, suppose 
we are given E(A) C E(S) x E(T) satisfying (i)—-Gii) and we wish to construct the 
corresponding shuffle. Let L(A) C F(A) be the subset consisting of pairs (s, t) where 
s is a leaf of S and ¢ is a leaf of T. Lemma 3.2 gives an essentially unique tree A 
with edges F(A) and leaves L(A). Conditions (1), (2) and (4) of Definition 4.6 are 
satisfied by construction. For condition (3) we use that A is a tree. Indeed, suppose 
(s, t) is an element of E(A) which is not minimal. Pick one of the input edges (s’, t’) 
of the vertex v immediately above (s, t) in A. Then condition (iii) forces that either 
s = s'ort = t’. Assume t = f’ (the other case is of course treated analogously). 
Then s’ immediately precedes s in the partial order on E(S), again by condition (iii). 
In other words, s’ is an input edge of the vertex w above s in S. We need to show 
that the set of input edges of v is precisely the set of edges of the form (s;, t), with s; 
ranging over the input edges of w. There are two issues to address: 


— If there were another input edge of v of the form (s,¢’), with t’ immediately 
preceding t in E(T), then by condition (iii) the tree E(A) has an edge (s’,t’) 
occurring somewhere in the branch above (s, t’). But this edge must also occur in 
the branch above (s’, t), which contradicts the fact that A is a tree. Therefore all 
input edges of v are of the form (s’, t) with s’ an input edge of w. 

— For every input edge s; of w, there is a corresponding input edge (s;, t) of v. Indeed, 
pick a path in S going from some minimal edge s to s which passes through sj. 
Similarly, pick a path in T from some minimal edge f to t. Then condition (iii) 
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forces the existence of a path in A from the minimal element (5, f) to (s, t) which 
passes through the edge (s;, t). In particular, this edge exists in A and moreover it 
is clear that it must be an input edge of v. m 


Remark 4.9 To be precise, the subsets E(A) considered in Proposition 4.8 corre- 
spond to isomorphism classes of shuffles. When we speak of ‘the’ shuffles of S and T, 
we will from now on always mean the ones arising from subsets F(A) € E(S)x E(T) 
as above. 


We will say an operad P is thin if for any sequence c], . . ., Cn, € of colours of P, 
there is at most one operation p € P(c], . . ., Cn; c). The free operad Q(T) generated by 
a tree is thin. Moreover, a tensor product Q[S] ® Q[T] of such is also thin. Indeed, any 
two ways of expressing an operation in Q[S] @ Q[T] as a composition of generating 
operations can be related by applications of the Boardman—Vogt interchange. This 
observation will be useful in Proposition 4.10 to express a tensor product Q[S]®Q[T] 
as a union of shuffles. 

In any category of (set-valued) presheaves, an epimorphism Y — X is the co- 
equalizer of its pullback projections: 


Y xxY 2 Y —> X. 


Thus, the following proposition gives an explicit description of the way in which 
a tensor product Q[S] & Q[T] of two representable dendroidal sets is a colimit of 
representables. 


Proposition 4.10 Let S and T be objects of Q. 


(a) The evident map 
| [2141 > 91s] 8 917] 
A 


from the coproduct indexed by the shuffles of S and T is an epimorphism. 
(b) The inclusion of each shuffle 


Q[A] > Q9[S] 8 Q[T] 


is a monomorphism. 
(c) For finitely many shuffles Aı, . . ., An, the inclusion of their intersection 


Q[A,] A -+ N QLA] > Q[S] 9 Q[T] 
in the tensor product is isomorphic to the map 
Q[B;] > Q[S] ® Q[T], 


where B; is the inner face of A; obtained by contracting all inner edges in A; 
which do not occur in each of the A; for j + i. In particular, Q[B;] is isomorphic 
to Q[B;] by a unique isomorphism over Q[S] ® Q[T]. 
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Proof (a) Consider an R-dendrex é of Q[S] 8 Q[T] = N(Q(S) $ Q(T)), i.e., an 
element € € (Q[S] ® Q[T])r. By definition of the nerve of an operad, £ is given by 
a labelling of the edges of R by pairs of edges (s, t) of S and T and of the vertices of 
R by operations of the operad Q(S) @ Q(T). By writing each of those operations as 
a composition of generating operations, we can factor & as 


Q{R] > QLR] 


Q[S] 8 Q(T] 


where m : R — R’ is a composition of inner faces and &’ sends vertices of R’ to 
generating operations of Q[S] @ Q[T]. But then €’ is itself an outer face of a shuffle 
of S and T, i.e., there is a further factorization 


1 — = Ay 


ae ge 


where m’ is an outer face map. 

(b) Let A be a shuffle and write i, for the inclusion of Q[A] into the tensor 
product. To check that i, is a monomorphism, suppose y and y are maps in Q giving 
a commutative diagram 


4 Q[A] => Q[S] e QI7). 


Then for each edge e of R, the corresponding map Q[7] 5 Q[R] satisfies iape = 
iawe. But i, is injective on edges, so ye = ye. Consequently y and y determine 
the same map on edges and it follows easily that y = y, since any operation in 
Q[S] 8 Q[T] is uniquely determined by its output edge and the collection of its input 
edges (cf. the discussion about thin operads preceding the proposition). 

(c) We only consider the case n = 2, the rest is similar. Let A; and Az be shuffles 
of S and T and let B, be the face of A; obtained by contracting all edges not occurring 
in Az. Note that these edges are indeed inner, because A; and A> have the same root 
and leaves. Similarly define the face B2 of A2. Then B, and Bz have the same edges 
and consequently correspond to the same subset of E(S) x E(T). But then By and B2 
are isomorphic as objects of Q and there is a commutative diagram 
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QB] = Q[B2] 
ee Oe 
Q[A, | Q[A2] 
ÎS] @ QIT). 


To check that Q[B,] ~ Q[B2] is the pullback of i4, and i4,, consider maps 


for which ia Y1 = ia, Y2. Then y1 sends all edges of R to edges which also occur in 
A», so that it factors through Q[B;]. Similarly y2 factors through Q[B2]. From this 
the pullback property is clear. m 


Corollary 4.11 For any two trees S andT, the dendroidal set Q[S| 8 Q[T | is normal. 


Proof For a tree R, any dendrex é € (Q[S] ® Q[T])r factors through some shuffle 
A, i.e., there is a commutative diagram 


Since Q[A] is normal and i, is mono, it is clear that the automorphisms of R act 
freely on £. m 


Remark 4.12 It follows that Q(S) @ Q(T) is a Ł-free operad. The more general 
statement that a tensor product of Ł-free operads is again Ł-free is false, as the 
example Ass & Ass = Com shows (cf. Example 1.24(a)). 


Another obvious consequence of Proposition 4.10 is the following. 


Proposition 4.13 The tensor product of two open dendroidal sets is open and the 
tensor product of two closed dendroidal sets is closed. 


Proof If S and T are open trees, then any shuffle of S and T is open as well, as is 
each intersection of such shuffles. Thus Q[S] ® Q[7] is a colimit of open dendroidal 
sets and thus itself open. The general statement follows by writing an arbitrary open 
dendroidal set as a colimit of representables given by open trees. The proof for closed 
dendroidal sets proceeds in exactly the same way. m 


Remark 4.14 Another way to phrase the previous proposition is to say that the 
category odSets carries a tensor product for which the inclusion functor 


u: odSets —> dSets 
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is equipped with an isomorphism u:(X ® Y) = u(X) ® u,(Y). A similar remark 
applies to the inclusion cdSets — dSets of closed dendroidal sets. Moreover, its left 
adjoint 

cl: dSets — cdSets 


commutes with tensor products, i.e., for dendroidal sets X and Y there is a natural 
isomorphism 
cl)(X 9) Y) = cl, X 9) clY, 


as one easily checks on representables. 


4.2 The Tensor Product of a Simplicial and a Dendroidal Set 


Restricting one of the factors of the tensor product to be a simplicial (rather than 
dendroidal) set defines a functor 


sSets x dSets — dSets: (A, X) > iiA & X 


of which we will make ample use throughout this book. Since it will play such 
an important role, we include this short section to highlight an alternative simple 
description of this functor. Throughout this section we abbreviate iA ® X simply by 
A@xX. 

Recall that the set of edges E(T) of a tree T carries a natural partial order, in 
which the root is the largest element, and that any morphism S$ — T in particular 
gives a map of posets E(S) — E(T). Therefore, for each n > 0 we can define a 
dendroidal set €[n] by 

E[n|r = Hom(E(T), [n)), 


where on the right-hand side we consider maps of posets only. Thus, an element of 
€[n]r is simply a labelling of the edges of T by numbers 0, . . ., n which is monotone 
along each branch of T. Notice that E[n] is in fact the nerve of an operad; its colours 
are the numbers 0, ..., and there is a unique operation (i4, . . ., ik) — j if and only 
if each of the indices i), . . . , ix is less than or equal to j. This construction is evidently 
functorial in [n], so in fact we obtain for each simplicial set M a dendroidal set 


é[M] = lim Efn]. 
[n] >M 


In other words, 
E: sSets — dSets 


is the left Kan extension of the functor 


A — dSets: [n] > Efn]. 
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Remark 4.15 For a simplicial set M there is a natural isomorphism i*€[M] > M, 
as one easily verifies. Nonetheless, the functor € should not be confused with one of 
the functors i), i+: sSets — dSets. For example, i;A[2]7 is empty for T = C2, and 


i, A[2]r = sSets(i* C2, A[2]) 


is the set of all maps from the discrete three-element set of edges of C2 to [2], whereas 
E[2]r only contains the order-preserving maps. 


Lemma 4.16 For a simplicial set M and a dendroidal set X, there is a natural 
isomorphism 
M & X = €[M|xx. 


Proof Since both sides preserve colimits in each variable separately, it suffices to 
construct a natural isomorphism 


a: A[n] 8 Q[T] > Efn] x Q(T]. 


Both sides are nerves of operads, so such an isomorphism is the same as one of 
operads 
a: [n] 8 Q(T) —> tEfn] x Q(T) 


where [n] is the category (0 — 1 — --- — n) viewed as an operad with unary 
operations only. The operad tTE[n] can be described as the operad associated to the 
symmetric monoidal category [n] with as tensor product the operation of taking the 
maximum. The two operads above have the same colours and we define œ to be 
the identity on those. The generating operations of the operad [n] ® Q(T) are of 
two kinds. First, there are unary operations (i,e) — (j,e) fori < j. Then there are 
operations 


(i, €1),..-,(i,ex)) > (i,e) 


for (e1,..., €k) — e corresponding to a vertex of T. Clearly, both of these define 
operations in E[n] x Q(T). The Boardman—Vogt interchange relation is obviously 
respected, so œ becomes a map of operads. It is automatically faithful, because 
[n] ® Q(T) is a thin operad (i.e., there is at most one operation from any tuple of 
colours to another colour). It is also full, because any operation of E[n] x Q(T) is 
clearly the image of a composition of generating operations in [n] 8 Q(T). m 


The product M x N of simplicial sets of course admits projections onto each of 
its two factors M and N. For the tensor product X & Y of dendroidal sets, however, 
no such projections generally exist. Nonetheless, in the case of a simplicial set M 
and dendroidal set X, one can use the unique map M — A[0] to form a projection 


M®eX—> Al0]@xX=xX 


onto the ‘dendroidal factor’. This provides the vertical maps in the following: 
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Corollary 4.17 For any simplicial set M and any map of dendroidal sets X — Y, 
the square 


Mex —> M8Y 


{ l 


X — > Y 
is a pullback. 


4.3 Tensor Products and Normal Monomorphisms 


In much of what follows it will be important to understand how normal monomor- 
phisms between dendroidal sets behave under tensor products. In particular, we will 
be interested in whether the tensor product with a fixed (normal) dendroidal set X 
maps a normal mono B —> Y to a normal mono X ® B —> X @Y. More generally, we 
would like to know for which normal monos f : A — X and g : B — Y the induced 
map 

A®Y Ukes X¥ ® BOX BY 


is again a normal mono. This map is usually referred to as the pushout-product of 
f and g. In the context of simplicial sets, with cartesian product playing the role of 
the tensor, it is easily seen that the pushout-product of two monomorphisms is again 
a monomorphism. The following minimal counterexample shows that the situation 
for dendroidal sets is more complicated. 


Example 4.18 Consider the tree 7 = Co which consists of one edge and a nullary 
vertex attached to it and write i : 7 — 7 for the inclusion. Note that 7 ® 7 = 7, since 
the Boardman—Vogt interchange relation identifies the nullary operations coming 
from each of the factors. The pushout-product of Q[i] with itself is (isomorphic to) 
the map 

ofiz] Uom Q[7] > Qi], 


which is not a monomorphism. Indeed, the left-hand side has two dendrices of shape 
7, whereas the right-hand side has only one. 


The presence of nullary vertices also gives rise to issues of the following kind: 


Example 4.19 For any tree T the tensor product Q[7] ® Q[T] consists of just one 
shuffle and is simply given by the dendroidal set Q[T] represented by the closure of 
T. It follows that tensoring with Q[7] is (isomorphic to) the closure functor 


cl, : dSets — cdSets. 


Indeed, both functors commute with colimits and agree on representables. This 
closure functor does not preserve normal monomorphisms. For example, let T be 
the tree on the left 
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i| 
v 
T a| T a| OpT al 


and write V for the subobject of Q[T ] which is the union of the representables Q[0,,7] 
and Q[d,7]. Their intersection consists of two copies of Q[7], for which we write 


Q[na] U Ql] 


to indicate the relevant edges in the notation. The inclusion V > Q[T] is a normal 
mono. However, Q[77] ® V is the pushout 


AAT] Wor, joja] QT] 


and the ‘inclusion’ 


Qi] 8 V > Q[7] 8 Q(T] = Q[7] 


is not a monomorphism. Indeed, the intersection 


Qa, T] n QT] 


inside Q[7] ®@ V contains two copies of Q[d,(0,T)] = Q[ôa(ðpT)], once inside 


O[ô,T] and once inside Q[ð T]: 


A/Z AEE, 


T a| OT a| bT al 


Note that only their edges a and c are identified in the pushout Q[7] @ V. 

An essential feature of this example is that ô,T and 0,T are two faces of T which 
have a disconnected intersection, as is typical for the intersection of a leaf face 
corresponding to a leaf vertex v and the inner face corresponding to the outgoing 
edge of v. This feature cannot occur for the intersection of two inner faces. It 
also cannot occur for intersections of faces of a linear tree, explaining why this 
phenomenon does not occur in the theory of simplicial sets. As we see from the 
example above, the dendroidal theory will be more complicated. We will have to 
analyze intersections of various kinds of faces of trees in great detail in the proofs 
of Lemma 4.24. 


As already becomes clear from the previous example, the notation Q[7] for a 
representable dendroidal set can make the notation rather cluttered. 
Notation: From now on, if no confusion can arise, we will often simply write T for 
the dendroidal set represented by a tree T. 
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In this section we will investigate several special cases in which the pushout- 
product of normal monos is again a normal mono. Let us begin with the case in 
which one of the factors is a morphism of simplicial sets (or rather its image in the 
category dSets under the inclusion i;). Consider a linear tree i[n] and a tree T. A 
shuffle of i[n] and T is easily visualized: it is a tree of the same shape as T, where on 
each edge of T one has inserted a number of unary vertices corresponding to vertices 
of i[n]. For example, here is a shuffle of i[2] and a binary corolla T: 


boj |co 
0 bi\ /cy 
i[2]: 1 T: N /c “1 
2 al 4 
There is a (necessarily unique) operation (kj, e1),...,(kn,én) — (k,e) in 
i[n] ® T if and only if there is an operation e1, ...,€n — ein T and ki, ..., kn < k. 


For the statement of the next lemma, note that for faces O,i[n] of i[n] and 0,T of 
T, the operad maps Q(d;i[n]) 8 Q(T) > QG[n]) ® Q(T) and Q(i[n]) 8 Q(T) > 
Q(i[n]) 9 Q(T) are maps between thin operads which are injective on colours and 
therefore monomorphisms. Consequently, the nerves of these maps are monos as 
well. 


Lemma 4.20 Let T be an arbitrary tree and i[n] a linear tree. Consider faces 0,T 
and 0yT of T and numbers 0 < p,q < n. Then the following monomorphisms between 
dendroidal sets are isomorphisms: 


(i) iln] 8 (8T A 8T) > (i[n] 8 xT) A (i[n] 8 ôT), 
(ii) (Api[n] N dgi[n]) 8T > (dpi[n] @ T) N (gi[n] 8 T), 
(iii) piln] 8 OxT > (ðpiln] 8 T) A (i[n] 8 ôT). 


Proof Notice that the arrows above can all be interpreted as inclusions be- 
tween subobjects of i[n] & T. We need to show they are surjective. An operation 
(ki, €1),.--, (kn, en) > (k, e) of i[n] ® T belongs to 0,i[n] ® T if and only if none of 
the kı, . . ., kn, k equals p. From this it readily follows that (ii) and (iii) are surjective. 
For (i), suppose (k1, €1),..-; (Kn, €n) — (k, e) is an operation of i[n] 8T which occurs 
both in i[n] ® 0,T and in i[n] @ 0,T. Then ky,...,ky < k, while e),...,e, > e is 
an operation in Q(T) which belongs to both Q(0,7) and Q(d,T). This operation is 
represented by a subtree T(e,...,@n;¢) of T with leaves e;,...,e, and root e. If 
ôT is a leaf face of T removing a leaf vertex v (and its leaves, if it has any), then 
this v cannot be a leaf vertex of T(e€1,...,€n3;¢). Indeed, the latter would not be a 
subtree of ô T anymore. Similarly, if 0,7 is the root face of T, then e cannot be the 
root edge of T. If ô,T is an inner face, then the corresponding inner edge cannot be 
any of the edges e], . . ., €n, e. The same analysis applies to 0,7 and one concludes 
that there is a subtree of the intersection ôxT N ôT with leaves e1, ..., en and root 
e (even though this intersection might not be connected!). Therefore the operation 
(ki, €1),---, (kn, €n) —> (k, e) also occurs in i[n] 8 (ôxT N ôT). o 
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From this lemma one concludes the pushout-product property if one of the factors 
is simplicial by a standard induction: 


Proposition 4.21 Let M 4 N be a monomorphism of simplicial sets and let X Ž y 
be a normal monomorphism of dendroidal sets. Then the pushout-product 


iM 8Y Ui,meax UN ®X ~iN@Y 
is again a normal monomorphism. 


Remark 4.22 An efficient proof of the proposition can be given by using Lemma 
4.16 from the previous section. However, we include the proof below as a warm-up 
for the more complicated cases in the remainder of this section. 


Proof First consider the special case where M — N is a boundary inclusion 
dA[n] — Ajn] and X — Y is a boundary inclusion ðQ[T] — QI[T]. Since 
ijA[n] ® Q[T] is normal, it suffices to check that the map 


HAA[n] 8 Q(T] UWi,aa{njeserry An] 8 Q(T] > i A[n] 8 Q[T] 
is amonomorphism. The two maps 
LdA[n] 8 Q(T] > iA[n] 8 Q[T] and iA[an] ® OQ(T] > iA[n] 8 Q[T] 


are monos. Indeed, Lemma 4.20(i) guarantees that i, A[n] ® — preserves intersections 
of faces of T, whereas item (ii) shows that — @ Q[T] preserves intersections of faces of 
[n]. Regarding i)0A[n] 8 Q[T] and i;A[n] 8 OQ[T] as subobjects of 1, A[n] 8 Q[T], we 
can now use Lemma 4.20 again (also including (iii)) to conclude that the intersection 
of these subobjects is precisely i;)0A[n] & OQ[T]. This completes the proof in this 
special case. For the case of general normal monos M —> N and X — Y, recall that 
every normal monomorphism of dendroidal sets (or monomorphism of simplicial 
sets) can be obtained as a transfinite composition of pushouts of boundary inclusions. 
Therefore it suffices to argue that the class of (f, g) for which the pushout-product 
of f and g is a normal monomorphism is closed under pushouts and transfinite 
composition in each variable. This is a standard argument, which we record here in 
general form as Lemma 4.23 below for future reference. m 


In the following lemma, we take C to be a category which admits pushouts and 
transfinite compositions and which comes equipped with a functor 


-8—-:CxC>C 


which preserves pushouts and transfinite compositions in each variable. 
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Lemma 4.23 Let A be a class of morphisms in C which is closed under pushouts 
and transfinite composition and let f : X — Y be a fixed morphism. Write P for the 
class of morphisms i: A — B for which the pushout-product 


A®@Y Uygx BOX OBEY 


of i and f is contained in A. Then P is also closed under pushouts and transfinite 
composition. 


Proof Suppose i € B and we have a pushout square 


A —> C 
E 
B —> D. 


We claim that the square 


A®Y Uhex B® X —> C®YUcex DX 


l l 


B@Y > D@Y. 


is also a pushout. The vertical map on the left is in A by assumption, so that the map 
on the right is in A as well. To establish our claim, note that the span 


A®@Y Uyex B® X —> C 8Y Ucex D®X 


Ļ 


BY 
is the pushout of the following diagram of spans: 


(BEX —A@®X >C@X) —> B8X-B8X—D8QX) 


| 


(BEY -A®Y>CBY). 


Taking the pushout of each of these three spans (and using that ® commutes with 
pushouts in each of its variables) gives the diagram 


DOY <— D®xX —> D®xXx 


whose pushout is indeed D ® Y. Let us now treat the case of a countable composition 
of morphisms 


i i2 
Ag — Ay > Ap > +--+ 3 Áv. 
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Finite compositions will be a special case, whereas transfinite compositions for larger 
ordinals are treated analogously. We assume that each i, is contained in B. Consider 
the following diagram: 


Ao 8 Y UWay@x Ag-1 ® X —— Ao 8Y UAyax Ak 8 X 


y l 


Ak-1ı 9Y ————> Arı 8Y Wa, ,@x Ak 8X. 


It is a pushout by a similar argument as above. Indeed, the span formed by all but 
the lower right corner of the diagram is itself a pushout of the following diagram of 
spans: 


(Ag-1 ® X — Ap 8 X —> Ay 8 X) ——> (Ag-1 Q X — Ak-1 8 X —> Ak 8 X) 


l 


(Ak-1 9Y — Ap @Y > Ag 8Y). 
Taking the pushout of each of these gives the diagram 
Ak-1ı QY <-—— Ak-1ı ® X — > A, 8X, 


whose pushout is indeed the lower right corner in the square above. By induction on 
the length of compositions we may assume that the left vertical map in that square 
is in A, so that the vertical map on the right is in A as well. Taking the colimit over 
k (and using that & commutes with this particular colimit in both of its variables), 
we conclude that the map 


Ao 8 Y Wa @x Aco 8 X > Aw 8 Y WA. @x Aw ® X = Aw QY 


is in A as well. The case of a transfinite composition indexed by a larger ordinal is 
treated in the same way. m 


We now turn to the pushout-product in the case where both factors are dendroidal 
(rather than one of them being simplicial). Like before, observe that any map of 
the form 0,S @ T — S ®T is a monomorphism. Indeed, it is the nerve of a 
map between thin operads which is injective on colours. We will be considering 
intersections 0,7 N 0-T of faces of a tree T. Recall that such an intersection is always 
representable, except in the following cases: 


(1) Suppose v is a leaf vertex of T connected to an inner edge e and suppose the 
bottom vertex w of e has at least two incoming edges (so at least one besides e). 
Then the intersection ôT N ôT is a disjoint union of representables, namely of 
the tree obtained from T by chopping off w and everything above it and each of 
the maximal subtrees of T whose root is an incoming edge of w other than e. 
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(2) Suppose v is the root vertex of T and that v has precisely one inner edge e attached 
to it, so that the root face 0,7 is defined. Write w for the vertex immediately 
above v, i.e., the vertex which has e as its outgoing edge. Then 0,7 N ôeT is the 
disjoint union of the maximal subtrees of T with root edges the incoming edges 
of w. Thus, if w has more than one incoming edge, this is not a representable 
dendroidal set. 

(3) If T is a corolla, so that its faces are simply the inclusions of edges 7 — T, then 
the intersection of any two distinct faces of T is empty. 


Lemma 4.24 Let S and T be trees. 


(i) Let e be an inner edge of S and 0,T any face of T. Then the following map is an 
isomorphism: 
eS 8 OyT —> (eS OT) N (S 8 OT). 


(ii) The statement of (i) remains true if ôe S is replaced with the root face of S (which 
exists only if the root of S has precisely one inner edge attached to it) or with a 
leaf face 0,S of S corresponding to a leaf vertex v which has at least one leaf 
attached to it, i.e., v is not a stump. 

Gii) If OyT, ôT are faces of T for which the intersection 0,T N ôT is not of the 
exceptional kind (1) described above, then the following map is an isomorphism: 


S 8 (dT N AT) > (S 8 AT) N (S 8 ôT). 


(iv) Jf S is an open tree and 0,T, 0-T are any two faces of T, then the map of (iii) is 
an isomorphism. 


Proof For (i), note first that this map is a monomorphism, simply because the maps 
deS ® OyT > deS QT and deS ® OT > S ® OT 


are monomorphisms. Let F be a face of a shuffle A of S@0,T and suppose F —> S&T 
also factors through 0.5 T. This means that F cannot contain any edges of the form 
(e,t) (for some edge t of T). So if we contract all edges in A of this form, we obtain 
a face of G of A which still contains F. Moreover, this face is a shuffle of ôe S ® 0,T, 
so that 

(deS @T)N(S ® AT) S cS ® OT. 


For (ii) one uses the same argument as above to see that the stated map is a monomor- 
phism. To establish surjectivity, let F be a face of a shuffle A of S & ôT and suppose 
F — S&T also factors through xS ® T, for 0,S a face of S as in (ii). First consider 
the case where 0,S is the root face of S and write e for the unique inner edge attached 
to the root vertex of S. Then the shuffle A will have one or several edges of the form 
(e,t). Consider the collection of lowest such edges in A (lowest meaning closest to 
the root), say (e,t)),...,(@,t,). Write T; for the maximal subtree of 0,7 with root 
edge ft; and similarly write A; for the maximal subtree of A with root edge (e, ti). 
Since F does not contain any edge of the form (r,t), with r the root edge of S, 
this F must factor through one of the A;. But each A; is a shuffle of ôxS ® T; and 
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therefore a face (possibly of high codimension) of a shuffle of 0,5 @ 0,7, showing 
that F factors through 0,S$ ® ôT. Next, consider the case of a leaf face 0,S as 
described in (ii). Write e for the inner edge attached to the leaf vertex v and /),..., J, 
for its leaves. Now list the highest occurrences of edges of the form (e, t) in A, say 
(e,t1),...,(@,t,). Again write T; for the maximal subtree of 0,7 with root edge t; 
and A; for the maximal subtree of A with root edge (e, t;). Form a face A’ of A 
(possibly of high codimension) by contracting all edges of A; (if T; is a closed tree) 
or chopping off A; (if T; is not closed), for each i. Since F does not contain any edges 
of the form (l;, t) and v is not a nullary vertex, F must factor through A’. But A’ is 
a shuffle of the tensor product ô, S @ T’, where T” is the tree obtained from 0,T by 
contracting all of T; (if T; closed) or chopping off T; (if T; is not closed), for each i. 
In particular, A’ is contained in 0,5 8T. 

We now consider (iii). Again, the nontrivial part is to establish surjectivity. There 
are several cases to check, of which the easiest is the one where 0,7 and 0,T are 
inner faces, contracting edges e and f respectively. Let F be a face of a shuffle A 
of S @ dT and suppose F is also contained in S ® 0-T. Form a face A’ of A by 
contracting all edges of the form (s,e), with s ranging over the edges of S. Then 
F must be a face of A’. But A’ is a shuffle of S ® 0.0¢T, which gives the desired 
conclusion in the case of two inner faces. Now consider the case where 0yT = 0,T 
is a leaf face deleting a leaf vertex v and 0,T is any other face (inner or outer) of 
T such that the intersection 0,7  0,T is not of the exceptional kind (1). So z may 
correspond to an inner edge of T, or the root vertex, or another leaf vertex. Label the 
leaves of v by 44, . . ., In and its outgoing edge by k. As before, consider a face F of a 
shuffle A of S$ & 0,T and suppose F is contained in S & 0,T. If z is not the outgoing 
edge k of the leaf vertex v, then we reason as follows. Consider edges of the form 
(s, k) in A and list the collection of highest such edges, say (s1, k),..., (Sm, k). Then 
the edges of A above these are all of the form (s, l;) and therefore do not occur in F. 
So F is also a face of the tree A’ obtained from A by replacing the part above (s;, k) 
by S; ® k, where S; C S is the maximal subtree of S with root edge s;. This A’ is 
a shuffle of S @ 0,,0,T, finishing this case. We should still address the case z = k. 
This works the same way, only now considering the edge k’ of T immediately below 
k and using the highest occurrences of edges of the form s & k’ in A. To finish the 
proof of (iii), one still has to deal with the case where 0,7 is the root face of T and 
0,T is any other face, as well as the case where T is a corolla. The latter is trivial, 
because the intersection of distinct faces of a corolla is empty. In the case where T 
is not a corolla and 0,7 is the root face of T, the proof is analogous to the case of 
a leaf face as above, where the role of k is now played by the (unique) inner edge 
attached to the root vertex of T and one considers the lowest occurrences of edges 
of the form (s, k) in A. 

Finally, we prove (iv). In almost all cases this is subsumed by (iii); the only case 
left to deal with is where the intersection yT N ôT is of the exceptional kind (1), 
so y is a leaf vertex v and z is the outgoing inner edge e of v. Write F for a face 
of a shuffle A of S & ôT and suppose F is also contained in S ® eT. The shuffle 
A will have one or several edges of the form (s, e), for s ranging through the edges 
of S. List the collection of lowest occurrences of such edges by (s1, e), .. ., (Sn, €). 
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Since S is assumed to be an open tree, the maximal subtree S; of A with root edge 
(si, e) is open (for every i). The intersection of S$ & ôT with each of the subtrees S; 
is empty and it follows that the intersection of S & 0-T with A breaks up into several 
connected components. To describe these, write w for the bottom vertex of e, then 
r for the outgoing edge of w and fi, ..., fm for the incoming edges of w other than 
e. Then the maximal subtrees of A with root edges of the form (s;, fj) form all but 
one of these connected components; the remaining one is the tree obtained from 
A by chopping off everything above the edges (s;,r) for 1 < i < n. Now F must 
factor through one of these connected components and each of the components is 
clearly contained in a shuffle of S with a corresponding connected component of the 
intersection 0,7 N ôeT. Oo 


Remark 4.25 The assumptions in parts (ii) and (iii) of the previous lemma are 
necessary: indeed, the statement of (ii) fails for S = T = Co (cf. Example 4.18), 
whereas (iii) fails for S = Co and the tree T of Example 4.19 with faces 0,T and 0,T. 


From the previous lemma we deduce the pushout-product property of normal 
monomorphisms for two important classes of dendroidal sets: 


Proposition 4.26 Let A £ B and C É D be normal monomorphisms between 
dendroidal sets and consider the pushout-product 


A®DUsjgc BOC BOD. 


(i) If A, B, C, and D are open dendroidal sets, then the pushout-product is a normal 
monomorphism. 

(ii) If A, B, C, and D are closed dendroidal sets, then the pushout-product is a 
normal monomorphism. 


Proof For case (i), observe that every normal monomorphism between open den- 
droidal sets is a transfinite composition of pushouts of boundary inclusions of open 
trees. Therefore, the same inductive argument as in the proof of 4.21 shows that 
it suffices to treat the case where the maps f and g are boundary inclusions, say 
OS — S and ôT — T, with S and T open trees. Lemma 4.24(iv) shows that $ ®@ — 
and — ® T preserve intersections between faces of open trees, so that the maps 
S&T — SQT and 0S ®T — S ®T are monomorphisms. Using items (i) and 
(ii) of Lemma 4.24 now shows that the intersection of S$ & dT and OS ® T inside 
S @T is precisely 0S & OT. We conclude that the pushout-product of f and g is a 
monomorphism. Since S @ T is normal, it is also a normal monomorphism. 

In case (ii) the argument is similar, now using the observation that any monomor- 
phism between closed dendroidal sets is a transfinite composition of pushouts of the 
modified boundary inclusions ôT — T for closed trees T. One replaces the use of 
Lemma 4.24(iv) above by item (iii) of that same lemma. The faces from which ƏT 
is built do not include leaf faces of T (since these do not give closed trees), so the 
problematic case in item (iii) never arises. m 
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4.4 Unbiased Tensor Products 


In this section we study the associativity properties of the tensor product of dendroidal 
sets, which turn out to be somewhat subtle. They will not feature very prominently 
in the rest of this book, except for a few isolated occurrences. Therefore most readers 
might wish to skip this material on first reading and refer back to it as needed. 

The tensor product of two dendroidal sets has been defined in terms of the nerve of 
the Boardman-—Vogt tensor product of operads. Indeed, for representable dendroidal 
sets Q[S] and Q[T] one has 


QLS] 8 Q(T] = N(Q(S) ® Q(T)). 


This definition is extended to arbitrary dendroidal sets in the essentially unique way 
for which the tensor product commutes with colimits in each variable separately. 
The Boardman-Vogt tensor product of operads is symmetric and associative up to 
coherent natural isomorphism and makes the category of operads into a symmetric 
monoidal category. It follows that the tensor product of dendroidal sets is symmetric 
as well, as already observed, but since the nerve functor does not commute with 
colimits one cannot conclude the same for associativity. In fact, the tensor product 
of dendroidal sets is not associative up to isomorphism, as the following example 
shows. 


Example 4.27 Consider the corolla Cz and two copies of the linear tree i[1], pictured 


as follows: | 
Yo | | 


Then i[1] ® i[1] is the union of two representables, given by the shuffles 


4 


whose intersection is their common inner face (just like the product of simplicial sets 
A[1] x A[1] decomposes into two 2-simplices glued along their unique inner faces). 
Thus C2 ® (i[1] @ i[1]) is a pushout 


C2 8 i[2] Uc, gif] C2 ® i[2] 


and may be depicted as the union of the following six shuffles: 
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Py VE YY 


It does not contain the shuffles 


Lae a 
which occur in (C2 8 i[1]) 8 i[1]. 


More generally, for three trees R, S and T, the tensor product R ® (S & T) is 
the union of all shuffles of R & A where A ranges over shuffles in S ® T, whereas 
(R ® S) @T is a similar union of shuffles of B & T with B ranging over all shuffles 
of R & S. In general these are different, as the example above shows. Note that this 
difference does not occur when all three factors are linear trees; indeed, the product 
of simplicial sets is of course associative. 

Although in practice we will rarely consider tensor products of more than three 
factors, one can define an n-fold tensor product of dendroidal sets as a functor 


@, : dSets x --- x dSets — dSets 


which is uniquely determined up to isomorphism by the requirement that it preserves 
colimits in each of its n variables separately and is given on representable dendroidal 
sets by the nerve of the Boardman—Vost tensor product: 


Da (Q[T1], ..-, Tn) = NOCT) ® ++» ® QT). 
For general dendroidal sets X1, . . ., Xn we will usually write 
@n(X,...,Xn) = X18- @ Xp. 


Although the tensor product of dendroidal sets is not associative up to isomorphism, 
there are still ‘associator maps’ of the kind 


a:X®(Y@Z)> X@Y@Z. 


Indeed, the functors dSets*? — dSets represented by these two expressions both 
commute with colimits in each variable separately, so it suffices to define a for 
representable dendroidal sets. By adjunction, a map 


æ : QLR] 8 N(Q(S) 8 QT)) > N(Q(R) 8 Q(S) 8 Q(T)) 


corresponds to a map of operads 
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@ : T(QLR] 8 N(Q(S) 8 Q(T))) —> Q(R) 8 AS) 8 Q(T). 


There is a canonical choice for such a map, even an isomorphism, because the 
functor T commutes with tensor products (cf. Proposition 4.2) and is left inverse (up 
to isomorphism) to the nerve functor N (cf. Section 3.5). 

More generally, for O < i < j < n there are maps a (or q;,; if it is useful to be 
more explicit), 


aij : X1 @ +++ @ Xi-1 @ (Xj @ +++ @ Xj) @ Xj41 @ ++ OX, > XID Xn 


which are natural in each of the n variables. These natural transformations «œ are de- 
fined exactly as in the simple case above. The coherence isomorphisms for the tensor 
product of operads then immediately imply that these maps a, although no longer 
isomorphisms, satisfy similar coherence relations. In particular, the dendroidal set 
7 still acts as a unit. There are relations expressing symmetry and associativity of 
the maps a, which are straightforward to describe but somewhat tedious for n large. 
For a threefold tensor product, one such relation expressing the compatibility of the 
maps œ with symmetry is expressed by the following diagram: 


(X@Y)@Z —— X@Y@Z 


r F 


(Y@X)@Z —“>Y@X@Z. 


An n-fold tensor product of representables 7; &® --- ® Ta can again be described 
in terms of shuffles. To state this precisely we use shuffles of an n-tuple of numbers 
P1,-++»Pn = 0, which are permutations 


T: pit: -+Pn> pit: +pn 


which restrict to monotone maps on each segment p; + 1,..., pi+ı (fori = 0,...,n 
with the convention po = 0). Notice that by removing one such segment and its 
image, such a shuffle o of pı, ..., pn ‘projects’ to a shuffle of pı, ..., Pis.. -, Pns 
with the hat denoting omission. A shuffle of pı, ...,pn can also be viewed as a 
directed path from (0, . . ., 0) to (p1,... pn) through the lattice 


{0,...,pi} X++- X {0,..., Pn} C R” 


by unit steps along the coordinate axes. 

Having said all this, we define a shuffle of trees T}, . . . , Tn as a tree A whose edges 
are labelled by n-tuples of edges (t1, . . ., tn) where t; is an edge in T;, and for which 
the partial order on these edges induced by the tree structure of A agrees with the 
one given by the product of the partial orders on the edges of each of the trees T;. 
Moreover, the following conditions (cf. Proposition 4.8) should be satisfied, where 
we think of the poset of edges E(A) as a subset of E(T1) x --- x E(Tn). 


158 4 Tensor Products of Dendroidal Sets 


(i) The maximal element of the poset of edges E(A) is the maximal element 
(r7,,..-,1r,) of E(T1) xX -+ X E(Tn). The subset of minimal elements of E(A) is 
precisely the product of the subsets of minimal elements of each of the E(7;). 


(ii) For a tuple (f;,...,t,) of minimal elements, the labelling on the branch in A 
down from (tı, .. ., tn) to the root of A defines a shuffle of the n linear orders 
given by the branches in T; down from ¢;, fori = 1,...,n. 


One then has the following analogue of Proposition 4.10, which is proved in 
exactly the same way. 


Proposition 4.28 Let T,,...,T,, be trees. The dendroidal set Q{T,| 8 --- ® Q[T,] 
is the colimit of representables Q| A] indexed by all the shuffles A of those trees. 
Moreover, each 

Q[A] > O[T)] 8 -8 QT] 


is a monomorphism and each intersection Q[A,|N --- A Q[A,] as a subobject of 
Q[T,] 8 --- ® Q[Tn] is represented by the tree Bi C A; obtained by contracting all 
inner edges which do no occur in each of the other A;. In particular, these B; are all 
isomorphic (fori = 1,...,k). 


The following is proved in the same way as Corollary 4.11. 
Corollary 4.29 An n-fold tensor product of trees Q[T,] 8 --- 8 Q[T,,| is normal. 


It is easy to describe the associators œ in terms of shuffles. We leave the proof 
of the following as an exercise to the reader. A simple instance of it is illustrated in 
Example 4.27 above. 


Proposition 4.30 Each associator 
a: Ry @+++ @ Re @ (S} ®- ++ @S)) @T, @ +++ ®lm >R @ +++ ®Tn 


is anormal monomorphism, for trees R4, . . ., Rx, etc. Its domain is the union of those 
shuffles A of the k + l +m trees involved with the following property: for a sequence 
of minimal elements sı € Sı, ..., Sı € Sj, the shuffles of the linear orders given by 
branches from minimal elements (r1, .. ., fk, S1, +++) Sl Íl, - - -> tm) in E(A) down to 
the root of A all project to the same shuffle of the l linear orders of the branches 
down from s; in Si. 


Corollary 4.31 The associativity map a in the previous proposition is an isomor- 


phism whenever R\,..., Rx and T), . . ., Tm are all linear trees. 

Proof This follows because linear trees have a unique minimal edge. m 
Corollary 4.32 Let X,...,X, be normal dendroidal sets. Then each associativity 
map 


a: X19- Xi- ® (X; @-+- @ Xj) @ Xj41 @ +++ @X, BX @--- @X, 


is anormal monomorphism. It is an isomorphism if X,,..., Xi-1 and Xj+1,...,Xn 
are simplicial sets (viewed as dendroidal sets via the embedding i). 
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Proof This follows from the previous two statements by skeletal induction, as be- 
fore. o 


Example 4.33 A minimal example to keep in mind is 4.27. There we described 
C2 8 (i[1] @ i[1]) as a union of six shuffles. It is a subobject of (C2 ® i[1]) @ i[1] = 
C2@i[1]@i[1], which is a union of eight shuffles. The inclusion is precisely an example 
of one of the associators œ. We will see in Proposition 6.32 that these associator 
maps, while not isomorphisms, are still weak equivalences in an appropriate sense. 


To conclude this section, let us briefly consider the pushout-product property for 
n-fold tensor products. For a tensor product of three factors, this property can be 
stated as follows. Consider three maps A —> X, B — Y and C — Z. Then the various 
tensor products can be organized in a cube, where we write ABC for A® B 8C, etc.: 


ABC > ABZ 


AYC —————————_-+ AYZ 


XBC > XBZ 


x xN 


XYC ———— XYZ. 


Omitting the last vertex XYZ yields a ‘punctured cube’, of which one can take the 
colimit. The pushout-product property then states that the map from this colimit to 
the last vertex XYZ is a normal monomorphism whenever each of the three maps 
A — X, B —> Y and C — Z is. This property will hold in three cases, namely 
where two of the three factors are simplicial, when all dendroidal sets involved are 
open, or when all of them are closed. These last two cases can be proved in a way 
analogous to the case of binary products, but the first one is actually a consequence 
of the binary case and the associativity isomorphism of Corollary 4.31. 

To state the general case of a tensor product of n factors, consider the n-fold 
product {0, 1}”, viewed as a category with a unique arrow (i1, .. ., in) > (Jis -- -> Jn) 
if and only if ig < jg for each k. Denote the full subcategory on all objects except 
the terminal one by {0, 1}”. Then an n-tuple of maps X 9 7X i between dendroidal 
sets defines a functor 


X : {0, 1}" > dSets : (i1, .. -p in) > XË @--- @ Xin, 


Write X_ for the restriction of this functor to the category {0, 1}”. Then the n-fold 
pushout-product property concerns the map 


lim X_ > Xl @---@ Xj. 
—> 


The domain of this map can also suggestively be written as 
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n 

1 1 0 1 1 
JX} o oX] 9X OX, @--- OX. 
k=1 


The following is then the general analogue of the results on pushout-products of 
the previous section. The proof is analogous, we will omit it here. 


Proposition 4.34 Let x > xX} be normal monomorphisms between dendroidal 
sets, for k = 1,...,n. Then the pushout-product map 


lim X_ > X} @---@X) 
— 


is again a normal monomorphism in each of the following three cases: 


(i) All but one of the Xi are simplicial. 
(ii) All x} are open (and hence all x, are as well). 
(iii) All Xi are closed. 


Historical Notes 


The construction of a tensor product of dendroidal sets from the Boardman-Vogt 
tensor product of operads is already contained in the original papers [116, 117]. 
However, several aspects were at first overlooked. A correct description of the be- 
haviour of the tensor product with respect to normal monomorphisms first appears 
in [43]. This aspect is discussed systematically in [80], where the weak form of 
associativity that the tensor product of dendroidal sets satisfies is also made explicit. 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


A 
Check for 


Chapter 5 Updates) 
Kan Conditions for Simplicial Sets 


In this chapter we will define several important classes of simplicial sets and of 
maps between simplicial sets by extension and lifting conditions. These include the 
classical notions of Kan complexes and Kan fibrations, as well as the notion of inner 
Kan complex (or œ-category). Kan complexes and Kan fibrations play a central role 
in homotopy theory and will therefore be of fundamental importance in Part II of 
this book. These concepts extend to the theory dendroidal sets, as we will explain 
in the next chapter. However, the necessary combinatorics in that case will be more 
involved. The current chapter serves as an introduction to and blueprint for these 
more general results, but is more accessible to the uninitiated reader. Those readers 
familiar with the classical notions of fibrations between simplicial sets and the basics 
of the theory of co-categories might wish to only glance over this chapter and proceed 
to the next. 


5.1 Kan Complexes and oo-Categories 


Important examples of simplicial sets are obtained by applying the singular complex 
functor (adjoint to geometric realization) 


Sing : Top — sSets 
to a topological space or by applying the nerve functor (adjoint to T) 
N : Cat — sSets 


to a small category. The simplicial sets thus obtained have special ‘extension’ prop- 
erties, which we will make explicit in this section. To this end we define the horn 
A‘ [n], for any n > O and 0 < k < n. It is the subobject of the n-simplex A[n] given 
by the union of all the faces of A[n] containing the vertex k (equivalently, the union 
of all the faces except the one given by 0; : A[n—1] — Al[n]). Itis a simplicial subset 
of the boundary 0A[n], which is the union of all faces of A[n]. These simplicial sets 
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are described by 
M [nlp = {e : [p] > [n] | 3i + k : i ¢ im(a)}, 
dA[n]p = {a : [p] > [n] | 3i : i ¢ im(æ)}. 
1 1 1 
0 L. 9: 0 ra 2 0 ak 2 
Ao Ai 3 


Definition 5.1 A simplicial set X is a Kan complex if any map A*‘[n] — X admits 
an extension to a map A[n] — X, for any n > O and O < k <n. Ina diagram: 


AK In] ess X. 


A simplicial set X is called an œ-category or an inner Kan complex if it satisfies this 
condition only for 0 < k <n. 


The horns A‘[n] for 0 < k < n are called the inner horns of the n-simplex. The 
extensions which the preceding definition asks for need not be unique. If they are, 
one calls X a strict (inner) Kan complex. Later in this section we will explain that an 
inner Kan complex is a kind of ‘weak’ category, thus providing some justification 
for the use of the term co-category. 


Example 5.2 (a) If T is a topological space, then its singular complex Sing(T) is a 
Kan complex. Indeed, by adjunction, an extension problem on the left corresponds 
to one on the right: 


A*‘[n] —> Sing(T) | AK[n] | T X: 
[A gf 


z a 
a 7 


A{n] | A[n] | 


A dashed arrow making the diagram on the right commute always exists, since the 
inclusion |A*[n]| € |A[n]| = A” admits a retraction (even a deformation retraction). 

(b) If C is a small category, its nerve NC is a strict inner Kan complex. Using 
the left adjoint t : sSets — Cat, this follows as in the previous example because 
for 0 < k < n the functor t maps the inclusion A‘[n] — A[n] to an isomorphism 
of categories. To see this, note first that for any simplicial set X the generators and 
relations of t(X) are contained in sk2X. Since A*[n] contains all the 2-simplices of 
A{n] if n > 4, it is clear that t(A*[n]) > t(A[n]) is an isomorphism in those cases 
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(just as t(0A[n]) — t(A[n]) is for n > 3). Thus, we only need to check the cases 
n=2,k = l andn = 3, k = 1 or k = 2. For the first one, simply observe that 


t(A[2]) = [2] = (0> 1 > 2) 


is the pushout in Cat of 0 — 1 and 1 — 2 along their common object 1, which is by 
definition t(A![2]). For the second case, note that t(A![3]) is the category generated 
by arrows aj; : i — j forO <i < j < 3 subject to the relations @21@10 = @20, 
32021 = Q31, and @31@10 = @30. It follows that the relation a@32@29 = @39 also holds 
and that this category is simply isomorphic to [3]. The case t(A7[3]) is of course 
similar. 


In fact, the property described in (b) above characterizes the nerves of categories 
among simplicial sets: 


Proposition 5.3 For a simplicial set X, the following are equivalent: 


(i) X is a strict inner Kan complex. 
(ii) For each n > 2, the map 


Xn = Xı XXo °° XXo Xı 
-Li 
induced by the morphisms |1] L, [a] fori = 1,...,n is an isomorphism. 


Gii) X is isomorphic to NC for some small category C. 
(iv) The unit X — Nt(X) is an isomorphism. 


Proof We will postpone the proof of the implication (i) = (ii) to Section 5.4 (see 
Remark 5.33), but all the others are elementary. Suppose X satisfies (ii). Then for 
any pair of 1-simplices a, b € X, with doa = dıb, depicted as 


X09 7X7 X20 
there is a unique 2-simplex e with dye = a and doe = b, 


a 
Xo > X] 


SN. |p 
SI 


X2. 


We define bo a = die. It is readily checked that this makes X into the set of arrows 
of a category C with Xo as its set of objects. The associativity of composition follows 
by applying property (ii) for n = 3, where it shows that given 1-simplices 


a b Cc 
Xo > X1 > X2 > X3, 


there is a unique 3-simplex f with edges a, b, c, and the various compositions formed 
out of them. Consider for this category C the diagram 
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Xn > NC, 
| 


| 


X1 Xx °° XX Xı ——> ar(C) Xone) ` ++ Xob(c) ar(C). 


The bottom map is an isomorphism for any n > 1 by definition of C and the left-hand 
map is an isomorphism by hypothesis. Hence the top map is an isomorphism as well, 
showing that X = NC. (The category constructed here is actually t(X), as will be 
clear from what follows.) Now assume X satisfies (iii), i.e., X = NC. Since the 
nerve functor is fully faithful, the counit TVC =, Cis an isomorphism. But then the 
triangle identity 


shows that the unit NC — NTNC is an isomorphism, so that the same is true of 
X — NrX. Finally, the implication (iv) > (i) is Example 5.2(b) above. o 


The previous proposition suggests thinking of an co-category as some kind of 
‘weak’ category, where compositions exist but are not necessarily unique. They are 


b 
unique ‘up to homotopy’ however, in the following sense. Let xo 5 xı and xı > x2 
be two l-simplices in an co-category X, compatible in the sense that doa = dıb 
as indicated. Then a 2-simplex e as follows defines some choice of composition 
y =de: 


If f is another such 2-simplex with do f = b and d2 f = a, defining another composi- 
tion 6 = dı f , then y and 6 fit into a 2-simplex h with a degenerate face doh = s1 x2, 


5 
Xo ——> x2 
X. 


Such a 2-simplex can be obtained by first ‘filling’ the horn A![3] — A[3] depicted 


as 
X0 
Je 
y M 5 
b ob È 
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and taking the face of the resulting 3-simplex opposite x1. 

We will return to this homotopy relation at the end of this section. But first let 
us make the following observation. The nerve of a category is a strict inner Kan 
complex as we have seen, but it is rarely a Kan complex. 


Proposition 5.4 Let C be a small category. Then NC is a Kan complex if and only 
if C is a groupoid. 


Proof Suppose NC is a Kan complex and let f : c — d be a morphism in C. Then 
filling the horns A‘[2] — NC for i = 0, 2 depicted as 


f 


N N 


shows that f has both a left and a right inverse in C, hence is an isomorphism. Since 
f was arbitrary, C is a groupoid. The fact that NC is also a strict Kan complex 
follows easily from the uniqueness of inverses. Now suppose C is a groupoid. To see 
that NC is a Kan complex, consider a horn filling problem 


AF[n] — NC. 


oa 
a 


We already know a unique filling exists for O < k < n. Moreover, for n > 4 there 
is nothing to prove since t maps A‘[n] — A[n] to an isomorphism, as observed 
before. Moreover, for n = 2, k = 0,2, inverses in C provide fillings (see the diagrams 
above), while for n = 1 identity morphisms provide the relevant fillings. Thus, the 
only remaining cases are n = 3, k = 0 and k = 3. For the first of these, this means 
that given a diagram 


nr 


in C in which all faces commute except possibly the bottom one, in fact the bottom 
one commutes as well. This is indeed the case if a is an isomorphism (in fact, being 
an epimorphism suffices). The case k = 3 is similar. m 


In this book another important source of examples of ov-categories is the 
homotopy-coherent nerve construction. It provides further motivation for thinking 
of co-categories as a generalization of the concept of category. 
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Proposition 5.5 Suppose C is a simplicial category for which C(x, y) is a Kan 
complex, for every two objects x, y € C. Then its homotopy-coherent nerve w*C is 
an o-category. 


We postpone the proof of this proposition to Section 6.1, where we prove a more 
general version for simplicial operads and dendroidal sets. 

We conclude this section with a discussion of the category t(X) generated by 
an co-category X. We will sometimes also refer to t(X) as the homotopy category 
of X. For a general simplicial set X, the category t(X) is hard to control, since it 
is only defined by generators and relations. But if X is an inner Kan complex the 
category T(X) is much easier to describe. Indeed, if X has fillers for inner horns, 
we construct a category T;(X) as follows. The objects of tı (X) are the vertices of X 
(like for t(X)). The arrows x — y in T;(X) are equivalence classes of 1-simplices f 
with dof = y and dı f = x, where two such l-simplices f and f’ are declared to be 
equivalent if there exists a 2-simplex e € Xz with dye = f, die = f’ and doe = soy, 
the degenerate 1-simplex on the vertex y: 


Writing [f ] for the equivalence class of f, the composition of two arrows [f] : x — y 
and [g] : y — z is defined to be [A] : x — z, where h = dıb for any 2-simplex b 
with d2b = f and dob = g. One can think of this 2-simplex b as a ‘witness’ to the 
fact that z is a composition of the arrows g and f. 


Lemma 5.6 (i) The relation just defined is an equivalence relation. 
(ii) Two I-simplices f and f’ as above are equivalent if and only if there exists a 
2-simplex b € Xz with dıb = f, dob = f’, and db = sox: 


(iii) The composition described above is well-defined on equivalence classes. 
(iv) The evident functor t\(X) — T(X) is an isomorphism of categories (and we will 
no longer distinguish them in notation). 


Proof The proofs are all elementary horn filling diagrams, which nicely illustrate 
the use of the inner Kan condition. 

(i) Reflexivity of the relation is witnessed by the degenerate 2-simplex b = sıf. 
To see that the given relation is transitive, suppose we are given 2-simplices a and b 
with common inner face dya = dıb = f’ as pictured below: 
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Together with a degenerate simplex on dpA[3], these define a map A?[3] > X. Then 
picking an extension a : A[3] — X and considering the face dzœ shows that f ~ f”. 
Finally, the relation is symmetric: given a 2-simplex e witnessing the relation f ~ f’, 
define a map h : A'[3] —> X which is e on the face opposite the third vertex and 
degenerate opposite the vertices 0 and 2 (as in the picture below). Then the face 
dık of an extension k : A[3] — X witnesses the symmetry (for clarity we label the 
vertices by the objects of [3] rather than x and y): 


(ii) Suppose we are given a 2-simplex e witnessing f ~ f’ as above. Then 


construct a map A?[3] > X 
0 
1 
f 


2 =" 3 


which is e on the bottom face d9A[3], degenerate sof on the face 03A[3] and 
degenerate sı f on the front face ô, A[3]. Then the face d2k of a filler k : A[3] —> X 
shows that f and f’ are related as in the statement of (ii). The converse direction can 
be proved by a very similar argument. 

(iii) Suppose g ~ g’ : y > z are two equivalent 1-simplices (with the equivalence 
witnessed by a 2-simplex a) and f : x — y is another 1-simplex. If b and c are 
2-simplices ‘witnessing’ compositions g o f and g’ o f as in 
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then a, b, and c together define a map A'[3] — X, and the dı face of an extension 
shows g o f ~ g’ o f, as in the picture. A similar tetrahedron, now using (ii) of the 
lemma, applies to show that composition is well-defined on equivalence classes in 
the other variable. Moreover, this proves that composition does not depend on the 
choice of a 2-simplex (b and c in the diagram above). It is now clear that degenerate 
1-simplices act as units for the composition. Finally, to see that composition is 
associative, one fills a horn of the form 


0 
a 
gf K(gf) 
1 
g hg 
o O 
2 7 3 


by taking a 2-simplex for a composition g f on the face d3A[3], a 2-simplex for a 
composition hg on the face doA[3], and finally a 2-simplex for a composition of the 
1-simplices h and g f on the face dı A[3]. Together this defines a map A?[3] — A[3], 
and d2 of an extension gives a 2-simplex equating [h(gf)] with the composition of 
[hg] and [f]. 

(iv) Clearly the relations defining t,(X) are contained in those defining T(X), so 
there is a quotient map t,(X) — t(X) which is the identity on objects (the vertices 
of X) and on generators for the arrows (the |-simplices of X). On the other hand, 
now that we know 1;(X) is a well-defined category, the universal property of T(X) 
gives a functor t(X) — tı(X) satisfying the same properties, so that these must be 
each other’s inverse. m 


5.2 Fibrations Between Simplicial Sets 


The extension conditions defining Kan complexes and co-categories can be gener- 
alized to morphisms between simplicial sets. This generalization will also help us 
to better understand the properties of (inner) Kan complexes themselves, as we will 
see. First we refine our terminology for horns. 
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Definition 5.7 An inclusion A‘[n] — A[n] of simplicial sets is called a horn for 
O < k < n, an inner horn for 0 < k < n, a left horn for 0 < k < n, and a right horn 
fr0 <k <n. 


Definition 5.8 A morphism Y — X between simplicial sets is said to be 


— a Kan fibration if it has the right lifting property with respect to all horn inclusions, 

—a left fibration if it has the right lifting property with respect to all left horn 
inclusions, 

— a right fibration if it has the right lifting property with respect to all right horn 
inclusions, 

— an inner fibration if it has the right lifting property with respect to all inner horn 
inclusions. 


We record the following properties of these fibrations, which are immediate from 
their definitions. 


Lemma 5.9 A composition of Kan fibrations, a pullback of a Kan fibration, or a 
retract of a Kan fibration is again a Kan fibration. The analogous statements hold 
for left, right, and inner fibrations. 


Example 5.10 (a) A simplicial set X is a Kan complex if and only if the unique map 
X — A[O] is a Kan fibration, and an oo-category if and only if that map is an inner 
fibration. 

(b) We will see later that if the map X — A[O] is a left or right fibration, it is 
automatically a Kan fibration (more generally, this is true for any map X — K with 
K a Kan complex). This explains why left or right horns did not feature explicitly in 
the previous section. 


Example 5.11 For a map T — S between topological spaces, the map Sing(T) - 
Sing(S) is a Kan fibration if and only if T — S is a Serre fibration. Indeed, by 
adjunction there is a correspondence between lifting problems 


A‘[n] ——> Sing(T) Af | 7 
Lel E 
A[n] —> Sing(S) | A[n] | ——> S. 


and the right-hand one essentially defines Serre fibrations (see Section 7.2). We will 
come back to the relation between Kan and Serre fibrations in much more detail in 
Chapter 8, also investigating the effect of geometric realization on a Kan fibration. 


Example 5.12 Recall that the nerve NC of a small category C is a strict inner Kan 
complex, and a Kan complex if and only if C is a groupoid. One can ask for a 
functor p : D — C when the corresponding map of simplicial sets ND — NC is 
a fibration of some sort. It follows easily from the uniqueness of inner horn fillings 
that ND — NC is always an inner fibration. 
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The property of ND — NC being a right fibration is related to the classical 
notion of a fibred category, which is defined in terms of cartesian arrows. Let us 
fix an arrow f : c’ ~ c in C. An arrow g : d’ — d in D with p(g) = f is said 
to be a cartesian lift of f if for any arrow h : d” — d in D and any factorization 
p(h) = f o f’ in C, there is a unique arrow g’ : d” — d’ in D with g o g’ = h and 
P(g’) = f. In a picture: 


d” g 

ig’ h Lo 
y É f 

d’ —5 d c’ — c. 


The functor p : D —> C is called a fibred category if for any arrow f : c’ > c in C 
and any object d of D with p(d) = c, a cartesian lift g of f exists. The fibre p~'(c) of 
p over an object c is by definition the subcategory of D given by all arrows mapped 
by p to the identity of c. If each fibre is a groupoid, then p : D — C is called a 
category fibred in groupoids. In a category fibred in groupoids any arrow of D is in 
fact cartesian, as one easily verifies by noting that it is related to a cartesian arrow 
via an isomorphism. Conversely, the reader may like to check that a fibred category 
in which every arrow of D is cartesian is fibred in groupoids. 

We claim that for a functor p : D —> C, the map ND — NC is a right fibration if 
and only if p is such a category fibred in groupoids. Indeed, assume ND — NC is a 
right fibration. Then for any object c in C so is its pullback 


N(p-'c) ——> ND 


l l 


A[0] ——> NC. 


As in the proof of Proposition 5.4, using the right lifting property with respect to horn 
inclusions A?[2] — A[2], it follows that every arrow in p~!(c) has a right inverse, 
which implies that p~! (c) is a groupoid. (To see this, note that each such right inverse 
has itself a right inverse, hence is an isomorphism.) Next, let us consider a lifting 
problem 


A"[n] ——> ND 


lo 


Ala] —> NC. 


Since we are dealing with nerves of categories, this problem is only interesting for 
n < 3 as noted before. For n = 1, to solve such a lifting problem one should provide, 
given an arrow f : c’ — c in C and a lift d € D of c, an arrow g : d’ > d in D 
lifting f. For n = 2 one is given a commutative triangle in C 
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and a partial lift to a diagram in D (without the dashed arrow) 


d” 

ip oe 

vy 

d — d. 


8 


Solving the lifting problem amounts to providing the dashed arrow so that the 
resulting triangle commutes and projects to the given diagram in C under p. To 
conclude that the arrows of D are cartesian, we still have to settle the uniqueness of the 
dashed arrow f above. Suppose we have another candidate f’ for this factorization. 
Then we consider the map A3[3] > ND depicted by 


d” 


f 


J d’ h 


—-_ 


en Cer, y 
d z d 


A liftin 
A3[3] i ND 


ped 


A[3] ——> NC 


proves that the left triangle in the previous diagram commutes, giving the desired 
uniqueness. This concludes the proof that p : D — C is a category fibred in 
groupoids. 

Conversely, if p : D — C is a category fibred in groupoids, we should argue 
that Np is a right fibration. Indeed, we already observed it is an inner fibration, 
so we only need to check the right lifting property with respect to horn inclusions 
A"[n] > A[n] for 1 < n < 3. For n = 1,2 this is clear from the discussion above. 
For n = 3, we should check that in a diagram in D of shape 


172 5 Kan Conditions for Simplicial Sets 


ZN 


with the property that all faces except the one opposite the vertex 3 commute, that 
last one has to commute as well. This property follows from the uniqueness condition 
in the definition of a fibred category. 


Properties like the one discussed for right fibrations in the last example of course 
have dual versions for left fibrations. More generally, if X is an arbitrary simplicial 
set, one can define its opposite as the composition 


Ace eX" 5 Aor 


|x 
XOP 


where rev : A — A is the functor which reverses a linear order. When we view linear 
orders as categories, then rev is the functor sending a category to its opposite. For 
A, this functor is the identity on objects, but acts on an arrow a : [n] — [m] by 


rev(a)(i) = m — a(n — i) for i=0,...,n. 


If X is the nerve of a category, the notion of opposite simplicial set corresponds to 
the usual opposite of a category, i.e., 


(NC)? = N(C®). 


For an co-category X the opposite X°? is again an co-category, which we refer to as 
the opposite co-category. More generally, (—)°? preserves inner fibrations, and turns 
left fibrations into right fibrations (and vice versa). Thus, many properties of left 
fibrations automatically transfer to properties of right fibrations by applying them to 
opposites. 

We conclude this section with a different, much more restrictive notion of fibra- 
tion. 


Definition 5.13 A morphism Y — X between simplicial sets is called a trivial 
fibration if it has the right lifting property with respect to the boundary inclusion 
dA[n] — A[n] for each n > 0. A simplicial set Y is called an acyclic Kan complex 
if Y — A[O] is a trivial fibration. 


We will have ample occasion to discuss the properties of trivial fibrations later in 
this book. For now, we limit ourselves to stating the relation to Kan fibrations and 
considering examples analogous to the ones above. 
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Lemma 5.14 A trivial fibration is also a Kan fibration. 


In particular, this lemma implies that if Y — A[0] is a trivial fibration, then Y is 
a Kan complex, justifying the terminology ‘acyclic Kan complex’ in the definition 
above. 


Proof The lemma follows from the fact that any monomorphism between simplicial 
sets, in particular any horn inclusion A‘[n] > A[n], can be written as a composition 
of pushouts of boundary inclusions of simplices. (In fact, the reader is invited to 
check that a composition of two such morphisms suffices for a horn.) m 


Example 5.15 (a) Let f : T — S be a Serre fibration between topological spaces. 
Then Sing(T) — Sing(S) is a Kan fibration as we observed. It is a trivial fibration if 
and only ifT — S has the left lifting property with respect to any boundary inclusion 
OA” — A” of a topological simplex. This condition is equivalent to the condition 
that f induces an isomorphism moT — 7S, as well as isomorphisms of homotopy 
groups 7,,(T, to) > nn(T, f(to)) for any n = 0 and any choice of basepoint tọ € T. In 
other words, Sing( f) is a trivial fibration if and only if f is a Serre fibration which 
is in addition a weak homotopy equivalence. 

(b) Let C be a category. Then NC is an acyclic Kan complex if and only if 
C is a non-empty contractible groupoid, i.e., a groupoid with the property that 
there is a unique morphism between any two objects. A functor D — C defines a 
trivial fibration ND — NC if and only if it is a category fibred in such non-empty 
contractible groupoids. We leave it to the reader to verify that such a functor is 
precisely an equivalence of categories which is also surjective on objects. 


5.3 Saturated Classes and Anodyne Morphisms 


If Y — X is a fibration of some kind (Kan, inner, left, right) then the defining 
right lifting property of Y — X with respect to certain horns implies that it has the 
right lifting property with respect to many more morphisms. We will state this using 
saturated classes, which we already introduced in Section 3.7. Recall that a class of 
morphisms is saturated if it is closed under pushouts, transfinite composition and 
retracts. If F is a class of morphisms, then the class of morphisms A having the left 
lifting property with respect to F is saturated (Lemma 3.33). Of course, this result 
has dual version for classes of morphisms defined by having the right lifting property 
with respect to a given collection of morphisms. For the various classes of fibrations 
considered before, this was essentially already noted in Lemma 5.9. 


Definition 5.16 An anodyne morphism of simplicial sets is a morphism having the 
left lifting property with respect to all Kan fibrations. Similarly, an inner, left, or 
right anodyne morphism is a morphism having the left lifting property with respect 
to inner, left, or right fibrations, respectively. 
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Thus the class of inner anodyne morphisms in particular contains all inner horn 
inclusions AK[n] — A[n], 0 < k < n, and similarly for the other kinds of anodynes. 
Lemma 3.33 implies the following: 


Lemma 5.17 The class of (inner, left, right) anodyne morphisms is saturated. 


Showing that a given morphism is anodyne is often not accomplished by check- 
ing the defining left lifting property, but rather by building it from simple kinds 
of anodynes, such as horn inclusions. This is similar to how we described a gen- 
eral monomorphism of simplicial sets as a composition of pushouts of boundary 
inclusions of simplices, using skeletal filtration. 


Definition 5.18 Let J be a class of morphisms. Then a morphism f is J-cellular if it 
is a transfinite composition of pushouts of elements of J. 


Note that if J is the set of horn inclusions A‘[n] — A[n], then an J-cellular map 
is in particular an anodyne map. A similar statement applies to maps which are 
cellular with respect to inner, left, or right horns and inner, left, or right anodynes 
respectively. Using the small object argument (as described in Remark 3.38) we 
immediately have the following analogue of a result in Section 3.7. 


Lemma 5.19 Let J be the set of all horn inclusions A‘{n] > A{n]. Then any mor- 
phism f : X — Y of simplicial sets can be factored as 


xz y, 


with i an J-cellular map and p a Kan fibration. The analogous statement is true for 
inner, left, or right horns and inner, left, or right fibrations respectively. 


Lemma 5.20 A map f : A — B of simplicial sets is anodyne if and only it is a retract 
of an J-cellular map, with J the set of horn inclusions A¥[n] > Af[n]. Similarly it is 
inner, left, or right anodyne if and only if it is a retract of a map which is cellular 
with respect to inner, left, or right horn inclusions respectively. 


Proof We repeat the argument of Lemma 3.39, using Lemma 5.19 to obtain the 
relevant factorizations. If f is anodyne, factor it into an J-cellular map followed by 
a Kan fibration: 

A>X ŽB. 
Then one picks a lift as indicated by the dashed arrow in the following square, which 
exists by the assumption on f: 


—> x 


v 


i- -A 


It follows that f is a retract of i. Conversely, any retract of an J-cellular map is 
anodyne because the class of anodynes is saturated. m 


B. 
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We can now characterize the (inner, left, or right) anodyne maps in the following 
way: 


Corollary 5.21 The class of (inner, left, or right) anodyne maps is the smallest 
saturated class containing the (inner, left, or right) horn inclusions. 


Proof The smallest saturated class containing a given collection of morphisms J 
must at least contain all retracts of J-cellular maps, so the statement is immediate 
from the preceding lemma. m 


For this reason, we will sometimes refer to the class of (inner, left, or right) 
anodynes as the saturation of the class of (inner, left, or right) horn inclusions. The 
reader should note that the arguments above have little to do with the specifics of 
horn inclusions, or even simplicial sets. Indeed, they apply to a general collection 
of morphisms J as long as it ‘admits the small object argument’, meaning that a 
statement like Lemma 5.19 applies. 

In the remainder of this section we give some examples of anodyne morphisms 
of various kinds. For the first example, let us write (0 < 1) for the groupoid of two 
objects and one isomorphism between them, and 


J=N(0 e 1) 


for its nerve. The arrow 0 — 1 in this groupoid defines a morphism of simplicial 
sets A[1] > J. 


Proposition 5.22 The morphism A[1] — J is both left and right anodyne. 


Proof A non-degenerate n-simplex of J i s a sequence of non-identity morphisms 
like 


O-1->0->.::--0->1. 


There are four types of such, depending on whether the sequence starts or ends with 
0 or with 1. Any such simplex is obviously a face of one that starts with 0. So if we 
let B™ C J be the simplicial subset generated by the non-degenerate k-simplices 
starting with 0, for k < n, then J is the colimit of the sequence of inclusions 


Af1] = BY cB c BWC... 


Furthermore, B®) c B fits into a pushout of the form 


A°[n] 5 BD 


| 


Aln] ——> B. 
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Indeed, for the non-degenerate n-simplex starting with 0 (i.e., (0 > 1 > --- > 0) 
for n even and (0 > 1 — --- — 1) for n odd), all its inner faces are degeneracies 
of shorter sequences starting with a 0, as is its last face. Moreover, its initial face 
(1 =>0 =>- > 0)or(1 => 0 > --- > 1) cannot belong to B”). This proves 
that A[1] — J is left anodyne. 

One can of course prove in the same way that A[1] — J is right anodyne, now 
adjoining sequences starting with 1. Alternatively, one uses that (—)°? turns left 
anodyne maps into right anodynes and considers the square 


AJP — J? 


A[1] 


Oo 


For our next example, as well as for other instances of anodyne maps considered 
later, the following lemma will be very useful. 


Lemma 5.23 Let E c {0,...,n} be a non-empty subset and let A£ [n] € A[n] be 
the union of all the faces 0;A{n] for i not in E; or, to put it more positively, the union 
of those faces containing all the vertices in E. Then 


(i) AF [n] > Al[n] is an anodyne morphism, 
(ii) AF [n] > A[n] is inner anodyne if E C {1,...,n— 1}, 
(iii) A” [n] > A[n] is left anodyne if E € {0,...,n— 1}, 
(iv) AF [n] > A[n] is right anodyne if E € {1,...,n}. 
Proof Let us prove case (ii). Note that n > 2 in that case. If n = 2 and E = {1} the 
lemma is tautologically true, since the inclusion in question is A![2] — A[2]. We 


proceed by induction on n as well as on the number of elements in E. For larger E, 
write E = Eo U {e}, so that we have a pushout 


d.A[n] n AE[n] ——> 0-Afn] 


{ l 


AE [n] ————> A?[n]. 
Now notice that 0-A[n] N AF [n] — 0-A[n] is the inclusion of the union of all the 


images of the maps a : A[k] — A[n] where œ misses e as well as some element not 
in E. In other words, there are isomorphisms 


deAf[n] A AE [n] —— A”[n - 1] 


( ' 


deA[n] ———> Aln - 1], 
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where we identify Eo with its preimage under ðe : [n — 1] — [n]. Thus, the top map 
in the previous square is inner anodyne by the induction hypothesis, and therefore 
so is the bottom map. Since inner anodyne maps are closed under composition, we 
conclude that AE [n] > A*°[n] > A[n] is inner anodyne. 

The proofs of the other cases are similar. For instance, in case (iii) one observes 
that in the argument above, if e + n then 0.(n — 1) = n. And for case (iv) one notes 
that if e + 0 then 0,(0) = 0. m 


We will need the following to recognize the kinds of inclusions occurring in the 
previous lemma: 


Lemma 5.24 Consider a simplicial subset A C A[n]. Suppose A is not equal to A[n] 
or OA[n] and satisfies the following condition: if F\, . . ., Fg are codimension 1 faces 
of A[n] not contained in A, then also 


Fin. NF GA. 
Then A is equal to A£ [n] for some nonempty subset E C {0,...,n}. 


Proof Consider a non-degenerate m-simplex £ : A[m] — A. It suffices to show that 
there exists a face 0;A[n] so that 0;A[n] € A and £ is contained in 0;A[n]. Indeed, it 
would then follow that A is a union of codimension one faces of A[n] and since we 
assumed A is not 0A[n], it must be of the form A” [n]. So let us write io, . . ., in-m-1 
for the vertices of A[n] which are not in the image of the inclusion 


Afm] 2 A > Aja]. 
Then the image of £ is the intersection 


8, Aln] A -N ði Afa]. 


io İn-m-1 


One of these faces has to be contained in A, because otherwise our hypothesis would 
be violated. Oo 


For our next and last example in this section, consider a small category C and 
two objects a and b in C. Suppose we wish to freely adjoin a new arrow f : a — b 
to get a new category C[f]. This category is the pushout 


{0, 1} ———> C 


if l 


(0 > 1) —> C[f] 


in the category Cat of small categories. It has the same objects as C, but potentially 
many more arrows: the arrows in C[f] are all possible compositions of old arrows 
of C and the new arrow f (including compositions of f with itself if a = b). On the 
other hand, the analogous pushout in simplicial sets 
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dA{1] — NC 


l i 


Aal] —> WOL] 


is simple to understand: besides the simplices in NC it contains just one new non- 
degenerate 1-simplex, namely f. Of course this difference is to be expected, because 
there is no reason why the right adjoint nerve functor should preserve pushouts. 
However, it does preserve this pushout (and similar ones) ‘up to inner anodyne 
morphisms’: 


Proposition 5.25 The canonical morphism (NC)[f | — N(C[f]) is inner anodyne. 


Proof Morphisms in C[f] are composites of the form 


eifaofasf > f 8n 


with all the g; morphisms in C. Let us call a morphism elementary if it is a morphism 
in C, or just f. Let us call an n-simplex 


co 7 CL att On 


in N(C[f]) elementary if all its constituent arrows c; — cj+; are elementary. Then 
any simplex in N(C[f]) is a face of an elementary simplex, because the morphisms 
of C[f] are generated by elementary morphisms. Each non-degenerate elementary 
simplex has a certain number of occurrences of f which we call the height of the 
simplex. Let us write 

AM ¢ N(C[F) 


for the simplicial subset generated by N(C)[f] together with the non-degenerate 
elementary simplices of height at most k. Thus A® = (NC)[f] and M(C[f]) = 
UŁ A), so it suffices to prove that each 


AW 5 A&tD 
is inner anodyne. Write 


Aw = AD c ae oe 


where Ar c N(C[f]) is generated by A“) together with all non-degenerate 
elementary simplices of dimension n and height k + 1. Thus 


© AD = AD and = ASD 2 AM fo nk. 
n 
We claim that for each n > k the map An > A is inner anodyne. To see this, 


list the non-degenerate elementary n-simplices é of height exactly k + 1. For a given 
one 
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E = (co = a 5 ++» Ss en) 

with k + 1 of the g; equal to f, its outer faces doč and dé are still elementary, 
so belong to A . Also, inner faces d;€ for which neither g; nor g;+; is f are 
elementary, so belong to rai as well. However, an inner face d; for which one 
or both of g; and g;4; equal f is not elementary, and it cannot be a face of a non- 
degenerate elementary n-simplex of height k + 1 other than £ itself, nor a face of 
a simplex in A“) of course, because the k + 1 occurrences of f are still there. The 
same reasoning applies to intersections of these particular kinds of inner faces dié, 
showing that they are not contained in rie . Thus Lemma 5.24 applies to show that 
the following square is a pullback as well as a pushout, 


Le Ae [n] — a? 


n-1 


l l 


Lz Afin] ——> ai, 


in which the disjoint union ranges over all the non-degenerate elementary n-simplices 
é of height k + 1. Here we define for each such € the set Eg C {1,...,n—1} to be the 


set of those i for which at least one of g;, gi+1 is f. This shows that ar} > AMY 
is inner anodyne, and hence so is the infinite composition 


a" = AW = AED 2 (Japa, 
n 


This completes the proof. m 


5.4 Products, Joins, and Spines of Simplices 


In this section we will investigate the behaviour of anodyne morphisms (possibly in- 
ner, left, or right) with respect to the formation of products and joins of simplices, and 
analyze the spine of a simplex from the point of view of inner anodyne morphisms. 
The latter analysis will also help to complete the proof of Proposition 5.3. 

We begin with products. Recall from Section 2.5 that a product A[n] x A[m] of 
two simplices is itself a union of (n + m)-simplices 


An] x Alm] = © A[n +m] 


where Tt ranges over the (n, m)-shuffles. These shuffles are injective maps of linear 
orders T : [n + m] —> [n] x [m], which one can think of as ‘staircases’ on an n-by- 
m rectangular grid. By considering the horizontal and vertical steps, each shuffle 
corresponds to a pair of strictly increasing injective maps 
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{1,...,n} = ee ee, ae 


with complementary images. This second perspective connects well with our dis- 
cussion of shuffles of trees in Section 4.1. Indeed, as explained there, one can think 
of [n] (resp. [m]) as a linear tree with n white vertices (resp. m black vertices), and a 
shuffle corresponds to a linear tree with n + m vertices of which n are coloured white 
and m are coloured black. One can equip the set of shuffles with a linear order given 
by the lexicographic order on the image of a. The minimal object in this linear order 
is the shuffle starting with all white vertices and ending with all black vertices, and 
vice versa for the maximal object. If a shuffle o is obtained from another shuffle T 
by shuffling up a black vertex through a white vertex, then t < o in this linear order. 
Throughout this section we will mostly use this last perspective (trees with black and 
white vertices) in our proofs. It facilitates the discussion here and hopefully makes 
the step to dendroidal sets in the next chapter transparent. 

Combinatorial lemmas like the following (and their analogues for dendroidal sets) 
will play a major role in this book. 


Lemma 5.26 For 0 < k < n and any m, the inclusion 
(AK [n] x A[m]) U (A[n] x dA[m]) > A[n] x Afm] 
is inner anodyne. Moreover, it is left anodyne for k = 0 and right anodyne for k = n. 


Proof Let us write A for the domain of the inclusion in the statement of the lemma. 
We will build A[n] x A[m] out of A by adjoining the shuffles of the product in the 
linear order described before the lemma. Consider a shuffle t and let B € A[n]xA[m] 
be the union of A and all the shuffles — or more precisely, the corresponding copies 
of A[n +m] © A[n] x A[m] — occurring before t. As explained, we think of T as 
a linear tree with edges {0,...,m + m} and vertices coloured black or white (white 
corresponding to the first factor A[n], black to the second A[m]). Consider a face 
0;T, for O < i < n +m. Ifi = 0, then this face corresponds to chopping off the first 
vertex of the linear tree corresponding to T. If this vertex is white then Opt factors 
through d9A[n] x A[m], whereas it factors through A[n] x d9A[m] if this vertex is 
black. Similarly, 0,47 factors through 0,A[n] x Afm] or A[n] x 0,,A[m]. If 0;7 is 
an inner face, there are various cases to consider: 


(i) If i corresponds to an inner edge connecting two white vertices, then 0;T is 
contained in 0;A[n] x A[m] for some 0 < j < n. 

(ii) If i corresponds to an inner edge connecting two black vertices, then 0;T is 
contained in A[n] x 0;A[m] for some 0 < j < m. 

(iii) If i corresponds to an inner edge connecting a black vertex to a white vertex 
below it, then 0;T is also a face of the shuffle t’ obtained from t by swapping 
these two vertices (i.e., shuffling up the white vertex). But T’ < 7 in the linear 
order on shuffles, so 0;T is already contained in B. 

(iv) If i corresponds to an inner edge connecting a white vertex to a black vertex 
below it, then 0;T is not contained in B. Indeed, it cannot be contained in A and 
also cannot be contained in an earlier shuffle. 
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This analysis shows that the faces of t not yet contained in B are the ones described 
in (i) in the case where j = k, as well as the faces described in (iv). Write E for the 
collection of these missing faces. Note that all of these are inner faces of T, at least 
in the first case 0 < k < n of the lemma. A similar analysis applies to show that each 
intersection of elements of E is also missing, so that we may apply Lemmas 5.23 
and 5.24 to conclude the existence of a pushout square 


AF [n+m] —— > B 


| | 


A[n +m] — BUT 


in which the vertical map on the left is inner anodyne. Therefore the map on the right 
is inner anodyne as well. Once we have dealt with all the shuffles r in this way, we 
have written 

A> |_JAln +m] = A{n] x A[m] 


as a composition of inner anodyne maps, which proves the first part of the lemma. 

Applying the same analysis in the case k = 0, we see that the collection E of 
missing faces again consists of inner faces and possibly the face pT (only in case 
the shuffle t starts with a white vertex). In that case one concludes that B — BUT 
is left anodyne. When k = n one concludes it is right anodyne. m 


Remark 5.27 For later use, we note that the preceding proof gives slightly more. 
In proving that the map of the lemma is left anodyne for k = 0, we used certain 
pushouts along left horn inclusions A°[n + m] > A[n + m]. It will be important that 
the ‘initial edge’ A[0, 1] of this simplex is mapped to the edge A[0, 1] x {0} of the 
product A[n] x A[m]. In particular, it is degenerate in the second factor, but not in 
the first. A similar (but dual) comment applies to the case k = n. 


Corollary 5.28 For an inner anodyne map i : A — B and a monomorphism j : 
M — N, the pushout-product 


AXN Uaxm BXM—>BXN 


is again inner anodyne. The corresponding statements for left and right anodynes 
hold as well. 


Proof The previous lemma settles the basic case of pushout-products of inner, left, 
or right horn inclusions with boundary inclusions, whereas Lemma 4.23 guarantees 
that the class of pairs (i, j) for which this pushout-product property holds is saturated 
in both variables. o 


Next, we turn to the discussion of joins of simplices and prove a similar (but easier) 
lemma for these. The join of two simplices A[n] and A[m] is denoted A[n] * A[m] 
and defined by 

A[n] x A[m] = A[n + m + 1], 
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where [n +m + 1] is to be thought of as the two linear orders [n] and [m] put next to 
one another as 
O<1<---<n<0' <I’ <. <m. 


In this way, A[n] * A[m] comes equipped with obvious inclusions 
Afa] > A[n+m+1] — Afm], 


which are moreover natural in n and m. The join operation can be extended to 
arbitrary simplicial sets A and B to give a diagram 


A> AxBeB 


natural in A and B. This operation is essentially uniquely determined by the property 
that it behaves as described above on simplices and that A * (—) and (—) x B preserve 
colimits, when viewed as functors from the category sSets to the slice categories 
A/sSets and B/sSets respectively. For readers wishing to see a more explicit con- 
struction of the join of two simplicial sets, we will return to it in Remark 5.31. For 
now, let us observe that 


0;A[n] x Alm] = 0;A[n + m + 1], O<i<n 
as simplicial subsets of A[n + m + 1] and similarly 


A[n] x 0;A[m] = 0n41+;A[n + m + 1], O<j<m. 


Thus 
dA(n] x Alm] = U 6;A[n + m+ 1] 
and 
A{n] * 0A[m] = U d;A[n +m + 1], 
n<j 
so that 


OA[n] x A[m] U A[n] x OA[m] = 0A[n + m + 1]. 


If we take out a face on one side of the join, we observe that for O < k < n and 
O<l<m 


AK[n] x A[m] U A[n] x OA[m] = A*[n + m + 1], 
A[n] x A![m] U 0A[n] x Alm] = A+! in +m + 1). 


In particular, we conclude the following: 
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Lemma 5.29 For any n,m > Qand 0 < k < n, the inclusion 


A¥[n] x Afm] U A[n] * 0A[m] > A[n] * Afm] 


is always left anodyne and inner anodyne for 0 < k. Similarly, for O < 1 < m the 
inclusion 
A[n] * At [m] U dA[n] * Afm] > A[n] * Afm] 


is always right anodyne and inner anodyne for l < m. 
As with Corollary 5.28 one immediately concludes the following: 


Corollary 5.30 For an anodyne map i: A —> B and a monomorphism j: M > N, 
the map 
Ax NU axm Be M > BXN 


is left anodyne, and inner anodyne whenever i is right anodyne. Similarly, 
MxBUmszaNxeA>Nx*B 


is always right anodyne, and inner anodyne whenever i is left anodyne. 


Remark 5.31 For two simplicial sets A and B it is not difficult to describe A x B 
explicitly. Indeed, one has the formula 


(A* B) = ||  4pxBa 
p+q=k-1, p,q2-1 
where A_; and B_, are interpreted as one-point sets. In other words, 
(AxB) =AcUBeU [| [Ap x Bg. 
p+qz=k-l, p,q2=0 


The simplicial structure of A x B is defined as follows. An element € = (&, &) € 
(Ax B), in particular determines p and q with p +q = k — 1, giving an identification 


AP x AY = AK. 


A map a: [/] — [k] then defines (by considering the preimages of A? and A4) a 
compatible decomposition A?’ x A7 = A! and a commutative diagram 


1 Ay*xQa2 


AP k AT SR AP & AT, 


The simplex a*€ is then the element (a3 €1, a3 €2). 


As a third and last topic in this section, we will now discuss spines of simplices. 
In order to define these, let us introduce the following notation. For the representable 
simplicial set A[n] and numbers 0 < ig < --- < ip < n, we write 
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Alfio, . . ip] E A[n] 


for the p-dimensional face spanned by the vertices io, . . ., ip. In other words, it is the 
image of the corresponding map A[p] — A[n]. The spine of A[n] is the union of the 
successive edges 


Sp[n] = A[0, 1] U AI, 2] U +- UA[n — 1,7]. 
In other words, it is the pushout of n copies of A[1]: 
Sp[n] = A[1] Varo) ++ Varo} AL]. 
We also define for each O < k < n the grafting of A[k] and A[n — k] as 
Gr*[n] = A[O,...,k] U A[k,...,n] € A[n]. 
In other words, it is the pushout 
Gr“ [n] = A[k] Vaio) Aln — k], 


where A[0] includes as the final vertex in A[k] and the initial vertex in A[n — k]. Note 
that for n = 2 we have 
A![2] = Sp[2] = Gr'[2]. 


For n = 3, here is a picture of the spine of a 3-simplex: 


0 (0) 
1 — 1 
2 —— >; 3 2—53. 


Lemma 5.32 For any n and any 0 < k < n, the inclusions 
Spln] > Gr*[n] > Afn] 
are inner anodyne. 


Proof For n = 2 this is clear as pointed out above, since the first two simplicial sets 
are equal to A![2]. We proceed by induction on n. Notice that there is a pushout 
square 


Sp[k] H Sp[n - k] ——-+ Sp[n] 


l 


A[k] U A[n - k] ——> Grk[n]. 
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The vertical map on the left is inner anodyne by the inductive hypothesis, so the map 
on the right is inner anodyne as well. It remains to prove that each Gr* [n] > A[n] is 
inner anodyne. To this end form a sequence 


Gr[n] = Ay © Ap C ++- C A, = Afr]. 


Here the simplicial set A, is the union of all p-dimensional faces of A[n] which 
contain k as a vertex, together with Gr*[n]: 


Ay Cr A\U E E | 


The union is over all 0 < q < p and all sequences 0 < ip < ... < ip < n with 
ig = k. (Of course the simplices with iọ = k or ip = k are redundant, since they are 
already contained in Gr« [n].) We claim that A,-1 — Ap is inner anodyne. Indeed, 


if we adjoin to A, the simplices A[io, . . .,ig-1, K, iq+1, . - - , İp ] in the union above one 
by one, each time we form a pushout along a map (isomorphic to) 

A‘[p] > Alp], 
which is an inner horn inclusion. Oo 


Remark 5.33 For a given simplicial set X, consider the class of monomorphisms 
A — B with the property that any map A — X extends uniquely to B, i.e., the class 
of monomorphisms A — B for which 


Hom(B, X) — Hom(A, X) 


is an isomorphism. This class is obviously saturated. So if it contains the inner horn 
inclusions A‘[n] > A[n], 0 < k < n, then it also contains the spine inclusions 
Sp[n] — A[n]. This observation proves the implication (i) = (ii) of Proposition 5.3, 
which we left open at the time. 


It is not true that the saturated class generated by the spine inclusions is the class 
of inner anodyne morphisms. However, this can be fixed by enlarging this class 
slightly: 


Proposition 5.34 Let A be a saturated class of monomorphisms between simplicial 
sets which contains all spine inclusions and satisfies the following additional closure 
property: ifi : A — B and j : B — C are monomorphisms such that i and ji are in 
A, then j is in A as well. Then the class A contains all inner anodynes. 


Proof Since A is saturated it suffices to show it contains all inner horn inclusions 
A[n] > A[n], for 0 < k < n. It will be convenient to prove the slightly more 
general claim that each inclusion AF [n] — A[n] is in A, for E a nonempty subset 
of {1,...,n — 1}. Consider the inclusions 
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Then ji is in A by assumption, so it suffices to show that i is in A. Factor i as 


Spln] + A[n — 1,2] Ud, A[n] > Al] U OpAln] Š AE Ln]. 


We will show that all three of these maps are in A by induction on n. For n = 2 
there is nothing to prove, because they are all identities. For larger n, note that i; is a 
pushout of Sp[n — 1] — A[n — 1] = 6, A[n] and therefore in A. Also, i2 is a pushout 
of 

Afan- 1,n] UALI,...,2-1] > A[1,..., n] = doA[n]. 


This is a map of the form iz again, but for lower n, and therefore in A by the inductive 
hypothesis. Finally, we prove i3 is in A by a further induction on the size of the 
complement of E. If E is {1,...,n — 1} then i3 is an identity and there is nothing 
to prove. Otherwise, pick an element i € {1,...,n — 1} which is not contained in E 
and write E’ = E U {i}. The map 


A Aln] U d,A[n] > AF [n] 


is in A by the inductive hypothesis. Consider the pushout square 


A 4;A{n] —> AF [n] 


l | 


0;A[n] — AF [n]. 


Here the upper left-hand corner denotes the union of all faces of the (n — 1)-simplex 
0; A[n] corresponding to elements of {0,.. Miss .,} not contained in E. Thus, the 
left vertical map is (isomorphic to) an inner horn inclusion, so that the right vertical 
map is in A. It follows that 


dpA[n] U d,A[n] > AE [n] 


is in A as well. o 


5.5 Fibrations Between Mapping Spaces 


The classes of fibrations of various kinds (Kan, inner, etc.) enjoy closure properties 
dual to those of a saturated class of morphisms, cf. Lemma 5.9. For a different 
kind of closure property, dual to the pushout-product property of (inner, left, right) 
anodynes, one considers a fibration f : Y — X and a map u : A — B. Then 
composition with f and restriction along u together induce a morphism 


Y? — X? xya Y^ 
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and one can ask whether this is a fibration again. This will involve checking the 
right lifting property with respect to certain morphisms C — D. In this context we 
observe the following correspondence. 


Lemma 5.35 Consider morphisms A —> B, C —> D and Y —> X. Then there is a 
bijective correspondence between the following three types of commutative squares 
and a diagonal filling (as dashed arrow) exists in one if and only if it exists in the 
other two: 

(B x C) Uaxc (A x D) —3 Y 


po | 


B x D —————_» X 


eea Aa — r’ 
D—s X? xya Y^ B—4 X? xyc YC. 


Proof This follows easily from exponential correspondences such as the one between 
morphisms D — Y? and morphisms B x D — Y, together with the universal 
properties of the pullbacks and pushouts involved. m 


Of course the argument just given applies equally to a hom-tensor adjunction, 
with tensor product not necessarily equal to cartesian product. We can use this lemma 
to construct many fibrations from a given one. We summarize this in the following: 


Theorem 5.36 Consider two morphisms f : Y — X andi: A — B and the induced 
map 
p: y? — x? Xya YA 


Suppose Y — X is a fibration of one of the five types considered (Kan, inner, left, 
right, or trivial). 


(i) Ifi is a monomorphism, then p is again a fibration of the same type. 

(ii) Ifi is an anodyne morphism of the type corresponding to the fibration f, then p 
is a trivial fibration. (Thus, for example, this applies if i is inner anodyne and f 
is an inner fibration. The case of f a trivial fibration is already covered by (i).) 


Proof The statements are all proved in the same formal way; we just prove (i) and 
(ii) for an inner fibration f : Y — X. For (i), we should check that p has the right 
lifting property with respect to inner anodyne morphisms j : C — D. By Lemma 
5.35, this is the case precisely if f has the right lifting property with respect to the 
corresponding morphisms 


BxCUaxc AXD—-BxD. 
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But these are also inner anodyne by Corollary 5.21, so that the conclusion follows 
from the fact that f itself is an inner fibration. For (ii) one uses the same argument, 
now checking the right lifting property of p with respect to arbitrary monomorphisms 
j. The pushout-product of j and i is again inner anodyne, this time because j is a 
monomorphism and i is inner anodyne. m 


We list several special cases of Theorem 5.36. 


Corollary 5.37 Suppose f : Y — X is a fibration of one of the five types considered 
and B is a simplicial set. Then 


p: y? =x? 
is a fibration of the same type as f. 


Proof This is the case A = Ø. o 


Corollary 5.38 Suppose Y is an œ-category (resp. a Kan complex) and B a simplicial 
set. Then Y® is also an œ-category (resp. a Kan complex). 


Corollary 5.39 Suppose Y is an œ-category (resp. a Kan complex) andi: A — B 
a map of simplicial sets. 


(i) If i is a monomorphism, then YË — YA is an inner fibration (resp. a Kan 
fibration). 
(ii) Ifi is an inner anodyne (resp. an anodyne), then Y® — Y^ is a trivial fibration. 


Proof This is the case X = A[0]. m 


We will now run through roughly the same pattern, replacing the product A x B 
of simplicial sets by the join A x B. While the functor 


A X — : sSets — sSets 


has a right adjoint 
(-)4 : sSets — sSets, 


the situation for the join is a bit more subtle. Indeed, A x (—) only preserves colimits 
as a functor 
Ax (—) : sSets — A/sSets, 


so its right adjoint is a functor 


A/sSets — sSets, 


whose value at an object A £, X will be denoted Xq/ or simply Xa; when the map 
q is left implicit. We call X4; the slice of X under A (or under « if necessary). By 
definition, the n-simplices of X4; correspond to maps A x A[n] — X under A. We 
can do the same for the other variable of the join, to obtain a right adjoint to the 
functor 
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(—) x A: sSets > A/sSets, 


whose value at A Š X is X Ja,» the slice of X over A. Note that there are natural 
projection maps 
Xal >x XJA. 


Indeed, since an n-simplex of Xa; corresponds to a map A x A[n] — X, it can 
be restricted along the inclusion A[n] —> A x A[n] to give an n-simplex of X. The 
map X;a — X is defined similarly. In fact, the construction X4; (and also X;4) is 
contravariantly functorial in A. For a map i : A — B, one uses precomposition with 
Ax A[n] > B x A[n] to obtain an n-simplex of X4; from an n-simplex of Xg; and 
similarly for X; 4 and X;g. 


Remark 5.40 The terminology slice refers to the construction of slice categories. 
Indeed, if X is the nerve of a category C and c is a vertex of X (i.e., an object of C), 
then 

Xje = N(C/c), 


with C/c denoting the usual slice category of C over c. More generally, for a diagram 
F : D —> Cand A = ND, the simplicial set X;4 is precisely the nerve of the category 
of cones in C over F. 


We are now ready to state the analogue of Theorem 5.36 for slices. We replace 
the pushout-product map 


AxDUaxc BX C73 BxD 


by the map 
Ak DUsrc BeC > BxD 


and the morphism 
Y?a K gaye 
between mapping spaces by the morphism between slices 


Yg; => XB/ XXa Ya/- 


Remember that our notation is a bit misleading here, because the slice Yg; depends 
on a morphism B — Y which is implicit in the notation. Given such a morphism 
B — Y and morphisms A — Band Y —> X, one obtains morphisms B —> X, A > X 
and A — Y by composition, so that the other slices in the formula above also make 
sense. This convention is implicit in the statement of the following theorem. 


Theorem 5.41 Let f : Y — X be a morphism of simplicial sets and leti: A — B be 
a monomorphism over Y. Consider the map 


P: Yg; => XB/ XXa/ Yaj. 


G) If f is an inner fibration, then p is a left fibration. 
(ii) If f is a right fibration then p is a Kan fibration. 
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(iii) If f is an inner fibration and i is right anodyne, then p is a trivial fibration. 
(iv) If f is a left fibration and i is anodyne, then p is a trivial fibration. 


Proof The proofs of these statements all proceed in the same way, using Corollary 
5.30. For (i), we should solve lifting problems of the form 


C ———> Y 


E 
e. 


D —+ Xs; Xx, Yaj 
where j is left anodyne. But these correspond to lifting problems 


BxCUaxcAxD —3Y 


an 


B x D ———> X 


and the map on the left is inner anodyne by Corollary 5.30, so that a lift exists by the 
assumption that f is an inner fibration. For (ii) we let j be a general anodyne. Then 
the map on the left is right anodyne, so a lift exists if f is a right fibration. For (iii) 
and (iv) one uses the remaining cases of Corollary 5.30 in the evident way. m 


Of course Theorem 5.41 has a dual version for the map 
Yis > XB Xx)4 Yas 


simply by swapping the terms ‘left’ and ‘right’ everywhere. For ease of reference in 
the next section as well as later in this book we list a few special cases. As just noted, 
all these statements will have evident duals, which we will not state explicitly. 


Corollary 5.42 Let f: Y — X be a morphism of simplicial sets and let B be a 
simplicial set over Y. If f is an inner fibration, a right fibration, a left fibration, or a 
Kan fibration, then Yg; — Xp; is an inner fibration, a right fibration, a left fibration, 
or a Kan fibration respectively. 


Proof Note that Yo; = Y and consider the diagram 


Yg; ——> Xg; Xx Y —> Y 


O 


Xg; — X. 


The first horizontal map is a fibration of the relevant kind by items (i) and (ii) of 
Theorem 5.41. Both vertical maps are such fibrations as well: the one on the right by 
assumption and the other because it is a pullback. Since the classes of fibrations of 
the relevant types are closed under composition, the conclusion for the slanted map 
follows. m 
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Corollary 5.43 Let Y be a simplicial set and let i : A — B be a monomorphism over 
Y. 


(i) IfY is an co-category, then Yg; — Y4; is a left fibration. Moreover it is a trivial 
fibration if i is right anodyne. 

(ii) IfY is a Kan complex, then Yg; — Ya; is a Kan fibration. Moreover it is a trivial 
fibration if i is anodyne. 


Proof This follows from Theorem 5.41 by taking X = A[0]. Oo 


Corollary 5.44 Let B — Y be a morphism of simplicial sets. If Y is an c0-category 
(or a Kan complex), then Yg; is also an œ-category (or a Kan complex respectively). 


5.6 Equivalences in oo-Categories 


In the first section of this chapter we gave an explicit description of the homotopy 
category T(X) of an co-category X and we noticed that if X is a Kan complex, then 
every arrow in T(X) is an isomorphism. In this section we will investigate the role 
of isomorphisms in t(X) more systematically. Amongst other things we will prove 
the converse statement to the above, namely that any co-category X for which 7(X) 
is a groupoid is a Kan complex (cf. Corollary 5.51 below). We begin with a few 
definitions. 


Definition 5.45 Let X be an co-category. A 1-simplex a : A[1] — X is called an 
equivalence if the corresponding arrow t(q@) in t(X) is an isomorphism. 


Definition 5.46 (i) A functor f : D — C between small categories is called an 
isofibration if for any isomorphism « : c > c’ in C and any d € D with f(d) = c 
there exists an isomorphism £ : d — d’ in D with f (8) = a. In other words, if every 
commutative square of small categories 


{0} = 


Lae 4 


(0 1) —>4C 


admits a diagonal lift. 
(ii) A morphism f : Y — X between ovo-categories is said to have path lifting for 
equivalences if for every commutative square of simplicial sets 
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in which @ is an equivalence, a diagonal lift as indicated exists and is moreover an 
equivalence in Y. 

(iii) A morphism Y — X between oco-categories is said to have J-path lifting if 
every commutative square 


admits a diagonal lift. (Recall that J is the nerve of the groupoid (0 «> 1) featuring 
in part (i).) 


These three notions are closely related, as we will see. 
Lemma 5.47 Let f : Y — X be an inner fibration between oo-categories. Then f 


has path lifting with respect to equivalences if and only if t(f) : T(Y) > T(X) is an 
isofibration. 


Proof The only if direction is clear. For the converse, consider a commutative square 
as in part (ii) of Definition 5.46. Then t(q@) is an isomorphism in t(X), which lifts 
to an isomorphism T(8) : yo — yı in T(Y) by assumption. Thus f(8) is equivalent 
to œ, as witnessed by a 2-simplex a in X? pictured as follows: 


Since f is an inner fibration, we can find a lift in 


xp — Y 
l 
Ap) + & 


where B is B on 0,A[2] and degenerate on d9A[2]. A diagonal b as indicated will 
produce a l-simplex 8’ = dıb defining the same arrow 1(8’) = (8) in t(Y) and 
with f(6’) =a. o 


A functor f : D — C is conservative if a morphism « in D is an isomorphism 
whenever f(q@) is an isomorphism in C. 


Lemma 5.48 Let f : Y — X be a left or right fibration between o-categories. 
Then t(f) is a conservative isofibration. In particular, if Y — A[0] is a left or right 
fibration then t(Y) is a groupoid. 
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Proof Suppose f is a left fibration. We will first check that any 1-simplex 8 of 
Y for which f(8) is an equivalence is itself an equivalence in Y, i.e., that tT(f) is 
conservative. Let a € X2 be a witness of the fact that t(f(@)) has a left inverse in 
7(X), as in 
f(dop) 
po 
fdp) = fdp). 


Now lift in a diagram of the form 


Ja 


A°[2] = Y 
A[2] —“> x 


to find a 2-simplex b in Y of the form 


doß 
eS 
dp = dL. 


This shows that (8) itself has a left inverse t(dob) in t(Y). The same argument 
applied to this left inverse t(dob) shows that t(dgb) itself also has a left inverse in 
T(Y), so that dob is indeed an equivalence. But then £ is an equivalence as well, 
which proves that t(f) is conservative. To see that it is an isofibration, use the right 
lifting property of f with respect to the horn inclusion A°[1] — A[1] (which is 
simply the inclusion of the vertex 0) to see that for any 1-simplex «œ of X and vertex 
yo of Y with f(yo) = dia, there exists a 1-simplex £ of Y with f(a) = 8. Thus, 
any morphism y of t(X) can be lifted to r(Y) once we have specified a lift of the 
domain of y. If yg is an isomorphism, then this lift is an isomorphism as well, since 
we already proved that t(f) is conservative. o 


Using these two lemmas and the results of the previous sections we can now 
easily deduce the following theorem, which states that inner fibrations between 
co-categories additionally have the right lifting property with respect to certain 
‘exceptional’ horn inclusions. It is the main technical result of this section. 


Theorem 5.49 Let f : Y — X be an inner fibration between oo-categories. Then a 
diagonal lift exists in any commutative square (with n > 2) 


A"{n] 25 Y 


i ae 


Ala] ——> X 
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with the property that the edge B(A[n — 1,n]) in Y is an equivalence. Moreover, a 
similar statement holds for A°{n] —> A[n] under the condition that B(A[0, 1]) is an 
equivalence in Y. 


Proof Note that the statement for A°[n] — A[n] follows from the first statement for 
A" [n] — A[n] by passing to opposite oo-categories. To prove the first, write 


A[n] = A[n — 2] * Af1]. 
Then A”[n] — Afa] is 
dA[n — 2] x A[1] U A[n — 2] x A'[1] > Afn - 2] * Af1], 


and by adjunction the lifting problem of the theorem translates into 


B 
A! [1] —— Yin- 


| I 


A[1] = Yaa(n-2I/ *Xoatn-2) XA[n-2]/- 


The right-hand map is a left fibration between oo-categories by Theorem 5.41 and 
Corollary 5.43. So by Lemmas 5.47 and 5.48, it suffices to prove that @ is an 
equivalence. To this end, consider the projection z from the codomain of @ to Y. 
This projection is the composition of the pullback of a left fibration with the left 
fibration x’ as in the diagram below (see Corollary 5.43): 


Yaa[n-2]/ XXaain—2y XAln-2]/ ——? Xaln-2]/ 


l l 


Yoa{n-2]) —————> Xaan-2]/ 


F 


Y. 


Therefore z is itself a left fibration. The image of @ under this projection is precisely 
B(A[n — 1,n]), which is assumed to be an equivalence. Since left fibrations are 
conservative in the sense of Lemma 5.48, this shows that @ is itself an equivalence, 
which completes the proof of the theorem. m 


Theorem 5.49 has a number of very useful consequences. 


Corollary 5.50 Jf f : Y — X is an inner fibration and X is a Kan complex, then the 
following are equivalent: 


G) f is a Kan fibration, 
(ii) t(f) is a conservative isofibration, 
(iii) f is a left fibration, 
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(iv) f is a right fibration. 


Proof We prove (i) => (iii) => (ii) > (i). The equivalence to (iv) then follows since 
f is a Kan fibration if and only if f°P : YP — X°P is. Now (i) => (iii) is true by 
definition, whereas (iii) => (ii) follows from Lemma 5.48. Now assume (ii). Since 
every edge of X is an equivalence and t(f) is conservative, the same is true of the 
edges of Y. Theorem 5.49 now implies that f has the right lifting property with 
respect to all horn inclusions A‘[n] > A[n] for n > 2. For the case n = 1 (which 
corresponds to ‘path lifting’) one simply uses Lemma 5.47. m 


The following is the special case X = A[0]: 
Corollary 5.51 Let Y be an co-category. Then the following are equivalent: 


(i) Y is a Kan complex, 

(ii) T(Y) is a groupoid, 
(iii) Y — A[O] is a left fibration, 
(iv) Y — A[0] is a right fibration. 


Corollary 5.52 (i) Let Y — X be an inner fibration between œ-categories. Then a 
commutative square 


Afi] > Y 


Lae 
J ARR X 
admits a diagonal filling if and only if b is an equivalence in Y. 


(ii ) In particular, a morphism b: A| 1] — Y into an œ-category extends to J if and 
only if b is an equivalence. 


Proof Part (ii) is the special case where X = A[0]. For part (i), note that the condition 
is clearly necessary, because every 1-simplex in J is an equivalence. Conversely, 
recall that A[1] — J is left anodyne (Proposition 5.22), and in fact a composition of 
pushouts of left horns A°[n] — A[n] for which the (0, 1)-edge of A°[n] is A[1] € J, 
i.e., for which 

A[0, 1] ——> J 


as 


Alfin] —> Afnan] 


commutes. One can now apply Theorem 5.49 to each step of this composition to get 
the desired lift. Oo 


For an co-category X, let k(X) be the simplicial subset of X whose n-simplices 
are the maps € : A[n] — X with the property that every edge of é is an equivalence, 
i.e., foreach O <i < j < n, the edge 


Ela): AE j] = ALL] > X 
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is an equivalence. In particular, k(X) has the same vertices as X. The following 
property now follows immediately from Corollary 5.51. 


Corollary 5.53 The simplicial subset k(X) is a Kan complex. Moreover, it is the 
largest Kan complex contained in X, in the sense that any other Kan complex 
contained in X is in fact contained in k(X). 


Another way of stating this corollary is to say that k is a functor which is right 
adjoint to the inclusion of Kan complexes into oo-categories. Our final corollary of 
Theorem 5.49 concerns the behaviour of this functor with respect to Kan fibrations. 


Corollary 5.54 Let f: Y — X be an inner fibration between ov-categories. Then 
the following properties are equivalent: 


(i) k(f): k(Y) — k(X) is a Kan fibration, 
(ii) tf): tY) > 1(X) is an isofibration, 
(iii) f has J-path lifting, 
(iv) f has path lifting with respect to equivalences. 


Proof The equivalence between (ii) and (iv) is Lemma 5.47, whereas (ii) > (i) 

follows from Corollary 5.50 applied to k(f). We will prove (i) = (iii) = (iv). For 

(i) => (iii) we need to check that a diagonal lift exists in any commutative square 
A[0] 


Ld 


But J — X factors through k(X), since every 1-simplex in J is an equivalence, and 
A[0] — J is anodyne (Proposition 5.22), so that a lift J — k(Y) exists. For (iii) > 
(iv), one considers a square 


Alo] — Y 


Do 


Afi] —“> X 


where a is an equivalence in X. We can extend a to & : J — X by Corollary 5.52 
and then lift as in 


Then £ restricts to the required lift 8 : A[1] —> Y of a. o 


We will conclude this section by investigating equivalences in mapping spaces 
X4, where X is an œ-category and A is an arbitrary simplicial set. Recall that X4 
is also an œ-category (cf. Corollary 5.38). The vertices of X4 are the maps A > X 
and the edges in X“ are homotopies 
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h: A[1] xA —> X 


parametrized by the 1-simplex. So a priori, these homotopies are directed. The edge 
h is an equivalence in X4 if and only if this homotopy can be extended to J. The 
main result of the remainder of this section will be that such a homotopy h is an 
equivalence if and only if it is a ‘pointwise’ equivalence, i.e., if for each vertex 
a € Ao, the edge 

h(-,a): A[1] > X 


is an equivalence. To discuss this point in more detail we introduce the following 
notation. For a simplicial set and its set of vertices Ap, viewed as a (discrete) simplicial 
subset Ag C A, note that 

x4o= |] x 


acg 


and hence 


kx“) = | |o, 


aco 


and define k(A, X) via the pullback square 


k(4, X) —> x4 


l l 


k(X40) ——» xo, 


Thus, k(A, X) consists of those simplices in X^ whose edges are pointwise equiva- 
lences. Clearly 
k(X4) c k(A, X) 


and we will prove that this inclusion is in fact an equality: 


Theorem 5.55 (a) Let X be an œ-category and let A — B be any monomorphism 
between simplicial sets. Then k(B, X) — k(A, X) is a Kan fibration. 
b) In particular, each k(A, X) is a Kan complex, and hence k(A, X) = k(X4). 


Proof Part (b) follows from part (a) applied to the monomorphism Ø — A and the 


fact that k(X4) is the largest Kan complex contained in X4. To prove (a), we should 
show that a diagonal lift exists in any commutative square of the following form: 


Ak[n] —— k(B,X) 


| en 


Aln] ——> k(A,X). 


By adjunction this is equivalent to a lifting problem of the form 
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A¥[n] x B Upetnjxa Aln] x A — X 


where y maps each ‘horizontal edge’ in A[n] x A[m] (automatically in the domain of 
y since n > 0) to an equivalence in X. If 0 < k < n then the map on the left is inner 
anodyne by Corollary 5.28 and the assumption that X is an co-category. For k = 0, 
the map on the left lies in the saturation of the class of monomorphisms of the form 


AK [n] x A[m] Uakin}xad[m] Aln] x Alm] > Afa] x Alm]. 


Lemma 5.26 and Remark 5.27 in turn show that this map is in the saturation of the 
class of inner horn inclusions and left horns whose initial edge is ‘horizontal’, i.e., 
degenerate in the second factor. Since such an edge is mapped to an equivalence by 
y, we find a lift by Theorem 5.49 in case n + m > 2. The only case not yet covered 
isn = 1, m = 0, but then the map under consideration is {0} — A[1]. The desired 
extension exists simply by picking a degenerate simplex of X. A dual argument 
applies for k = n (or one replaces X by X°P). o 


Almost exactly the same argument as in the preceding proof applies to the relative 
case of an inner fibration f : Y — X between ovo-categories, rather than a single 
co-category. The only modification to be made is in the case n = 1, m = 0 at the end 
of the proof. In order for a lift to exist, one now has to assume that f has path lifting 
with respect to equivalences, or equivalently that f has J-path lifting (Corollary 
5.54). 


Theorem 5.56 Let f: Y — X be an inner Kan fibration between ov-categories 
which has J-path lifting. Then for any monomorphism A —> B, the map 


k(B,Y) > k(B, X) Xka, x) k(A, Y) 
is a Kan fibration between Kan complexes. 


For later use we mention the following application of Theorem 5.55. First we 
make an obvious definition: for A C B, two maps 


BS =x 


& 


which agree on A are said to be J-homotopic relative to A if there exists a homotopy 
h: J x B — X making the following diagram commute: 


a ee X. 
l h 


JXB 
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The horizontal map consists of the constant homotopy J x A — A — X between 
fla and gl, and (f, g) on 0J x B = BU B. The vertical map is the evident inclusion. 
This definition in particular applies to the case where A C B is OA[1] € A[1], so 
that f and g represent two arrows in T(X) with common domain and codomain. 


Corollary 5.57 Let X be an co-category and let f, g € X, be two edges with common 
domain and codomain. Then f and g represent the same arrow in t(X) if and only 
if they are J-homotopic relative to their endpoints. 


Proof Suppose f and g represent the same arrow in t(X). Write dı f = x = dig and 
dof = y = dog, so f and g represent arrows x —> y. If f ~ g via a 2-simplex of X 


we can extend this to a map j : A[1] x A[1] — X which sends A[1] x ðA[1] to 


degeneracies, as in 
y =y 
g 
AA 
x x. 


Here the left 2-simplex is the one above and the right 2-simplex is the degenerate 
simplex sog. Thus, j gives a map A[1] — k(A[1], X). In the commutative square 


Atl] ——2—> kA X) 
J Š? K(@AL 1], X) = K(X) x K(X) 


with constant homotopies x,y : J — k(X) on the bottom, Theorem 5.49 gives a 

diagonal lift h, which corresponds to the required homotopy J x A[1] > X. 
Conversely, if f and g are J-homotopic relative to their endpoints, then applying 

T to a homotopy between them immediately shows that [f] = [g] in T(X). m 
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Consider an oo-category X. In the previous section we defined two maps f, g : B > 
X which agree on a simplicial subset A C B to be J-homotopic relative to A if there 
exists a homotopy h : J x B — X making the diagram 
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JxAUOJXB X. 
| A 


JXB 


. . (3 2 f 
commute. Here the top horizontal map is the ‘constant homotopy’ J x A = ASX 
on the first term and ( f, g) on the second. One can also express the existence of such 
a homotopy / as the existence of a solution to the following lifting problem: 


where the bottom map is degenerate with image the vertex f|4 = gļa. Here the 
vertical map on the right is an inner fibration by Corollary 5.39. The horizontal 
maps in this square factor through the maximal Kan complexes k(X*) and k(X4), 
respectively, as would the dashed lift if it exists. Therefore finding a lift is equivalent 
to finding a lift h’ in the diagram below: 


ðA] ——> k(x) 


al | 
| an h’ 


A{1] ——> k(X4). 


Indeed, Corollary 5.52 implies that such an h’ would extend from A[1] to J to give 
the desired lift in the previous square. Observe that the map k(X?) > k(X4) is a 
Kan fibration. 

Notice that if X is itself a Kan complex, then so are X B and X4, while X? — X4 
is a Kan fibration. So in this case f and g are J-homotopic relative to A if and only if 
they are A[1]-homotopic relative to A, in the sense that there is a lift in the diagram 


dA{1] —— x8 


Let 


Afi] ——> X^. 


Also notice that for a general co-category X and A C B as above, the relation on 
maps B — X of being J-homotopic relative to A is an equivalence relation. Indeed, 
the diagram with h’ above shows that this relation coincides with the relation of lying 
in the same connected component of the fibre of the Kan fibration k(X?) > k(X4) 
over the vertex f|4 = gla. 

We will now apply these considerations to the case where A C B is the inclusion 
O0A[n] € A[n] of the boundary of an n-simplex. 


5.7 Minimal oo-Categories and Minimal Kan Complexes 201 


Definition 5.58 (i) Two n-simplices x and y in an oo-category X are said to be 
J-equivalent if, when viewed as maps A[n] — X, they agree on OA[n] and are 
J-homotopic relative to dA[n]. 

(ii) An co-category X is minimal if any two J-equivalent simplices are equal. 


Remark 5.59 By what we said above, replacing J by A[1] gives the same notion of 
equivalence in the case when X is a Kan complex. A Kan complex which is minimal 
as an co-category will of course be referred to as a minimal Kan complex. 


Example 5.60 Let C be a small category. Then its nerve NC is a minimal co-category 
if and only if any two isomorphic objects of € are equal; in other words, if and only 
if C is skeletal. For a general small category D, one can construct a full subcategory 
C which is skeletal by picking precisely one object from each isomorphism class in 
D. The inclusion C — D is an equivalence of categories. 


Our goal in this section is to prove a similar result for co-categories, namely 
that every co-category contains an equivalent minimal subcategory. But first, let us 
discuss some elementary properties of minimal oo-categories. 


Proposition 5.61 (a) Jf X and Y are minimal co-categories, then so is their product 
X xY. More generally, if an c0-category X is the limit of a diagram of minimal 
co-categories, then X is itself minimal. 

(b) If Xo — Xı — --- is a diagram of minimal co-categories, then lim, Xj is again 
a minimal œ-category. The same applies more generally to filtered colimits of 
minimal oo-categories. 

(c) If X is a minimal œ-category, then k(X) is a minimal Kan complex. 

(d) A subcategory of a minimal o0-category is again minimal. 


In item (d), a subcategory of an co-category X is a simplicial subset Y C X which 
is itself an co-category. We omit the easy proof of the proposition. The following 
expresses the key property of minimal co-categories: 


Proposition 5.62 Any J-homotopy equivalence between minimal co-categories is an 
isomorphism. 


Remark 5.63 This proposition in particular implies that if X is a minimal ov- 
category, it cannot contain a smaller oo-category Y such that the inclusion i : Y — X 
is a J-homotopy equivalence. Indeed, a J-homotopy inverse r : X — Y would yield 
a J-homotopy equivalence ir : X — X, which has to be an isomorphism since X 
is minimal. This implies that the inclusion i is surjective, hence the identity. This is 
one explanation of the use of the word ‘minimal’. 


Let us return to the statement of Proposition 5.62. If g : Y — X is a J-homotopy 
inverse to a given J-homotopy equivalence f : X — Y, then gf : X — X is 
an endomorphism which is J-homotopic to the identity. Thus Proposition 5.62 is 
essentially equivalent to the following statement, which we will prove: 


Proposition 5.64 Let X be a minimal oo-category. Then any endomorphism of X 
which is J-homotopic to the identity is an isomorphism. 
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In the proof of this proposition, as well as in the proof of Theorem 5.67, we will 
use the following elementary lemma: 


Lemma 5.65 Consider an inclusion of simplicial sets A C B and an œ-category X. 
Suppose h,k : J x B — X are two J-homotopies such that the restrictions of h and 
k to {0} X BUo}xa J X A agree. Then the maps 


hy, ky :Be{l}jxBox 
are J-homotopic relative to A. 


Proof The assumption can be translated into a commutative square 


A [2] Sy k(x?) 


l l 


A[2] — k(X4). 


Here h Uk denotes the map which restricts to (the adjoint of) the homotopy h 
on A[0, 1] and to k on A[0,2]. Also, / denotes the composition of the degeneracy 
a, : A[2] > Af[1] (collapsing the edge 1 — 2) and the map A[1] € J > k(X4) 
corresponding to h = k : J x A > X. Since k(X®) — k(X4) is a Kan fibration, 
there exists a lift A[2] — k(X) in the square. Its restriction along ô : A[1] > A[2] 
(i.e. the edge A[1,2]) extends to a map J —> k(X®) by Corollary 5.52(ii), which 
gives the required homotopy between hy and ky. Oo 


Remark 5.66 Note that in the statement of Lemma 5.65 we are not assuming that 
the homotopies h and k are constant on J x A. Nonetheless, its conclusion involves 
a homotopy relative to A. 


Proof (of Proposition 5.64) Consider an endomorphism y : X — X for which there 
exists a J-homotopy from ¢ to the identity: 


h:JxX >X, ho = ọ, hı = idy. 


We shall prove by induction on n that ọ restricts to an automorphism of the n-skeleton 
sk„X for every n. Taking the colimit over n then gives the desired conclusion. 
For n = 0 the claim is clear, because by minimality X has only one vertex in 
each J-connected component (i.e., in each connected component of the maximal 
Kan complex k(X)). Suppose we have proved that y restricts to an automorphism 
of sk,-;X. Let us show that the restriction of y to the n-skeleton of X gives an 
isomorphism sk, X — sk,X. 

To see that is injective on sk,,X, take two n-simplices x, y € X, and suppose 
that yx = yy. Then 0x = dy: 0A[n] — X, because g is injective on sk,_|X. The 


J-homotopies 
idxx 


J x A[n] — ge x SX 
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from y(x) to x and 
idxy h 
J xA] — 3 TR >X 


from y(y) to y agree on J x OA[n] (since 0x = Oy) and on {0} x A[n] (where they 
both equal y(x) = ¢(y)). Thus Lemma 5.65 implies that x and y are J-homotopic 
relative to 0A[n]. Minimality of X then implies x = y. 

To complete the proof let us show that ọ : sk, X — sk,X is surjective. Take an 
n-simplex z € Xn. Since y is an isomorphism on the (n — 1)-skeleton we can write 
Oz = gu for a unique u : dA[n] — X. Now consider the homotopy hu : A[1] —> 
k(Xl"1) from ô; to u defined by the map 


ho(idxu) 
A{1] x 0A[n] c J x OAfn] 2E, 


The map k(X4I"l) — k(XI"1) is a Kan fibration by Theorem 5.55, so there exists 
a lift in the following diagram: 


A[O] ——> k(x4l]) 


A 
pan] 


A[1] hg k(x), 
This lift extends to a J-homotopy, again denoted 
g: J—> k(Xx^) 
from go = z to another n-simplex y := gı. Then ôy = u, while g and 


idxy h 
hy: J x A[n] —> Jx X > X 
define two J-homotopies which agree on J x ðA[n] and on {1} x A[n]. By Lemma 
5.65 (or rather its ‘opposite’ version) we conclude that go = z and (hy)o = (y) 


are J-equivalent. Since X is minimal, we conclude that z = y(y), completing the 
proof. m 


The final result of this section establishes the existence of minimal co-categories: 
Theorem 5.67 Let X be an œ-category. Then X contains a minimal ov-category M 


as a strong J-deformation retract. Explicitly, there are maps 


M5X™>M, hi IxX 3X 


with ri = idm and h a J-homotopy relative to M from ir to idx. Moreover, the 
retraction r is a trivial fibration. 


Remark 5.68 Since a retract of a Kan complex is again a Kan complex, the theorem 
also implies that any Kan complex contains a minimal Kan complex as a deformation 
retract. 
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Proof (of Proposition 5.67) The proof of the first part of the theorem consists of an 
explicit construction of M. The second part will then follow relatively easily. We 
will build M C X by inductively defining its skeleta sk, M =: M, together with 
retractions r) and homotopies h, while i will just be the inclusion: 


MO E, x yO, Kh: 7% XO x, 


Forn = 0, start by choosing a single vertex in each connected component of k(X) and 
let M = Mo be the set of these chosen vertices (thought of as a discrete simplicial 
set). Then for each vertex x € Xo there is a unique vertex r(x) € Mo for which there 
is a ‘path’ hy : J — X from r(x) to x. This defines 


rO 


MO ©, xO, MO, pO:JxxO sx, 


which will satisfy the necessary equations for a J-deformation retract, provided we 
choose Ax to be degenerate if x € Mo (so that r(x) = x). 

Suppose now that for n > 0 we have defined M™=), r"—), and AD, We then 
define M to be the simplicial subset of X generated by M" together with a 
chosen collection of n-simplices: we consider the collection of all the simplices 
x € X, whose boundary ðx lies in M”) c XD and which are not fibrewise 
homotopic to a degenerate simplex, and choose precisely one such x in each J- 
equivalence class (in the sense of Definition 5.58). Thus, M®™® fits into a pushout 
square 


U, A[n] —> me) 


l | 


Lx Aln] ——> M” 


where the coproduct is over the set of chosen n-simplices. Next we define r and 
h™, extending r"-)) and hÀ. On simplices of M™ , of course we have to define 
r to be the identity and h) to be the constant homotopy. For a non-degenerate 
n-simplex x € X, which is not contained in M” we proceed as follows. The map 
h-) defines a homotopy 


id he) 
Jx ðAjn] EE yx xe, x. 


(Notice that if ôx happened to be contained in M“"~) then this homotopy is constant.) 


Taking adjoints and restricting along the inclusion A[1] & J defines the bottom 
horizontal map in the following square: 


A[O] ——> kcxalnl 


A 
be] 


A{1] —> k(x®^ln), 
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The right vertical map is a Kan fibration and the left vertical map is anodyne, so we 
may pick a lift f. Thus f defines a homotopy to x from another n-simplex whose 
boundary lies in M”), which we denote by s(x). By the definition of M), there 
exists a unique n-simplex of M™ which is J-equivalent to s(x) and we define r(x) 
to be this simplex. The J-equivalence between s(x) and r™ (x) means that there is a 
homotopy 
g : A[1] > k(X4™) 

relative to ðA[n] such that go = r(x) and gı = s(x). Now f and g together define 


the top horizontal map in the following square: 


guf ai nl) 


A[2] N e J), 


The bottom horizontal arrow is the composition A[2] aa A[1] 3 k(Xĉ^]) where 
the second map is defined by the evaluation of h'"-)) on ôx as above. Again the left 
vertical map is anodyne, so a lift j as indicated exists. Restricting j along the inner 


face A[1] 2 A[2] then defines a homotopy 
A[1] > k(X^™) 


from r(x) to x, compatible with h”) on the boundary 0x. This homotopy can 
be extended along the left anodyne map A[1] — J to finally define a map 


h® : Jx Ajn] > X. 


Doing this for every non-degenerate n-simplex of X defines h™ : J x X™ —> X. 
It remains to show that the retraction r : X — M is a trivial fibration. To this end, 
consider a lifting problem 


ðA[n] = X 
yo} 


Taking the map iv : A[n] — X as the dashed diagonal would make the bottom square 
commute, since riv = v. However, the top triangle would only commute up to the 
homotopy / from the first part of the theorem: it gives a homotopy 


h, : J = XA 


from ivj = iru to u. As before, we can use that the right vertical map in the square 
below is a Kan fibration to find a lift: 
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A[O] —*> k(xalnl 


ot 
po | 


J Tius k(xlrl), 


This map f is a J-homotopy from fọ = iv to a map fı which agrees with h, on the 
boundary dA[n]. Since hy : J > XAl"l is a J-homotopy from ir fı to fı agreeing 
with h, on the boundary, Lemma 5.65 implies that iv and ir fı are J-equivalent n- 
simplices of X. Applying the retraction r then gives J-equivalent simplices riv = v 
and rir fi = r fi. By minimality of M we conclude that v = r fı. Hence fı can be 
used as the diagonal filling in the lifting problem above. m 


5.8 Minimal Fibrations Between co-Categories 


Under suitable conditions, the notions and results of the previous section can be 
extended to the ‘relative’ case where X is not simply an inner Kan complex, but 
rather an inner fibration X — S over a ‘base’ S. A property of co-categories playing 
a crucial role in the proofs in the ‘absolute’ case of the previous section is the fact 
that for an co-category X and inclusion of simplicial sets A > B, the map X? > X^ 
is an inner fibration with J-path lifting, and hence the induced map k(X?) > k(X4) 
is a Kan fibration (Theorem 5.55). In this section we will need the relative version 
of this fact, as expressed by Theorem 5.56. We will refer to an inner fibration with 
J-path lifting more briefly as a J-fibration. Thus, for co-categories X and S, a map 
X — Sis a J-fibration if and only if it is an inner fibration for which k(X) > k(S) 
is a Kan fibration (Corollary 5.54). Also if X — S is a J-fibration, then so is 
XB — X^ xşa SP for any monomorphism A —> B. 

For a J-fibration p : X — S and a monomorphism i : A — B, we call two maps 
f.g : B — X over S (i.e., pf = pg) fibrewise J-homotopic relative to A if there is 
a homotopy h : J x B — X from f to g which restricts to the constant homotopy 
J Xx A —> A —> X on A and composes to the constant homotopy J x B — B —> S to 
S. More concisely, h is a map making the following diagram commute: 


ay —Y2 s x? 


Lo] 

J — > X^ xga SP. 
Here the bottom horizontal map is the constant map with value (f|,4, pf) = (gla, p2). 
Thus, the existence of such a fibrewise homotopy h is equivalent to f and g, as 


vertices of XË, being in the same connected component of the relevant fibre of the 
Kan fibration 


K(X?) > k(X4 xa SP) = k(X4) xy k(S?). 


5.8 Minimal Fibrations Between co-Categories 207 


Note that if p : X — S is itself a Kan fibration, then so is X? _, x4 XA SB, 
and this last fact does not require X and S to be cv-categories. Thus in this case two 
maps are fibrewise J-homotopic if and only if they are fibrewise A[1]-homotopic. 
This makes the notion of minimal fibration we consider in this section slightly more 
versatile in the case of Kan fibrations, since it does not require the base S to be an 
co-category. 

For the following we again consider the special case where A C B is the boundary 
inclusion dA[n] € Afa]: 


Definition 5.69 Let p : X — S be a J-fibration between co-categories or a Kan 
fibration between general simplicial sets. 


(a) Two n-simplices x, y € X, are fibrewise J-equivalent if, when viewed as maps 
A[n] — X, these simplices are fibrewise J-homotopic relative to 0A[n]. (In 
particular, px = py and x and y agree on 0A[n].) 

(b) The map p : X — S is a minimal J-fibration (or a minimal Kan fibration if p is 
a Kan fibration) if any two fibrewise J-equivalent simplices are equal. 


Notice that if S = A[0] then these definitions agree with the absolute versions of 
the previous section. We will now state the following two basic results. Their proofs 
are straightforward adaptations of the proofs given in the previous section and will be 
omitted. In any case, in Section 6.8 we will state a more general result for dendroidal 
sets and include a detailed proof. The remainder of this section will focus on some 
properties which cannot be formulated in the absolute case. 


Proposition 5.70 Let p : X — S and q : Y — S be minimal J-fibrations between 
co-categories. Then any fibrewise J-homotopy equivalence p : X — Y over S is an 
isomorphism. The same is true for minimal Kan fibrations between general simplicial 
sets. 


Here we have used the evident terminology, where g is a fibrewise J-homotopy 
equivalence over S if there exists another map y : Y — X over S such that each of 
the compositions yy and wy is fibrewise J-homotopic to the identity. 


Theorem 5.71 Let p : X — S be a J-fibration between œ-categories. Then there 
exists a minimal J-fibration q : M — S which is a fibrewise J-deformation retract 
of X — S. Moreover, the retraction is a trivial fibration. The same applies to a Kan 
fibration between arbitrary simplicial sets. 


To be completely explicit, the theorem provides maps 


M5X3M and h:JxXX>X 


such that ho = ir, hy =idxy,poh=pom:JxX —> S,andho(idy xi)= iom : 
JxM-— X. 

Now let us turn to some closure properties of the class of minimal J-fibrations 
between co-categories. The same properties hold for minimal Kan fibrations between 
arbitrary simplicial sets and we will not state these separately. 
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Proposition 5.72 (a) Consider a pullback square of c0-categories 


| 


S. 


Y —> 
q 
E i 
If p is a minimal J-fibration, then so is q. In particular, the fibres of a minimal 
J-fibration are minimal œ-categories. 
(b) Let 
X% —> Xi — 


l 


S 


be a sequence of minimal J-fibrations over an œ-category S. Then lim, X> S 
is also a minimal J-fibration. 

(c) If {X; > Shier is a collection of minimal J-fibrations over an œ-category S, 
then U;X; — S is again a minimal J-fibration. 


The proofs of these are elementary and left to the reader. The following expresses 
a kind of ‘homotopy invariance’ for minimal J-fibrations, somewhat analogous to 
the homotopy invariance of fibre bundles over paracompact topological spaces. 


Proposition 5.73 Let p : X — S be a minimal J-fibration between ov-categories. If 
f.g: T — S are two J-homotopic maps from an ov-category T, then the pullbacks 
f*p and g*p are isomorphic minimal J-fibrations over T. 


Proof (of Proposition 5.73) Write Yp (resp. Y,) for the pullback of X along f (resp. 
g) and write h : J XT — S for a J-homotopy from f to g. By Proposition 5.70 it 
suffices to prove that Yp and Y, are J-homotopy equivalent over T. In fact we will 
prove that Yp (and similarly Y,) is J-homotopy equivalent over T to the pullback Yy 
of X along h. For this, consider the pullback square 


= 47, 
[ire 


pS JxT, 


The bottom arrow is part of an obvious J-deformation retract. Therefore the top 
arrow is as well by the following lemma. m 


Lemma 5.74 Consider a pullback square 
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in which the right vertical map is a J-fibration between oo-categories. If i is part of a 
J-deformation retract of X onto A, then likewise j is part of a J-deformation retract. 


Proof Write the J-deformation retract of X onto A as 
A>X5A, hidIxX 3X 


with ri = ida, ho = idx, hı = ir, and ho (id Xi) = im, : JX A — X. Then 
k := ho (idx p) is a J-homotopy from p to irp. Let / be a lift in the following square: 


Jmm 


JxBU{0}xY =r 
oe 


Le 


{27 —* s X. 


Such a lift exists because in the adjoint lifting problem the map YY — Y? xxs XY 
is again a J-fibration. Now l; has the property that pl, = kı = irp, so that lı factors 
uniquely as js for some map s : Y — B. Then sj = idg because jsj = hj = j 
and moreover js = lı is J-homotopic (via l of course) to lọ = idy. This proves the 
lemma. Oo 


Corollary 5.75 A minimal J-fibration p: X — S for which S is J-contractible is 
trivial, in the sense that it is isomorphic to one of the form M x S = S for a minimal 
co-category M. 

Proof In the statement, J-contractible means that S admits a J-deformation retract 


onto A[0]. The corollary follows from Proposition 5.73 by using that the identity 
map of S is J-homotopic to a constant map. m 


As for the earlier results, if p: X — S is a Kan fibration one may replace J by 
A[1] and the condition that X and S are co-categories is unnecessary in Proposition 
5.73, as well as in the lemma used in its proof. In particular, we find the following 
variant of the previous corollary: 


Corollary 5.76 A minimal Kan fibration p: X — S between simplicial sets, for 
which S is A[1]-contractible, is trivial. 


In particular the corollary applies when S is a standard simplex A[n]. This fact is 
often expressed by saying that a minimal Kan fibration p: X — S (with S arbitrary) 
is locally trivial. This is yet another indication that the theory of minimal fibrations 
resembles that of topological fibre bundles. 


Historical Notes 


The extension (or lifting) condition that defines a Kan complex (or Kan fibration) 
first appeared in Kan’s paper [95], although in the context of cubical sets. The switch 
to simplicial sets and the development of homotopy theory in this language was made 
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soon after that [118, 96, 97, 98]. The notion of an inner Kan complex (also called a 
weak Kan complex) was first singled out by Boardman—Vogt [21]. Joyal studied the 
notion of inner Kan complex (under the name quasi-category) in [92] and proved 
many of the basic results contained in the present chapter, among which the crucial 
Theorem 5.49. Lurie’s book [105] uses the terminology oo-category like we do here 
and is the most comprehensive reference. It develops the analogue of a substantial 
portion of category theory in this more sophisticated context. 
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Chapter 6 spate | 
Kan Conditions for Dendroidal Sets 


In this chapter we study extension conditions for dendroidal sets and lifting conditions 
for maps of dendroidal sets which parallel the conditions for simplicial sets of the 
previous chapter. The structure of this chapter follows the same plan to stress the 
analogy. The proofs of various pushout-product properties, which we develop in 
Section 6.3, become more technical in the case of dendroidal sets. 


6.1 Dendroidal Kan Complexes and co-Operads 


We begin by discussing the dendroidal analogues of the various Kan conditions of 
the previous chapter. Suppose T is a tree and 0,7 is an elementary face of it. Then 
we define the horn A*[T] to be the subobject of the representable dendroidal set 
Q[T] which is the union of all faces of T except 0,T. If 0,T is an inner face of T, 
contracting some inner edge x, we will call the corresponding horn A*[T] an inner 
horn. It will also be convenient to have terminology for leaf horns. These are horns 
of one of the following two types: 


(1) ahorn A”[T] for T a tree with at least two vertices and v a leaf vertex of T, 
(2) for a corolla C,, the inclusion of its leaves 


|| n> Ac. 


t=1,....n 
At the opposite end, we define a root horn to be a horn of one of the following types: 


(1) a horn A’[T] for T a tree with root vertex r, where r has precisely one inner 
edge attached to it (so that the root face of T exists), 

(2) for a corolla C,, the inclusion of its root and all but one of its leaves (say the kth 
one): 


|| 27> QI. 
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Definition 6.1 A dendroidal set X is a dendroidal Kan complex if any map from a 
horn A*[T] — X admits an extension to a map Q[T] — X. Ina diagram: 


a — X. 
vi 


J 


Q{T] 


A dendroidal set X is an co-operad or a dendroidal inner Kan complex if it satisfies 
this condition for every inner horn inclusion. It is a dendroidal left Kan complex 
if it satisfies the extension condition for every inner or leaf horn. Finally, it is a 
dendroidal right Kan complex if it satisfies the extension condition for every inner 
or root horn. We will say X is a strict Kan complex if the necessary extensions are 
unique and similarly for strict inner, left, or right Kan complexes. 


As with oo-categories, one should think of co-operads roughly as ‘weak’ operads 
where composition is only defined up to homotopy. We will discuss these in much 
more detail later. The notion of a dendroidal right Kan complex will play a far less 
prominent role for us than that of a dendroidal left Kan complex. In fact there is 
an asymmetry here which was not present for simplicial sets. In the simplicial case 
our definitions and results for left horns and left fibrations had evident duals for 
right horns and right fibrations, simply by using the automorphism of the category 
A which reverses the order of a simplex. This automorphism does not extend to an 
automorphism of the category of trees Q, so that there is no natural notion of the 
‘opposite’ of a dendroidal set. 

The reader should note that Definition 6.1 generalizes our definitions for simplicial 
sets in the following sense: for a horn inclusion of simplicial sets A% [n] — A[n], the 
corresponding map 

AŽ [a] > iAfn] 


is a horn inclusion of the dendroidal set i,A[n] represented by the linear tree i[n]. 
Moreover, i, sends inner horns to inner horns, left horns of the form A°[n] to leaf 
horns, and right horns of the form A”[n] to root horns. This simple observation has 
the following consequences: 


Lemma 6.2 If X is a dendroidal (left or right) Kan complex, then i*X is a Kan 
complex. If X is an c0-operad, then i*X is an cv-category. Also, if M is a simplicial 
set which is an inner Kan complex, then iiM is a dendroidal inner Kan complex. 
This last conclusion does not extend to dendroidal (left or right) Kan complexes. 


Proof The first two sentences follow immediately from the remark preceding the 
lemma and the adjunction between the functors i, and i*, combined with the fact that 
if i*X — A[0] is a left or right fibration of simplicial sets then it is automatically 
a Kan fibration (cf. Corollary 5.51). For the third sentence, consider an extension 
problem 
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A [T] — iM 


with A°[T] an inner horn of T. The horn A°[7] in particular contains every corolla 
C, corresponding to a vertex v of T. Because any dendroidal set admitting a map 
to 7 = 1,A[0] ‘is’ a simplicial set (in the sense that is in the image of i;) each such 
corolla must be linear, i.e., each vertex v has precisely one input edge. It follows 
that the entire tree T is linear, so it is of the form i[n]. Because i; is a fully faithful 
functor, this lifting problem corresponds to one in the category of simplicial sets, 
where it admits a solution by assumption. This line of reasoning fails for leaf horns 
(and for root horns by similar reasoning). Indeed, consider a corolla C, with n + 1 
and a lifting problem 


Mi=... — iiM 


where the vertical map on the left is the inclusion of the leaves of C,,. The horizontal 
map simply picks out a collection of n vertices of M; in particular there exist such 
maps (as long as M is non-empty). However, a map as indicated by the dashed arrow 
cannot exist because C,, is not a linear tree. Oo 


We now list some basic examples of co-operads and dendroidal (left) Kan com- 
plexes. We will then spend most of the remainder of this section checking that these 
examples indeed satisfy the necessary extension conditions. 


Example 6.3 (a) Let P be an operad in Sets. Then its nerve NP is a strict dendroidal 
inner Kan complex (or strict co-operad). We will prove this below in Proposition 
6.4. Recall that an operad P always defines an ‘underlying category’ j*P, simply by 
discarding all non-unary operations of P, and the simplicial set i* NP coincides with 
the strict inner Kan complex N j*P. 

(b) Let C be a symmetric monoidal groupoid. One can associate to it the operad 
C® with 

C®(c1,...,Cn3 d) = Cle, @ +++ 8 Cn; d). 


Then the nerve NC® is a dendroidal left Kan complex, not necessarily strict. We will 
come back to this example and related ones in Section 9.6, but the special case of a 
discrete groupoid features in Example 6.10(e). Of course the underlying simplicial 
set i*NC®, being simply the nerve of the groupoid C, is a Kan complex which is 
strict as an inner Kan complex (i.e., all fillers for inner horns are unique). 

(c) A Picard groupoid C is a symmetric monoidal groupoid in which every object 
is invertible with respect to the tensor product, i.e., for every X € C there exists an 
XY e C such that X @ XY is isomorphic to the unit 1 of the symmetric monoidal 
structure. The dendroidal set NC® is a dendroidal left Kan complex by (b), but it 
is in fact a dendroidal Kan complex. This implication can be reversed; if C is a 
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symmetric monoidal groupoid for which NC® is a dendroidal Kan complex, then C 
is a Picard groupoid. We will come back to this example in Section 9.7, as well as in 
Example 6.10(f) in the case of a discrete groupoid. 

(d) Let P be a simplicial operad with the property that for any two colours x, y of 
C, the simplicial set P(x, y) is a Kan complex. Then the homotopy-coherent nerve 
w*P is an co-operad, as we will demonstrate in Proposition 6.5 below. 


The following is the generalization of Proposition 5.3 to dendroidal sets. Its formu- 
lation uses the notion of the spine of a tree T, which generalizes the corresponding 
notion for simplices we discussed in the previous chapter. Roughly speaking, the 
spine Sp[T] of T is the union of all its corollas. More precisely, every vertex v of 
T defines a subtree C, of T with one vertex (namely v), the output edge of v as its 
root, and the input edges of v as its leaves. With this notation, Sp[T] is the following 
subobject of Q(T]: 

SpIT] := U Q[C,]. 
veV(T) 
Proposition 6.4 For a dendroidal set X, the following are equivalent: 


(i) X is a strict inner Kan complex. 
(ii) For each tree T, the map 


Xr = dSets(Q[T], X) — dSets(Sp[7], X) 


is an isomorphism. 
(iii) X is isomorphic to NP for some operad P in Sets. 
(iv) The unit X — Nt(X) is an isomorphism. 


Proof We postpone the proof of the equivalence between (i) and (ii) to a more 
systematic discussion of the relation between inner horns and spines in Section 6.3 
(see Remark 6.40 specifically), although the motivated reader can take this as a 
useful exercise in the combinatorics of horn inclusions of trees. We will prove the 
other fairly elementary equivalences now. The implication (iv) = (ii) is more or less 
direct from the definition of the nerve functor and the fact that the operads Q(T) are 
free. Indeed, suppose X satisfies (iv). To prove X satisfies (ii) it suffices to check that 
for any operad P and a tree T, the map 


dSets(Q[7], NP) — dSets(Sp[T], NP) 


is an isomorphism. This is easily verified by recalling that a T-dendrex of NP is 
essentially described by a labelling of the edges of T by colours of P and of each 
vertex of T by an operation of P with the appropriate in- and outputs (see Example 
3.20(e) for a precise discussion). An alternative way to phrase this argument is by 
saying that 

t(Sp[T]) > r(Q(T)) = Q(T) 
is an isomorphism of operads, which is yet another way to say that the operad Q(T) 


is free. Now suppose X satisfies (ii). Then define an operad P with X, as its set of 
colours as follows. For x1, . . ., Xn, y E€ X}, an operation 
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pe P(x1,..., Xn} y) 


is a corolla €, € Xc, whose leaves are precisely x1, . . ., Xn and whose root is y. For 
another such operation 


q € P(Y.. -, Ym; Z) 


with y; = y, one defines the composition q o; p as the operation corresponding to 
the restriction to the inner face of the map 


$4°yi€p 
OQ[Cn Oi Cn] and X, 


with Cm 0; Cn the tree obtained by grafting Cn onto the ith leaf of Cm. That such a 
map exists and is uniquely determined by p and &, follows from the assumption that 
X satisfies (ii). To see that this composition defines an operad one has to check the 
various axioms; for associativity of composition one uses trees obtained by grafting 
three corollas together, the others are straightforward. Consider the commutative 
square 


Xr ——————> NPr 


l l 


dSets(Sp[T], X) ——> dSets(Sp[T], NP). 


The right-hand vertical map is an isomorphism, as we verified above when proving 
(iv) => (ii). The bottom horizontal map is an isomorphism by construction and the 
left-hand map is an isomorphism by hypothesis. Therefore the top horizontal map is 
an isomorphism, showing that X = NP. The implication (iii) = (iv) works exactly 
as in the proof of Proposition 5.3. m 


An important source of co-operads is the homotopy-coherent nerve construction. 
In fact, in Part II of this book we will demonstrate that in an appropriate sense this 
construction gives an equivalence of homotopy theories between simplicial operads 
and co-operads. The first result in that direction is the following: 


Proposition 6.5 Let P be a simplicial operad such that for every tuple of colours 
(x1, ---, Xn, yY) of P the simplicial set P(x,...,Xn;y) is a Kan complex. Then its 
homotopy-coherent nerve w*P is an œ-operad. 


Proof We should check that for an inner horn inclusion A°[T] — Q[T] of a tree T, 
there exists a lift in any square of the following form: 


wiA[T] — P. 


A 
7 
oa 
a 
va 
a 


wi QT] 


We will use the explicit description of the functor w, given in Example 3.20(i) and 
Section 3.5.3, as well as the notations S/e and e/S used in Example 3.20(i). In 
particular, recall that for a tuple (c1, . . ., Cn, d) of edges of T, there is an equality of 
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simplicial sets 
(wQ(T)\(c1,....¢nsd) = ALLY, 


where J(S) is the set of inner edges of the maximal subtree S$ of T with leaves 
C1,---,Cn and root d (if such S exists, otherwise this simplicial set is empty). The 
morphism of operads w, Af [T] — wQ[T] induces an isomorphism of simplicial sets 


(MATT ])(c1,.--5€nsd) = (MQ[T]\(c1, - - -5 ens d) 


for any tuple of colours (c1, . . ., Cn, d), except when cj,..., Cn is precisely the col- 
lection of leaves of T and d is the root of T. Indeed, in all other cases, the relevant 
maximal subtree S (if it exists) with leaves c),...,c, and root d factors through 
some outer face of T and is therefore already contained in A°[T7]. In the exceptional 
case, the map above can be identified with the inclusion 


vcoay™, 


where V is the union of the subcubes of the following two types: 
(a) The subcubes 
MyO-w 24 apy 


where f ranges over the set /(T) — {e}, and the inclusion gives the edge f the 
coordinate 0. Each such cube is contributed by the inner face 0¢T of T. 
(b) For each inner edge f of T, the subcube 


Myr S any. 
This subcube arises from the ‘composition along f’ map 
A yo- e? = Afr) x Aen > AO, 


where both factors arise from trees (namely T/f and f/T) which are contained 
in outer faces of T and hence in A°[T]. 
To provide a solution to our original lifting problem, it suffices to show that a lift 
exists in the following (with c1, . . ., Cn the leaves and d the root of T): 


V — > P(c... Cn; d). 


Ajo 


The simplicial set on the right is a Kan complex by assumption, so it suffices to show 
that the left vertical map is anodyne. To do this, write 


A eee: |) ants Alsen 
fer-te) 
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for the ‘boundary’ of the cube A[1]/7~'¢! and note that the inclusion V > A[1]/” 
can be identified with the pushout-product map 


{1} x ALLO u apy x aa Eteh S apy. 


This map is right anodyne by Corollary 5.28. m 


Remark 6.6 For the reader familiar with the homotopy theory of simplicial sets, the 
preceding proof can also be concluded by observing that the inclusion V —> A[1]/ 
is a weak homotopy equivalence of simplicial sets. Indeed, the domain and codomain 
are easily seen to be weakly contractible. We will return to arguments of this kind 
in Part II of this book, once we study the homotopy theory of simplicial sets more 
seriously. 


We conclude this section with a description of t(X) in the case where X satisfies 
the dendroidal inner Kan condition. We will sometimes refer to T(X) as the homotopy 
operad of the co-operad X. The following discussion parallels the one at the end of 
Section 5.1. 

For an co-operad X we will define an operad 1,(X) and prove it is naturally 
isomorphic to 7(X). First we need the notions of root homotopy and leaf homotopy. 
Say £, ¢ € Xc, are two n-corollas of X. Write T, for the grafted tree Cı o Cn, pictured 


as follows: 
1 Aa 
v 
0 
if 


r| ‘i, 


Observe the evident identifications Cn = ôwTn (chopping off the root), Cn = ôoTn 
(contracting the edge 0), and Cı = 0,T (chopping off v and its leaves). We say £ and 
é are root homotopic if there exists an element y € Xr, such that: 


e The dendrex dy € Xc, is degenerate. 
e Under the identifications described above, d,,w = € and dow = €¢. 


More precisely, we say y is a root homotopy from é to ¢ and write € ~, ¢ to indicate 
the relation of root homotopy. In case n = 1, so that T is linear, this notion reduces 
to the homotopy relation we used in Section 5.1. Also, write Sn, for the grafted tree 
Cn 0; C1. The following is an illustration of Sņ,1: 
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There are identifications Cn = ôw; Sn,i (chopping off the leaf vertex w; connected to 
i and its leaf) and C,, = ôiSn, i (contracting all the input edge i of v). Also, the vertex 
wi determines a corolla isomorphic to C1. We say £ and ¢ are leaf homotopic if there 
exists i and ọ € Xs, , such that: 


n,i 


e The restriction of ọ to the unary corolla with vertex w; is a degenerate corolla of 
X. 
e Under the identifications described above, dip = and dy, = ¢. 


In this case g is said to define a leaf homotopy from £ to Z, indicated by the notation 
E~ 6. 
We are now ready to define the operad t(X). The set of colours of tı(X) is X}. 
The set of operations 
Ti(X (x1, ..- Xn; Y) 


is a quotient of the set of pairs (é, p) with € € Xc, an n-corolla of X and p a 
planar structure of C, (i.e. a linear ordering of its leaves), such that the sequence 
of leaves of é in the chosen ordering is precisely (x1, . . ., Xn) and its root is y. The 
quotient is determined by the equivalence relation that has (£, p) ~ (¢, q) precisely 
if there is an automorphism o of C, (i.e. a permutation of its n leaves) such that 
o*p = q, the permutation o leaves the sequence (x1, . . ., Xn) invariant, and o*é is 
root homotopic to ¢. Composition in 7;(X) is defined using the fact that X satisfies 
the inner Kan condition. Indeed, for two operations a € tı(X)(x1, .. -, Xn; Yi) and 
b € %|(X)(1,---,¥m3Z) with 1 < i < m, represented by pairs (é, p) and (2, q) 
respectively, the composite operation b oy, a is represented as follows. Consider the 
grafted tree T = Cm 0; Cn and pick a dendrex @ € Xr such that T restricts to € on Cn 
and to ¢ on Cm. Such a 6 exists since X is inner Kan. Clearly p and q define a planar 
structure t on T and b oy, a is represented by the pair (d;0,t), with d;0 the inner 
face of 0. That our definitions give a well-defined operad t,(X) which is moreover 
isomorphic to t(X) is guaranteed by: 


Lemma 6.7 Assume X is a dendroidal inner Kan complex. 


(i) The relation of root homotopy is an equivalence relation. 
(ii) Two corollas of X are root homotopic if and only if they are leaf homotopic. 
(iii) The composition of operations in t(X) described above is well-defined on 
equivalence classes and gives tı(X) the structure of an operad. 
(iv) The evident morphism tı(X) — t(X) is an isomorphism. 


Proof This lemma is a generalization of Lemma 5.6 to dendroidal sets; the reader 
might find it instructive to compare the proofs. 

(i) Reflexivity € ~, £ follows from considering dendrices of shape T,, which are 
degenerate at the root; more precisely, for € € C, and 0 denoting the root of Cn, 
the degenerate dendrex soč shows that € is root homotopic to itself. To see that the 
relation of root homotopy is transitive, suppose we have n-corollas é, €2, and &3 
of X, and dendrices y, y € Xr, expressing root homotopies é; ~, & and é ~r & 
respectively. Consider the tree R, obtained by grafting an n-corolla onto a linear tree 
i[2] with two vertices: 
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Define a map f from the inner horn A’[R,,] to X as follows: 


e f sends the outer face ô, R„ chopping off v and its leaves to the degenerate dendrex 
of shape i[2] with colour that of the root edge of €; (which is the same as that of 
&2 and &3). 

e f sends the inner face d)R, to g. 

e f sends the root face „Rn to y. 


Since X satisfies the inner Kan condition, f can be extended toa map g : Q[R,| > X. 
The restriction of g to the face 0,R, now defines a root homotopy from é to &3. 
It remains to prove symmetry of the root homotopy relation. So suppose y € Xr, 
defines a root homotopy from £ to ¢. With R,, as above, define a map f from the 
inner horn A°[R,] to X as follows: 


e f sends the outer face 0,,R, to the degenerate dendrex of shape i[2] with colour 
that of the root edge of £. 

e f sends the inner face ô, R, to the degenerate dendrex soé. 

e f sends the root face ôu Rp to Q. 


As before, f can be extended to a map g : Q[R,| — X. Restricting g to the face 
OoRn defines a root homotopy from ¢ to é, as desired. 

(ii) Suppose y € Xr, is a dendrex giving a root homotopy £ ~, ¢ between two 
corollas €, ¢ € Xc,,. Consider a tree R,„,ı as follows: 


h| 
SRA 
1 pan 
u 


0 


r 


Rn,1 


In words, R„,ı is obtained from the corolla C, by grafting a 1-corolla onto its root and 
another one onto the leaf labelled 1. Note the evident identifications ôw, Rn. = Th 
and 0,,Rn,1 S Sn,1. Define a map f from the inner horn A? [Rn,1] to X as follows: 


e f sends the outer face ôw, Rn,1 to Q. 
e f sends the inner face ô; R,,; to the degenerate dendrex soé. 
e f sends the root face ôu Rn,1ı to the degenerate dendrex sé. 
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Extend f toa map g : Q[R,1] — X. Then the restriction of g to dgRn,1 provides a 
leaf homotopy € ~; ¢. Conversely, to see that leaf homotopy implies root homotopy 
one uses an entirely analogous argument, now exploiting the existence of a filler for 
an inner horn of the kind AŻ [Ri]. 

(iii) Suppose we have elements 


a € Ti(X)X(x1, . - -, Xn; yi) and b € 71 (X)(y1, .--, Ym; Z). 


Say (é, p) is a representative of a and (Z,q) and (¢’, q’) are two representatives of 
b, so that there exists a dendrex y € Xr, giving a root homotopy č ~, ¢’. As 
in the definition of composition before the lemma, suppose we have picked pairs 
(6, t) and (6’,t’), with @ and 6’ dendrices of X of the shape Cm °; Cn, so that the 
inner faces of 6 and 6’ represent the compositions of (4, q) and (¢’, q’) with (£, p) 
respectively. To show that these two represent the same element, consider the grafted 


tree U = C1 o Cm °; Cn (illustrated here for i = 1): 


We will tacitly make the obvious identifications of the kind 0,U = Tm. Define a map 
f from the inner horn A[U] to X as follows: 


e f sends the leaf face 0,,U to y. 
e f sends the inner face 09U to 0’. 
e f sends the root face 0,,U to 8. 


Pick an extension of f toa map g : Q[U] — X. Then the restriction of g to 0),,U 
defines a root homotopy showing that (6, t) and (0’, t’) represent the same operation 
of tı(X). To see that composition is independent of the chosen representative of 
a one uses a similar argument, now exploiting the existence of a leaf homotopy 
between any two representatives (&, p) and (€’, p’), which is guaranteed by (ii). 

(iv) This is now formal and follows by an argument of the same kind used in the 
proof of Lemma 5.6. m 


6.2 Fibrations and Anodyne Morphisms Between Dendroidal 
Sets 


The extension conditions of the previous paragraph all have relative versions, defining 
corresponding notions of fibrations between dendroidal sets. As with simplicial sets, 
these various kinds of fibrations will play a central role in what follows. 
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Definition 6.8 A morphism Y — X between dendroidal sets is said to be 


—a dendroidal Kan fibration if it has the right lifting property with respect to all 
horn inclusions of trees, 

— a dendroidal inner fibration if it has the right lifting property with respect to all 
inner horn inclusions of trees, 

— a dendroidal left fibration if it has the right lifting property with respect to all leaf 
and inner horn inclusions of trees, 

— a dendroidal right fibration if it has the right lifting property with respect to all 
root and inner horn inclusions of trees. 


We will omit the adjective ‘dendroidal’ when no confusion can arise. 


As already remarked before, the notion of dendroidal left fibration will be much 
more important for us than that of dendroidal right fibration. For the record we 
mention the following obvious fact: 


Lemma 6.9 Each of the classes of fibrations just defined is closed under composition, 
pullback, and retracts. 


Example 6.10 (a) A dendroidal set X is an co-operad precisely if the unique map to 
the terminal dendroidal set X — 1 is an inner fibration. Here we use the standard 
convention of writing | for the terminal object. Recall from Example 3.20(f) that 
1 = NCom for the category of dendroidal sets. 

(b) Contrary to the case of simplicial sets, a left fibration of dendroidal sets over 
the terminal object X — 1 is not automatically a Kan fibration, as is witnessed by 
the difference between parts (b) and (c) of Example 6.3. 

(c) For a morphism of operads f : P — Q, the dendroidal nerve N f is an inner 
fibration. This follows easily from the fact that NP and NQ are strict inner Kan 
complexes, so that fillers for inner horns are unique. 

(d) Let P be an operad in Sets and A a P-algebra. Recall the nerve N(P, A) of 
Example 3.20(h): a T-dendrex of N(P, A) is a T-dendrex £ € NPr together with a 
labelling of each leaf / of T by an element x; E€ Agi). Assigning to such a dendrex 
the element € defines a map of dendroidal sets 


za : N(P,A) > NP, 


which is a left fibration. Indeed, it is an inner fibration as a consequence of example 
(c) above. For a lifting problem 


A’[T] — ae A) 


La 


ofr] — NP 
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involving a leaf horn (so v is a leaf vertex of T) one argues as follows. Since the 
bottom horizontal arrow already defines the necessary T-dendrex € € NP7, all that 
is necessary is to give an appropriate labelling x; E€ Ag) of each leaf / of T. The leaf 
horn A’ [7] in particular contains all the leaves of T, so that this labelling is uniquely 
determined by the top horizontal map. 

(e) Consider a commutative monoid A. In other words, A is a Com-algebra in 
Sets. Then N(Com, A) is a dendroidal left Kan complex. This is a special case of 
(d) above, and simultaneously a special case of Example 6.3(b) by considering A 
as a discrete symmetric monoidal groupoid. Note that a dendrex € € N(Com, A) is 
simply a labelling of each leaf / of T by an element x; € A. 

(f) Let A be an abelian group. By the previous example, the dendroidal set 
N(Com, A) is a dendroidal left Kan complex. It is in fact a dendroidal Kan com- 
plex. This example is also a special case of Example 6.3(c). To see explicitly that 
N(Com, A) has the extension property with respect to root horn inclusions, first 
observe that there is nothing to prove for a root horn of a tree T with at least two 
vertices; in that case the dendroidal set A’ [T] already contains all the leaves of T, so 
that any map A’[T] — N(Com, A) extends uniquely to Q[T]. The remaining case is 
where T = C,, is a corolla and we consider a horn inclusion of the kind 


LI n =: R > Q[C,], 


i=0,...,k,....n 


missing one of the leaves of C,,. Suppose we have a map f : R — N(Com, A), which 
corresponds to elements f(i) € A fori + k. To extend it to Q[C,,| we should give an 
element f(k) € A such that f(1)+---+ f(n) = f(0) in the abelian group A. Clearly 
the only possibility is 


FK = FO- (FO) +--+ FR t+ + FQ). 


Remark 6.11 There is a generalization of Example 6.10(d) involving the notion of 
an operad cofibred in groupoids, a notion which generalizes the fibred categories of 
Example 5.12. Fibred categories D — C are closely related to pseudofunctors on 
C, and similarly such operads cofibred in groupoids are closely related to (a weak 
kind of) algebras. More precisely, for a map of operads f : P — Q the nerve Nf 
is a left fibration of dendroidal sets if and only f exhibits P as an operad cofibred 
in groupoids. Since we will not need the details of this notion we leave them to the 
reader. We will come back to the connection between left fibrations over a dendroidal 
set X and ‘X-algebras’ in Section 14.8. It turns out that left fibrations are an excellent 
tool to study the homotopy theory of such algebras. 


Recall that a trivial fibration of dendroidal sets is a map which has the right lifting 
property with respect to all normal monomorphisms or, equivalently, with respect 
to all boundary inclusions of trees 0Q[T] — QO[T]. Since all of the fibrations of 
Definition 6.8 are defined in terms of right lifting properties with respect to certain 
normal monomorphisms, we immediately obtain the following: 
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Lemma 6.12 A trivial fibration of dendroidal sets is in particular a dendroidal Kan 
fibration (and hence also a left, right, and inner fibration). 


Let us also record the following evident generalization of Lemma 6.2: 


Lemma 6.13 Jf f is a dendroidal inner (or left, right, Kan, trivial) fibration, then i* f 
is an inner (resp. left, right, Kan, trivial) fibration of simplicial sets. Conversely, if g 
is an inner fibration of simplicial sets, then i,g is an inner fibration of dendroidal sets. 
However, this conclusion does not extend to left, right, Kan, and trivial fibrations. 


In Section 5.3 we discussed anodyne morphisms of simplicial sets. The general 
theory of lifting properties and saturated classes carries over without change; we 
will now collect the corresponding facts for dendroidal sets. After that we discuss 
several examples of anodynes which will be useful throughout this book. 


Definition 6.14 An anodyne morphism of dendroidal sets is a morphism having the 
left lifting property with respect to all dendroidal Kan fibrations. Similarly, an inner, 
leaf, or root anodyne morphism is a morphism having the left lifting property with 
respect to inner, left, or right fibrations, respectively. 


Lemma 6.15 The class of anodyne morphisms is saturated, and similarly for inner, 
leaf, and root anodyne morphisms. 


The small object argument still applies and yields the following: 


Lemma 6.16 Let J be the set of all horn inclusions of trees A*[T| > Q[T]. Then 
any morphism f : X — Y of dendroidal sets can be factored as 


¥O757 


with i an J-cellular map and p a dendroidal Kan fibration. The analogous statement 
is true for inner horns and inner fibrations, as well as for leaf and inner horns and 
left fibrations, and similarly for right fibrations. 


Furthermore, the same arguments used in Section 5.3 give: 


Lemma 6.17 A map f : A — B of dendroidal sets is anodyne if and only it is a 
retract of an J-cellular map, with J the set of horn inclusions A*|T] > Q[T]. It is 
inner anodyne if and only if it is a retract of a map which is cellular with respect to 
inner horn inclusions, and similarly for leaf and root anodynes. 


Corollary 6.18 The class of anodyne maps is the smallest saturated class containing 
the horn inclusions. The analogous statements apply to the classes of inner, leaf, and 
root anodynes. 


We will now discuss several examples of anodyne morphisms. The proof of the 
following lemma is straightforward, but we postpone it until after a discussion of 
spines of trees in Section 6.5 (see Remark 6.43). 
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Lemma 6.19 Consider a tree with at least one vertex. Then the inclusion 


n > QUT] 
leleaves(T) 


of the leaves of T is a leaf anodyne morphism. This includes the case where T is 
closed and hence has no leaves, where one takes the domain of the map above to be 


empty. 
We will often make use of the following kind of generalized inner horn inclusions: 


Lemma 6.20 Let T be a tree and let E be a non-empty subset of the set I(T) of inner 
edges. Write AF [T] c Q[T] for the union of all the faces 0,Q{T] for x not in E. 
In other words, AË [T] is the union of those faces of T which contain all the inner 
edges in the set E. Then the inclusion AE [T] > Q[T] is a composition of pushouts 
of inner horn inclusions. In particular it is an inner anodyne morphism. 


Proof The proof is by induction on the size of E. If it consists of a single element 
e, then AF [T] = A®°[T] and the inclusion into Q[T] is inner anodyne by definition. 
For larger E, pick an element e € E and write E’ = E — {e}. It suffices to prove that 
each of the two inclusions 


AF [T] c AF [T] c Q{T] 


is a composition of pushouts of inner horn inclusions. For the second map this is the 
inductive hypothesis. The first map fits into a pushout square 


AF'[a.T] —> A®[T] 


l | 


Q[0.T] —— AFT]. 


Note that the notation in the upper left corner makes sense, because the elements of 
E’ are also inner edges of the tree ôT. The left vertical map is a composition of 
pushouts of inner horns by the inductive hypothesis. m 


There is an evident variant of the preceding lemma for leaf anodynes: 


Lemma 6.21 Let T be a tree and let L be a non-empty subset of the set of leaf 
vertices of T. Write AŁ[T] © Q[T] for the union of all the faces of T except for the 
leaf faces corresponding to elements of L. Then the inclusion A{T| > Q[T] is a 
composition of pushouts of leaf horn inclusions of trees. In particular it is a leaf 
anodyne morphism. 


Proof The proof proceeds by induction on the size of L, using the same technique 
as in the previous lemma. Now one uses that if L = L’ U {v}, then there is a pushout 
square 
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A” [ôT] —> MIT] 


l l 


Qô, T] ——> AY [T]. 


Oo 


In practice we will recognize the dendroidal sets of the kind A¥ [T] as follows: 


Lemma 6.22 Consider a dendroidal subset A C Q[T]. Suppose A is not equal to 
Q(T] or Q(T] and satisfies the following condition: if F\,..., Fg are elementary 
faces of T not contained in A, then also 


Fi N: FR ZA. 
Then A is equal to AV [T] for some nonempty subset of faces V of T. 


Proof Consider a nondegenerate dendrex é : Q[S] — A. It suffices to show that 
there is some elementary face 0,7 of T so that Q[0,T] C A and £ is contained in 
Q[0,.T]. Indeed, it would then follow that A is the union of elementary faces. Since it 
is not equal to OQ[T], it must be a horn of the form AV [T]. To establish the existence 
of a suitable face ôT we reason as follows. Consider the collection of all elementary 
faces F}, . . ., Fa which contain the dendrex é. Then £ is contained in the intersection 


FiA. NA Fk 


and hence our assumption guarantees that at least one of these faces is contained in 
A. Oo 


We will conclude this section with a generalization of Proposition 5.25 to den- 
droidal sets. Consider an operad P in sets and a collection of colours c1, . . ., Cn, d of 
P. We can freely adjoin a new operation f from (c1, . . ., Cn) to d to get a new operad 
P[f]. To be precise, this operad is the pushout 


Hizo... ——> P 


l | 


Q(Cn) ——> PIS] 


in the category Op of operads. The vertical arrow on the left is the inclusion of the 
colours 0,...,7 of the operad Q(C,,), whereas the top horizontal arrow sends 0 to 
d and i to c; fori > 1. This new operad P[f] has the same colours as P, but many 
more operations: the operations in P[f] are all possible compositions of operations 
of P with the new operation f (including possible compositions of f with itself). As 
was the case with simplicial sets, the corresponding pushout 
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of dendroidal sets is much simpler to understand: the only ‘new’ non-degenerate 
dendrex of (NP)[f] compared to NP is precisely f. As with simplicial sets, the 
process of adjoining a new operation in this way is not preserved by the nerve 
functor, but it is often preserved up to an inner anodyne morphism: 


Proposition 6.23 If P is Ł-free, then the canonical morphism (NP)[ f] > N(P[f]) 
is inner anodyne. 


Proof We will generalize the proof of Proposition 5.25, which the reader might wish 
to refer to for comparison. The operations of the operad P[f] are generated from f 
and those of P by forming compositions and imposing the relations dictated by P. 
We call an operation of P[f] elementary if it is simply f or when it is in the image 
of the inclusion P € P[f]. We call a dendrex € € N(P[f])r elementary if for every 
vertex v of T, the corolla é, € N(P[f])c, corresponds to an elementary operation of 
P[f]. Then any dendrex of N(P[f]) is an inner face (possibly of high codimension) 
of some elementary dendrex, because the operations of P[f] are generated by ele- 
mentary operations under composition. Every non-degenerate elementary dendrex 
é of N(P[f]) features a certain number of occurrences of the operation f, which we 
call the height of £. For k > 1 write 


A“) c NPIN) 


for the dendroidal subset generated by (NP)[f] together with the non-degenerate 
elementary dendrices of height at most k. Thus A® = (NP)[f] and U,A® = 
N(P[f]), so it suffices to prove that 


AW = At) 
is inner anodyne for every k. We will decompose this inclusion further as 


W = AD © AD © AD ©... (k+l) _ (k+l) 
APSA CA CAN cee, | AP EAR 


L 


where Ay is the dendroidal subset of N(P[f]) generated by A“ together with the 
non-degenerate elementary dendrices of height k + 1 corresponding to trees with at 
most i vertices. We claim that each of the maps 


AED 54 ARTD 
i-l i 


is inner anodyne. For i < k this map is the identity and there is nothing to prove. For 
i > k, consider a non-degenerate elementary dendrex é of height k + 1 and ‘size’ i. 
We observe the following: 
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e Any outer face (leaf or root) of é is still elementary, but of smaller size, and hence 
contained in a ; 

e Any inner face contracting an inner edge between two vertices which correspond 
to operations of P (i.e. do not correspond to f) is still elementary and hence 
contained in Fate ; 

e Any inner face contracting an inner edge between two vertices of which at least 
one corresponds to f is no longer elementary and cannot be contained in a : 

Also, it cannot be an inner face of another non-degenerate dendrex € of height 

k + 1 and size i, unless it is isomorphic to £. Similar statements apply to any 


intersection of such inner faces. 


These observations, together with Lemma 6.22 and the fact that P is Ł-free, imply 
that there is a pushout square 


Ute AT — 4” 


l l 


Ue) QT] ——> a”, 


where the coproduct is over isomorphism classes of non-degenerate elementary 
dendrices € of height k + 1 and size i. Here for each such £ the set Ez is the set of 
inner edges which connect to at least one vertex corresponding to the operation f. 
The pushout square above shows that Ae” > a is inner anodyne and hence 


A“) — A“ is inner anodyne as well. m 


6.3 Tensor Products and Anodyne Morphisms 


We will now investigate the behaviour of various kinds of anodyne morphisms with 
respect to tensor products. This section is rather technical, but the results we prove 
are central to the development of the homotopy theory of dendroidal sets. 

Recall from Section 4.1 that the tensor product of two representable dendroidal 
sets Q[S] and Q[T] can be described as a union of shuffles. According to Proposition 
4.8 a shuffle A of S and T is completely determined by its set of edges E(A), which 
is a subset of the product of sets of edges E(S) x E(T). The subset E(A) satisfies 
several conditions, of which the crucial one is that the path from a minimal element 
(s, £) to the maximal element (rs, rr) is a shuffle (in the more classical sense) of the 
two linear orders corresponding to the paths from s to rs in the tree S and ¢ to rr in 
the tree T. Many of the combinatorial proofs that we carry out involve an induction 
on the shuffles of a tensor product of trees. For this it is useful to equip this set with 
an ordering. As already explained in Section 4.1 the set of shuffles of S and T can be 
partially ordered in such a way that the minimal element is the shuffle consisting of 
copies of S grafted on top of the leaves of T and the maximal element is the shuffle 
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built by grafting copies of T on top of the leaves of S. The partial order is generated 
by the relations A < B whenever B is a shuffle obtained from A by ‘shuffling a vertex 
of S down through a vertex of T’, or equivalently “shuffling a vertex of T up through 
a vertex of S’. We will use this partial ordering (or sometimes its opposite) in our 
proofs. 

As we did when discussing tensor products, we will often abbreviate the notation 
for representable dendroidal sets from Q[T] to T in order to avoid excessive cluttering 
of notation. The following is the analogue of Lemma 5.26: 


Lemma 6.24 Consider trees S and T and let e be an inner edge of S. Suppose that 
S or T is linear, or that both S and T are open. Then the pushout-product 


A*[S]@TUS®06T > SQT 


is a composition of pushouts of inner horn inclusions. In particular it is inner 
anodyne. 


The proof of this lemma requires some rather elaborate combinatorics. The reader 
might wish to refer back to the simpler proof of Lemma 5.26 while working through 
it, also noting that Lemma 5.26 is a special case of the result we shall prove shortly. 
The proof will make use of the following notion: 


Definition 6.25 A pruning of a tree T is a subtree P C T whose root coincides 
with that of T. In other words, P is obtained from T by iteratively chopping off leaf 
corollas. 


Proof (of Lemma 6.24) The assumptions on S and T guarantee that the map under 
consideration is a normal monomorphism, using Propositions 4.21 and 4.26. Let us 
first treat the case where S and T are open. The other cases are similar and we discuss 
the necessary modifications at the end of the proof. Write ve for the top vertex of the 
edge e in S. In other words, ve is the unique vertex which has e as its outgoing edge. 
If R is a shuffle of S and T, it will contain one or several vertices of the form ve 8 t. 
Such a vertex has as its outgoing edge e 8 t and we will call these special edges. In 
other words, special edges are the highest occurrences of edges of the form e ®t, for 
t ranging over the edges of T and highest meaning furthest from the root. 

We will construct a rather elaborate filtration of the map of the lemma. To begin 
with, write 

Ao := A [S] TUS 8 OT. 


We will think of Ap as a subobject of S @ T, which is justified by the first sentence 
of this proof. Arbitrarily choose a linear ordering on the set of shuffles of S and T 
which extends the partial order described before the statement of the lemma. Adjoin 
these shuffles one by one in the chosen order to obtain a filtration 


Ape Ape AGS ws, | JA: = Ser. 
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Thus, A; is the union of Ao with the first i shuffles. We will show that each of the 
inclusions A; C A;+ is a composition of pushouts of inner horn inclusions. Say A;+1 
is obtained from A; by adjoining a shuffle R. Define a further filtration 


Aj =: AOC A} CAP Ce, Jt = Ais 


J 


by adjoining the prunings of R one by one, in an order which extends the partial 
ordering of inclusions of prunings. Consider a step A e At +l in this filtration given 
by adjoining some pruning P. Denote by 2p the collection of inner edges of P 
which are also special edges. Without loss of generality we may assume that Xp is 
non-empty. Indeed, if it were empty then either P contains no special edges at all 
or they are leaf edges. In both cases P cannot contain any vertex of the form ve ® t, 
which implies P factors through e/S & T (where e/S is the tree obtained from S by 
chopping off everything above e). But then P is also contained in A°[S] @ T and the 
inclusion A (e Al +l is the identity. 
Recall that /(P) denotes the set of inner edges of P and write 


J(P) := (P) - Ep. 


For each subset H C J(P), write P? for the tree obtained from P by contracting 
all edges in the complement J(P) — H. In particular, P’“”) = P. Pick a linear order 
on the collection of subsets of J(P) which extends the partial order of inclusion and 
adjoin the trees PŽ to A} in this order to obtain a further filtration 


Al = Ae AP Gal Cou: 


i > 


LK _ 4j — alti 
Jah =alup= alt 
k 


Finally we will now argue that each inclusion Ale ie Ae) is a composition of 
pushouts of inner horn inclusions. The inclusion under consideration is given by 
adjoining some tree of the form P”. If the map 


P” => ST 


factors through Aue then this inclusion is the identity and there is nothing to prove. 
If it does not, we can say the following: 


(1) Any outer face of P? chopping off a leaf corolla factors through a smaller pruning 
and is therefore contained in Ave by our induction on the size of prunings. 

(2) The root face of P”, if it exists, is contained in Ag. Indeed, it deletes all 
occurrences of the root vertex of either S or T in P. 

(3) Any inner face of P” which contracts an inner edge f which is not special is 
contained in P?’ with H’ = H — { f} and is therefore contained in Abe by our 
induction on the size of H. 

(4) Finally, any inner face Q of P? contracting a special edge e 8t (or multiple such 
special edges) cannot be contained in ALE. We will prove this in (a)-(c) below. 
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It follows from these four observations and Lemma 6.22 that Aus C Ae is a 
pushout of the map 


Aœ [P] > PY, 


which is a composition of pushouts of inner horn inclusions by Lemma 6.20 as 
desired. It remains to verify the following: 


(a) The face Q cannot be contained in A*[S] & T. If it were, then Q would be 
contained in 0, S ®T for some face yS of S other than the inner face eS. Since 
Q is obtained from P” by contracting one or several edges of the form e ® t, 
this would imply that P” itself is contained in xS &® T. This is a contradiction, 
because we assumed that P¥ is not contained in Ag. 

(b) The face Q cannot be contained in S @ OT. Indeed, suppose Q is contained in 
S & 0,T for some face 0,T of T. If 0,T is the root face (assuming it exists) then 
P” itself must be contained in S ® ôT, giving a contradiction. If ôT is a leaf 
face chopping off some leaf vertex w, then Q cannot contain any vertices of the 
form s ® w or vertices arising from such by contracting inner edges in P. But 
then since S is an open tree, such vertices also cannot occur in P”. It follows 
that P¥ is also contained in S @ ôT, which is a contradiction. Finally, consider 
the case where 0,7 is an inner face of T contracting some inner edge t. Write 
w for the top vertex of t. The tree Q cannot contain any edges of the form s & t 
for s ranging through the edges of S. Hence the only possible occurrences of 
edges s @ t in PË are special edges (which have been contracted to form Q). It 
follows that s = e. The edge e & t in P has top vertex ve ® t. All the edges in P 
of the form s @ t above ve ®t must have been contracted to form P¥ (since P? 
and Q ‘look the same’ above the special edges). But then P” factors through an 
earlier shuffle, in which the vertex w is shuffled down all the way through ve. In 
particular P” is contained in A;, a contradiction. 

(c) By (a) and (b) it follows that Q is not contained in Ap. Also it cannot factor 
through an earlier shuffle because of how special edges are defined, in particular 
the fact that their top vertex is of the form ve ® t, ‘a vertex of S’. Indeed, the 
tree P” is not contained in an earlier shuffle by assumption, and contracting 
special edges in PŽ can only create overlap with shuffles in which ve has been 
shuffled down. Thus Q is not contained in A;. Given this, it is clear that Q 
cannot be contained in Al for j’ < j because of the size of the pruning P under 


consideration, and also it cannot be contained in AS "for k’ < k: if it were, then 


P# is evidently contained in Ae as well, which is a contradiction again. 


This completes our proof under the assumption that S and T are open trees. The 
assumption that T is open was only used to ensure that the map under consideration 
is anormal monomorphism. It is also a normal monomorphism if S is linear, without 
further assumptions on T, and the proof above still applies. 

For the case where S is a general tree and T is linear some modifications are 
needed. In this case we define a special edge of a shuffle R to be the lowest occurrence 
of an edge of the form e&t. Since T is linear, every shuffle now contains precisely one 
such edge (contrary to the more general case considered above). In other words, if ue 
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denotes the bottom vertex attached to e, the special edge is the edge of R occurring 
immediately above the unique vertex of the form u, ® t. Also, we reverse the order 
of the shuffles of S and T: the first one is now the shuffle where one grafts copies 
of T onto the leaves of S and the last one is the shuffle obtained by grafting S onto 
the (unique) leaf of T. In this ordering we have R < R2 when R3 is obtained from 
R; by shuffling down a vertex of T, or equivalently shuffling up a vertex of S. The 
argument proceeds as in the other cases above, but one replaces item (b) above with 
the following: 


(b’) The face Q cannot be contained in S ® OT. Indeed, suppose Q is contained in 
S Q ôT for some face 0,7. It cannot be the root face of T by the same argument 
as in (b). Since T is linear, the face 0,7 is uniquely determined by the unique 
edge t it misses. Write w for the bottom vertex of t (which exists because t is not 
the root of T). So Q does not contain any edges of the form s ® t (for any edge 
s of S). But P” must contain at least one such edge, or it would automatically 
be contained in S © 0,T as well, using the fact that T is linear. It follows that Q 
is obtained from PŽ by contracting the special edge e @ t. Since there are no 
other occurrences of t in P¥, in particular not below the special edge e @ t, it 
follows that P must in fact be contained in an earlier shuffle in which w has 
been shuffled up all the way through ue (or ue has been shuffled down through 
w). This is a contradiction. Oo 


As before we use the standard arguments on saturated classes to conclude: 


Corollary 6.26 For an inner anodyne map i : A — B and anormal monomorphism 
j :M —N of dendroidal sets, the pushout-product 


A®NUsguM BOM > BON 


is inner anodyne, provided that all dendroidal sets involved are open or that either 
B or N is simplicial. 


We will also need some variations on the preceding result concerning root and 
leaf anodynes. Let us state these results and their consequences now; the remainder 
of this section will consist of their proofs. The following terminology will be useful: 
a unary root horn is a root horn of a tree S whose root vertex is unary, i.e., has only 
one input edge. The class of unary root anodyne morphisms is the smallest saturated 
class containing the inner horn inclusions and the unary root horn inclusions of trees. 
These unary root horn inclusions enjoy the following pushout-product property: 


Lemma 6.27 Consider a tree S with unary root vertex and another tree T. Let 
K = S be a root horn inclusion (of one of the two kinds described at the start of 
Section 6.1). Suppose that S or T is linear, or that both S and T are open. Then the 
pushout-product 

KƏTUSQT >S QT 


is a unary root anodyne map. 
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Remark 6.28 The case of a general root horn is somewhat more complicated. It 
features in Section 9.7, specifically Lemmas 9.90 and 9.91. 


Leaf horn inclusions satisfy an analogous property: 


Lemma 6.29 Consider trees S and T and a leaf horn inclusion L — S (of one of 
the two kinds described at the start of Section 6.1). Suppose that S or T is linear, or 
that both S and T are open. Then the pushout-product 


LOTUS QT —>S8QT 


is a leaf anodyne map. 


The previous two lemmas imply the following for the corresponding saturated 
classes: 


Corollary 6.30 For a unary root anodyne map or leaf anodyne map i: A — B and 
a normal monomorphism j : M —> N of dendroidal sets, the pushout-product 


A®NUsgu BOM > BON 


is unary root anodyne or leaf anodyne respectively, provided that all dendroidal sets 
involved are open or that either B or N is simplicial. 


Although the statements of Lemmas 6.27 and 6.29 appear ‘dual’ (at least for the 
case of unary leaf and root vertices), as in the duality between left and right anodynes 
of simplicial sets, they do not admit a common proof. As we mentioned before, the 
involution of the category A that reverses linear orders does not extend to Q and 
hence there is no formal way to turn statements about leaf anodynes into statements 
about root anodynes and vice versa. In fact, there will be some subtle differences in 
the proofs of these lemmas, although the general approach is of course very similar. 


Proof (of Lemma 6.27) Our strategy is similar to the proof of Lemma 6.24. First of 
all, the map under consideration is a normal monomorphism by Propositions 4.21 
and 4.26. As before, we begin with the case where S and T are open and indicate the 
modifications for the other cases at the end of the proof. We will write r for the root 
edge of S and v, for the root vertex, i.e., the unique vertex having r as its outgoing 
edge. 

Again we will consider a filtration 


Ag © Ay Ap +++, | JA: = ST, 


where Ap := K ®TUS @ OT. We think of Ag as a subobject of $ & T. Choose a linear 
order on the set of shuffles of S and T which extends the partial order described 
before, in which the minimal element is given by grafting copies of S onto the leaves 
of T. Then A; is the union of Ag with the first i shuffles in this linear order. We will 
show that each of the inclusions A; C A;+ı is a composition of pushouts of inner 
horn and root horn inclusions. Say A;+1 is obtained from A; by adjoining a shuffle 
R. We distinguish two cases: 
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Case 1. The root vertex of the shuffle R is not of the form v, ® t for some edge t of 
T. In this case we will show that A; C A;+;ı is a composition of pushouts of 
inner horn inclusions. 

Case 2. The root vertex of the shuffle R is of the form v, @f. In this case we will show 
that A; C A;+1 is a composition of pushouts of unary root horn inclusions. 


Case 1. The shuffle R will contain one or several vertices of the form v, @t, none 
of which are root vertices. We will call the outgoing edges r @ t of these vertices the 
special edges of R. Note that these special edges are in particular inner edges, since 
the v, ® t are not root vertices. Define a further filtration 


A= ATCA CAP Co, [J At = Ain 
J 


by adjoining the prunings of R one by one, in an order which extends the partial 
ordering of inclusion. Say Al Cc Al tl is given by adjoining some pruning P. Denote 
by Èp the collection of inner edges which are also special edges. Without loss of 
generality we may assume that Xp is non-empty. Indeed, if it were empty then either 
P contains no special edges at all or they are leaf edges. In both cases P cannot 
contain any vertex of the form v, ®t, which implies P factors through 77, ® T (where 
nr denotes the root edge of T). But then P is also contained in K ®T and the inclusion 
A (e A is the identity. 

As in the proof of Lemma 6.24, write J(P) = I(P)— Zp and for each subset 
H C J(P) write P¥ for the tree obtained from P by contracting all edges in J(P)- H. 
Pick a linear order on the collection of subsets of J(P) which extends the partial 
order of inclusion and adjoin the trees P? to A} in this order to obtain a further 
filtration 

Al =: AP c ahl c Al? c... 


i ’ 


Jk _ aj — ait 
(JE sA ursan, 
k 
Finally we will now argue that each inclusion av Cc ae is a composition of 


pushouts of inner horn inclusions. The inclusion under consideration is given by 
adjoining some tree of the form P”. If the map 


P” => ST 


factors through AY then this inclusion is the identity and there is nothing to prove. 
If it does not, we can say the following: 


(1) Any outer face of P” chopping off a leaf corolla factors through a smaller pruning 
and is therefore contained in ae by our induction on the size of prunings. 

(2) The root face of P”, if it exists, is contained in Ag. Indeed, it deletes the root 
vertex vr of T (or more precisely, a vertex of the form s & vr) and therefore 
factors through S & OT C Apo. 
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(3) Any inner face of P” which contracts an inner edge f which is not special is 
contained in P” with H’ = H — {f} and is therefore contained in a by our 
induction on the size of H. 

(4) Finally, any inner face Q of P? contracting a special edge r ® t (or multiple 
such special edges) cannot be contained in Ate This follows by an argument 
completely analogous to that in the proof of 6.24, using items (a)—(c) there. 


It follows from these four observations and Lemma 6.22 that a C a is a 
pushout of the map 
A” [P] > PY, 


which is a composition of pushouts of inner horn inclusions by Lemma 6.20. 

Case 2. The root vertex of R is of the form v, ® t. Define Ai as before, adjoining 
prunings of R to A; one by one. Say Al ie Al +l is given by adjoining a pruning P. 
This time we consider all possible subsets H C /(P) and the corresponding trees pe 
obtained by contracting the all edges in /(P) — H. Adjoining these to A! in an order 
extending inclusion of subsets H gives a further filtration 


AS A CAM CAM Co, | Ae AUP SAM, 
k 


Consider a map ae Cc Aen adjoining some tree of the form P”. If P” is already 


contained in A then this map is the identity. Note that this is in particular the case 
if the (unique) incoming edge e ® t of the root vertex v, ®t does not occur in P”: 
indeed, then P” either factors through ôe S QT (if e 8t connects two vertices coming 
from S), or the Boardman—Vogt relation implies that P” factors through an earlier 
shuffle in which the vertex v, of S has been shuffled up (if e ® t connects v, ® t to 
a vertex coming from T). Without loss of generality we will thus assume that P” is 
not contained in Ale and its root vertex is of the form v, @ t, with incoming edge 
e ®t. We will argue that Ale ie ae 
Indeed: 


is a pushout of the root horn inclusion of P”. 


(1) Any outer face of P” chopping off a leaf corolla factors through a smaller 
pruning and is therefore contained in ADE, 

(2) Any inner face of P” factors through some P”’ for H’ a proper subset of H 
and is therefore contained in A 

(3) The root face of P”, chopping off the unary root corolla with vertex v, 8 t, 
cannot be contained in A Indeed, it cannot factor through K ®T or S & OT or 
through an earlier shuffle. Also, it cannot factor through Al ‘for j’ < j because 


of the size of the pruning P under consideration, or through ae for k’ < k by 
the definition of the trees P”. 


It follows that Ant (e Abet is a pushout of the unary root horn inclusion 


AMPH) > O[P™]. 
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This completes the proof of the lemma under the assumption that S and T are 
open trees. In fact, the given proof also covers the case where T is a general tree (we 
never used that it is open) and S is linear. 

We will now deduce the case where S is a general tree (still with unary root vertex 
of course) and T is linear from what we have already done. First of all, we claim that 
the root horn inclusion K — S is a retract of the pushout-product map 


f:ill]8 KUn eS > i[1] @S, 


where 77; denotes the root edge of the linear tree i[1]. To see this, consider the evident 
inclusion 
J:S £m 8S il] @S. 


It admits a retraction 
p:ill] 8S — sS 


which is characterized by its effect on edges as follows: it sends an edge of colour 
k 8 s to the edge s, except when k = | and s is the incoming edge of the root vertex 
vr, in which case p(k & s) = r, the root of S. It is easily verified that the map p is 
well-defined and indeed gives the desired retraction. It now suffices to check that the 
pushout-product of f with the boundary inclusion of T is unary root anodyne: 


GIS K Um 8gs) IT U (ill] 8 S)8 T > (ill] 8 S 8T. 


Using Corollary 4.32 and the fact that T is linear, this map can be rewritten (up to 
isomorphism) as 


ill] 8 (K @TUS®@OT)UN @(S OT) > ill] 8 (S BT). 


This is the pushout-product of ņı — i[1] (which is a unary root horn inclusion) with 
the map K ®T US ® OT — S @T, which is a normal monomorphism of dendroidal 
sets. This map is unary root anodyne, because we have already covered the case of 
a pushout-product of a unary root anodyne between simplicial sets and a normal 
monomorphism of dendroidal sets. m 


Proof (of Lemma 6.29) As before, the map of the lemma is a normal monomor- 
phism by Propositions 4.21 and 4.26. We will write vg for the leaf vertex of S 
corresponding to the ‘missing face’ of the leaf horn L C S. Also, we write e for 
the outgoing edge of ve and 41, . . ., €n for its incoming edges, which are leaves of S. 
In this proof we will treat all cases simultaneously: S and T open, or one of them 
simplicial. Essentially the same argument will work for all of these, apart from a 
few small distinctions depending on whether the leaf vertex ve of S has leaves or is 
a stump (meaning it has no leaves). 
As usual, we define a filtration 


Ap @ Ay EC Ay Sui: | J4i = ST, 
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with Ap := K @T US @ OT and A; the union of Ag with the first i shuffles of S @ T. 
However, for this proof we reverse the ordering on these shuffles, so that the first one 
is given by grafting copies of T onto the leaves of S. Thus, one progresses through 
this ordering by shuffling vertices of S up through vertices of T. We will show that 
each of the inclusions A; € A;+ı is a composition of pushouts of inner horn and 
leaf horn inclusions. Say A;+ı is obtained from A; by adjoining a shuffle R. We 
distinguish two cases: 


Case 1. At least one of the vertices of the form vg 8 t occurring in R (with t some 
edge of T) is not a leaf vertex of R (which is only possible if ve is not a 
stump of S). 

Case 2. All vertices of the form vg 8 t occurring in R are leaf vertices of R. 


Case 1. Define a further filtration 


A= Ay CA CAC, (JA! = Aim 
J 


by adjoining the prunings of R one by one, in an order extending the partial order of 
inclusion of prunings. Consider an inclusion Al Cc Al * adjoining some pruning P. 
Without loss of generality, P still contains one or several vertices of the form ve 8t. 
Indeed if it does not, then all corollas of R occurring above such vertices have been 
chopped off as well and P is already contained S ® OT C Ag, so there is nothing to 
prove. Now consider the incoming edges £1 ®t,...,€, ®t of the vertices ve 8 t still 
occurring in P. At least some of these have to be inner edges of P; if not, ve ®t would 
be a leaf vertex of P and again P would be contained in S & OT. We refer to such 
inner edges as special edges of P and write Xp for the collection of special edges. 
As before, we define J(P) = I(P) — =p and for any subset H C J(P) we write PH 
for the tree obtained by contracting all inner edges of P contained in the complement 
J(P) — H. Adjoining the P” in an order extending the partial order of inclusion of 
subsets H gives a filtration 


MEA CA CAM Ch, JA oA UP SA 
k 


Consider an inclusion are ie ae adjoining a tree P”. If that tree is already 


contained in ae there is nothing to prove. If it is not, we observe: 


(1) Any outer face of PH chopping off a leaf corolla factors through a smaller 
pruning and is therefore contained in fake 

(2) The root face of P”, if it exists, is contained in Ag. Indeed, it deletes the root 
vertex vr of T (or more precisely, a vertex of the form s & vr) and therefore 
factors through S ® OT C Apo. 

(3) Any inner face of P” which contracts an inner edge f which is not special is 
contained in P?’ with H’ = H — { f} and is therefore contained in As by our 
induction on the size of H. 
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(4) Finally, any inner face Q of P” contracting a special edge £% ® t (or multiple 
such special edges) cannot be contained in a” This follows by an argument 
completely analogous to that in the proof of 6.24, using items (a)—(c) there. For 
(b) some care is required; we are no longer assuming S is open. However, the 
argument only needs that no stumps of S occur above ve, which is true in the 
current situation. 


As before we conclude that ar (a wee is a pushout of the map 
P| > PY, 


which is inner anodyne. 

Case 2. Each of the vertices of the form vg ® t occurring in R is a leaf vertex. 
For this case we introduce a variation on the notion of pruning. An ¢-pruning of R 
is a pruning P of R satisfying the following property: if there is a vertex ve @ t of 
R whose outgoing edge e ® t is contained in P, then ve @ t itself is contained in P. 
This time we define a filtration 


A=: A CALCA C+, | JAP = Ain 
j 


by adjoining the €-prunings of R one by one in an order compatible with the partial 
order of inclusion of prunings. Consider an inclusion Al (e Al = adjoining some 
€-pruning P. Again, we consider subsets H C I(P) and the corresponding subtrees 
P” contracting the inner edges of P not contained in H. Adjoining these in an 
appropriate order yields Atk as before. Say a step ai* (e Ae in this filtration 
adjoins a tree P”’. If this tree is contained in ae there is nothing to prove. Note that 
this is in particular the case if H does not contain any outgoing edges e ® t of a leaf 
vertex ve & t. Indeed, if all such edges are contracted, the resulting tree either factors 
through ðe S ® T or through an earlier shuffle of S @ T in which such a vertex vẹ ®t 
has been shuffled down. Without loss of generality we will assume that PË is not 
contained in A so that it contains several edges of the form e & t and leaf vertices 
ve ® t attached to the top of those. Write L for the corresponding collection of leaf 
corollas. We observe: 


(1) Any outer face of PH chopping off a leaf corolla not of the form ve @ t factors 
through a smaller ¢-pruning and is therefore contained in av. 

(2) The root face of P” , if it exists, is contained in Ag. Indeed, it deletes the root 
vertex vr of T (or more precisely, a vertex of the form s & vr) and therefore 
factors through S @ OT C Ao. 

(3) Any inner face of P” factors through some P” ‘for H'a proper subset of H and 
is therefore contained in a 

(4) Any face chopping off one of the leaf corollas in L (or any intersection of such 
faces) cannot be contained in Ar Indeed, it cannot factor through K ® T or 


S ® OT or through an earlier shuffle. Also, it cannot factor through Al ‘for I’ <j 
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because of the size of the f-pruning P under consideration and the fact that 
chopping off a leaf corolla vg 8 t yields a tree which is not an €-pruning. Finally, 


it cannot factor through Ave for k’ < k by the definition of the trees P”. 


It follows that Ark = a is a pushout of the horn inclusion 
A [P”] > OP"), 


which is leaf anodyne by Lemma 6.21. m 


Remark 6.31 The following is analogous to Remark 5.27. The proof of Lemma 6.29 
gives a little more. If the leaf horn in the statement of the lemma concerns a unary 
leaf vertex v (i.e. a vertex having only one leaf), then the leaf horns used in the proof 
will also concern unary leaf vertices. Moreover, those leaf vertices will be mapped 
to corollas of the tensor product S & T which are of the form v ® f, with t an edge 
in T. An analogous comment applies to the proof of Lemma 6.27 and a unary root 
vertex of S. 


We end this section with some further discussion of the associator morphisms 
a: X18: 8 Xi-18 (X; @-+- @ Xj) @ Xj41 @- + OX, > XXn 


for the tensor product of dendroidal sets discussed in Section 4.4. In Corollary 4.32 
we observed that these maps are normal monomorphisms whenever the dendroidal 
sets involved are normal. Much more is true; these maps are in fact inner anodyne. 
We will now prove this in the case of corollas, since this is all we will need, but 
Remark 9.48 gives a statement that applies more generally. 


Proposition 6.32 For corollas Cy,,...,Cx,,, the associator 


n? 


@: Cki ®t 8 Cki B (Ck, @ +++ 8 Ck) D CK, B+ CK, S Ch, @- 8 Crn 


is inner anodyne. 


Let us first illustrate the proof in the case of Examples 4.27 and 4.33, which 
describe the associator 


C2 ®@(C, ®C}) > C2 @C, RC. 


The codomain C2 ® C; ® C; has two shuffles Rı and R2 


ti L] 


which are not already contained in the domain Cz ® (C1 ® C1). Consider the one on 
the left and the following two prunings of it: 
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| 
Y Ny 
Write E for the two incoming edges of the 2-corolla at the root. Then each of these 
two prunings P can be adjoined via a pushout along the inner anodyne AE [P] > P. 


Subsequently the shuffle R4 itself can be adjoined via a pushout along AF [R1] > Rj. 
The other shuffle R, is treated analogously. 


Proof (of Proposition 6.32) Write Ł for the set of shuffles of the n corollas 
Cki» - - -, Ck,» SO that the tensor product Ck, ® --- ® Ck, is the union of the shuffles 
in È. The domain of a 


Cki 8 +++ 8 Cki 8 (Ck, D- 8 Ck) 8 Cki B+ 8 Chn 


is a union of some subset of these shuffles. Write Ao for this, regarded as a subobject 
of Cy, @ +++ @ Ck,- For every shuffle S € X we write Vs for the set of vertices of S 
corresponding to vertices of the corollas Cy,,...,Ck,_,, Ck; ...,Cx,. We give È a 
partial order where Sı < S2 whenever Sz is obtained from Sı by shuffling vertices 
of Vs, down, i.e., towards the root. Adjoining the shuffles in È to Ao in an order that 
respects this partial order defines a filtration 


Ao € Ay © An C++ CAN = Cy, 88 Ch, 


where A; is obtained from A;-; by adjoining the ith shuffle. Consider an inclusion 
A; © Aj+1, adjoining a shuffle S. Define a V-pruning to be a subtree P of S (i.e. a 
tree obtained by iteratively chopping off leaf corollas and root corollas) satisfying 
the following condition: if P contains any vertex of S occurring above some vertex 
v € Vs, then P also contains v. Adjoining such V-prunings in an order compatible 
with the partial order of inclusion of prunings defines a further filtration 


Ai =: AP CAP C+ c| At = Aim. 
J 


Note that any V-pruning in which all the vertices above those of Vs have been 
removed (i.e. in which the vertices of Vs are leaf vertices) is a face of the shuffle 
of Cx, ®--- ® Ck, where all the vertices corresponding to Ck;, . . -, Ck, are below 


those of Vs. Such a shuffle is contained in Ap. Now consider an inclusion Al G Al i 
adjoining a V-pruning P. Call an inner edge of P special if it is an input edge of a 
vertex in Vs. Write € for the collection of special edges. Without loss of generality we 
may assume it to be non-empty; if it were empty, P would contain no vertices above 
Vs and is already contained in Ap. As usual (by now), consider trees P” obtained 
from P by contracting all inner edges that are not special and not contained in some 
specified subset H of I(P)-— €. Adjoining the P? in an order that extends the partial 
order of inclusion of subsets H, we obtain a refinement 
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Amal cattc..c| Jatt = al 
k 


Consider one of the inclusions ar ie Ae adjoining a tree P”. If P” is already 


contained in a there is nothing to prove. Otherwise: 


(1) Any inner face of P” contracting a special edge, or some collection of special 
edges, is not contained in as Indeed, P? is not contained in A because the 
trees on top of the various vertices of V do not all stem from the same shuffle of 
Ck; ® +++ ® Ck;. Contracting several special edges does not change this fact. 

(2) Any inner face of P? contracting a non-special edge is contained in abt by our 
induction on H. , 

(3) Any outer face of P” is contained in At by our induction on the size of V- 
prunings. 


We conclude that Ae € a is a pushout of the inclusion A®[P] — P and hence 
inner anodyne. m 


6.4 Fibrations Between Mapping Spaces of Dendroidal Sets 


Recall that in Section 4.1 we introduced, for dendroidal sets A and X, the ‘mapping 
space’ hom(A, X). It is a simplicial set characterized by a natural isomorphism 


sSets(A[n], hom(A, X)) = dSets(A ® i, A[n], X). 


In other words, it is the underlying simplicial set of the ‘internal hom’ between A 
and X in the category of dendroidal sets. We put this term in quotation marks only to 
remind the reader that the tensor product does not make dSets a symmetric monoidal 
category, so that these mapping spaces do not automatically come equipped with a 
natural notion of composition. Nonetheless they will be very useful. 

The following result parallels Theorem 5.36 for simplicial sets: 


Theorem 6.33 Consider two morphisms of dendroidal sets f : Y — X andi: A —> 
B, together giving a map of simplicial sets 


p : hom(B, Y) — hom(B, X) Xhom(4,x) hom(A, Y). 


Suppose f is a fibration of one of the five types considered (Kan, inner, left, right, 
or trivial). 


(i) Ifi is anormal monomorphism, then p is again a fibration of the same type. 

(ii) If i is an anodyne morphism corresponding to the type of the fibration f, then 
p is a trivial fibration. Here inner anodynes correspond to inner fibrations, leaf 
anodynes to left fibrations, etc. The case where f is a trivial fibration is already 
covered by (i), where i is allowed to be any normal monomorphism. 
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Proof The proofs all proceed by using the analogue of Lemma 5.35 for the adjunction 
between hom(-, —) and the tensor product, together with the closure properties of 
various classes of anodynes stated in Corollaries 6.26 and 6.30. For example, suppose 
f is a left fibration and i a normal monomorphism. To check that p is a left fibration 
we should argue the existence of a lift in a square of the following kind: 


An] T- hom(B, Y) 


Set 
= 
- 
ue 
_c- 
= 


A{n] ——+ hom(B, X) Xhom(a,x) hom(A, Y). 


By adjunction this lifting problem corresponds to the following: 


B® i A?[n] U Agi, A?[n] A®iA[n] -3 


- 
- 
- 
- 
- 
- 
- 
- 
= 
- 


B 8 i,A[n] —————_> X. 


S 


The vertical map on the left is leaf anodyne by Corollary 6.30 and so a lift indeed 
exists. For part (ii), say for example that i is inner anodyne and f an inner fibration. 
We should check that a lift existence in the following kind of square, with O < k < n: 


Až [n] ——————_> hom(B,Y) 


Į an 


cd 


A{n] hom(B, X) Xnom(4, x) hom(A, Y). 
This time the conclusion follows from the fact that the map 
B@iA*[n] Useinkin] A 8 LAIN] > B® iAfn] 


is inner anodyne, see Corollary 6.26. m 


Remark 6.34 With care it is possible to weaken some of the assumptions in the 
preceding theorem. For example, in order for p to be a left fibration, it is only 
necessary that f has the right lifting property with respect to inner horns and 
leaf horns corresponding to a unary leaf corolla. This can be checked using the 
observation of Remark 6.31. Similar remarks apply to the corollaries that follow. 


Corollary 6.35 Suppose f : Y — X is a fibration of one of the five types considered 
in Theorem 6.33 and B is a normal dendroidal set. Then 


hom(B, Y) — hom(B, X) 


is a fibration of simplicial sets of the corresponding type. 


Proof Take A = 2. Oo 
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Another special case of Theorem 6.33 is where X is the terminal dendroidal set 
and one obtains statements similar to Corollary 5.39. In particular one finds: 


Corollary 6.36 If Y is an c0-operad and B anormal dendroidal set, then hom(B, Y) 
is an œ-category. 


6.5 Spines and Leaves of Trees 


We will consider the relation between spine inclusions of trees and inner anodyne 
morphisms. We will use this relation to complete the proof of Proposition 6.4. We 
also include a useful characterization of the class of leaf anodyne morphisms. 
Recall that for a tree T, its spine is the union of all the subtrees of T with precisely 
one vertex: 
spiTl= |) Qa) 
veV(T) 


Also, if e is an inner edge of T, one can consider the trees e/T (chopping off 
everything above e) and T/e (the maximal subtree of T with root e) and express T 
as the result of grafting these two along the edge e: 


T =e/T o. T/e 


Lemma 6.37 For any tree T with at least two vertices and an inner edge e, the 
inclusions 
Sp[T] > Q[e/T] Ue Q(T /e] — Q(T] 


are inner anodyne. 


Proof If T has two vertices (and hence precisely one inner edge e), the first map is 
an equality and the second is equal to the inner horn inclusion A°[T] > Q[T]. We 
proceed by induction on the number of vertices of T. There is a pushout square 


Sple/T] U Sp[T/e] ————-> SpIT] 


{ l 


Qfe/T] U Q[T/e] —> Qfe/T] Ue Q[T/el. 


The left vertical map is inner anodyne by induction, so the right vertical map is inner 
anodyne as well. Hence it suffices to prove that Q[e/T] Ue Q(T /e] — Q[T] is inner 
anodyne. Form a sequence of inclusions 


Qle/T] Ue Q[T/e] = Ay C A2 E A3 S +++ C An = Q[T], 


where A, is the union of Q[e/T] Ue Q[T/e] with all the faces S of T that have at 
most p vertices and contain e as an inner edge. We claim that Ap-1 © Ap is inner 
anodyne for every p. Indeed, write F, for the collection of faces being adjoined to 
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form Ap. Then there is a pushout square 


User, A°[S] —>? Ap-1 


l ! 


User, Q[S] — > Ap. 


Oo 


Remark 6.38 Similarly to Remark 5.33, the preceding lemma leads to a proof of the 
implication (i) => (ii) in Proposition 6.4. For a given dendroidal set X, consider the 
class € of monomorphisms A — B with the property that any map A —> X extends 
uniquely to B, i.e., the class of monomorphisms A — B for which 


dSets(B, X) — dSets(A, X) 


is an isomorphism. Clearly © is a saturated class. If it contains all inner horn 
inclusions of trees, then it also contains all the spine inclusions by virtue of the 
preceding lemma. 


As with simplicial sets we can also characterize the inner anodynes in terms of 
the spine inclusions in the following way: 


Proposition 6.39 Let A be a saturated class of normal monomorphisms between 
dendroidal sets which contains all spine inclusions of trees and satisfies the following 
additional closure property: ifi : A — B and j : B —> C are monomorphisms such 
that i and ji are in A, then j is in A as well. Then the class A contains all inner 
anodynes. 


Proof Since A is saturated it suffices to show it contains all inner horn inclusions 
A(T] > Q(T], for T any tree with inner edge e. We will prove the slightly more 
general claim that each inclusion A# [T] > Q[T] is in A, for E a non-empty subset 
of the set of inner edges I(T) of T. Consider the inclusions 


SpIT] È AFIT] > QIT]. 


Then ji is in A by assumption, so it suffices to show that i is in A. Factor it as 
Sp[T] > 0 Q[T] >> AFIT], 


where 0°*'Q[T] denotes the union of the outer (or external) faces of T. We will show 
that both of these maps are in A by induction on the number k of vertices of T. 
For k = 2 there is nothing to prove, because both are identities. For larger k, let us 
consider proper subtrees S of T (so S is obtained from T by iteratively taking leaf 
and root faces, but not inner faces). Give the set of such subtrees a linear order which 
extends the partial order of inclusion and adjoin them to Sp[T] in that order to form 
a filtration as follows: 


244 6 Kan Conditions for Dendroidal Sets 


Sp[T] = Bı Cc Bo Cee. A (JB; = o™Q(T]. 


L 


If B; — B;+1 is given by adjoining a subtree S, then it is a pushout of the map 
d™'OQ[S] > OLS]. 


Indeed, all the outer faces of S are contained in B; by the induction on the size of 
S, but no inner face of it can be contained in a smaller subtree. We conclude that 
Bi — Bj+, is in A, because it is a pushout of a map of the form iz but for a tree 
smaller than T. Hence i; : Sp[T] —> 0™'Q[T] is in A as well. 

We prove that ip : 0™Q[T] — A®[T] is in A by an induction on the size of 
the complement of E. If E is I(T) then iz is the identity and there is nothing to 
prove. Otherwise, pick an element e € I(T) which is not contained in E and write 
E’ = E U {e}. The map 

d™ Q(T] > AF [T] 


is in A by the inductive hypothesis. Consider the pushout square 


A”(0,T| —> A? [T] 


l l 


Q[óeT] —> AF[T]. 


Here the upper left-hand corner denotes the union of all faces of the tree eT except 
for the inner faces corresponding to elements of E. Thus the left vertical map is of 
the form iz, but for the smaller tree 0.T. By the inductive hypothesis it is in A, so 
that the right vertical map is in A as well. It follows that i2, which is the composition 


QT] > AP [Tr] > AZ IT, 


is in A. o 


Remark 6.40 We can now continue Remark 6.38 and prove the implication (ii) 
=> (i) of Proposition 6.4. Let C be the same class of monomorphisms as in that 
remark. Clearly € has the closure property described in the statement of Proposition 
6.39 (simply because isomorphisms are closed under two-out-of-three). So if € 
contains the spine inclusions of trees, the proposition implies that it contains all 
inner anodynes. 


We conclude this section with analogous results describing the class of leaf 
anodyne morphisms. We will denote the inclusion of the leaves of a tree T by 
LIT] — Q[T]. We promised in Lemma 6.19 that it is a leaf anodyne morphism, as 
we will prove below (see Remark 6.43). Conversely, the class of leaf anodynes may 
be characterized in terms of such leaf inclusions as follows: 
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Proposition 6.41 Let A be a saturated class of normal monomorphisms between 
dendroidal sets which satisfies the following additional closure property: ifi: A > B 
and j: B — C are monomorphisms such that i and ji are in A, then j is in A as 
well. If A satisfies either of the following two properties, then it contains all leaf 
anodyne morphisms: 


(1) The class A contains the leaf inclusion €[T] —> Q(T] of any tree T. 
(2) The class A contains the leaf inclusion £[Cn] —> Q[Cn] of the n-corolla, for any 
n > 0, as well as the spine inclusion Sp[T] — T of any tree T. 


The proof of this proposition will use the following elementary observation: 


Lemma 6.42 For any tree T, the inclusion of its leaves into its spine 
e[T] > SpIT] 
is a composition of pushouts of leaf inclusions of corollas. 


Proof If T has one vertex (so T is a corolla) the statement of the lemma is trivial. 
We proceed by induction on the size of T. A larger tree T can be described as a 
collection of trees (T4, . . ., Tn) grafted onto the leaves of its root corolla Cn, and we 
have 

SpIT] = Q[Cy] U (Spl7i] H- - H SpIT,)). 


Consider the composition 
(T\—> SplTi] 1 -+ D Sp[T,] Š SpITI. 


The map i is a composition of pushouts of leaf inclusions of corollas by the inductive 
hypothesis. The map j is a pushout of the leaf inclusion of the corolla C,, finishing 
the proof. m 


Proof (of Proposition 6.41) First we demonstrate that properties (1) and (2) are 
equivalent. Indeed, consider the diagram 


PS 


Sp[ ] — s AT 


If A satisfies (1) then it contains the map j by assumption and the map i by the 
conclusion of Lemma 6.42. By the assumed closure property it must contain k as 
well. Conversely, if A satisfies (2) then it contains k by assumption and i by Lemma 
6.42. Thus it also contains j = ki. 

We should prove that A contains all leaf horn inclusions. In fact, it will be 
convenient to prove a slightly more general statement. Consider a composition of 


inclusions 


aT Ê v w & ALT] S aq. 
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Here V is a union of €[T] with a collection of inner faces of T and W is the union 
of V with Drool, the ‘modified’ root face of T. This is the disjoint union of trees 
obtained from T by removing the root edge and root vertex; in other words, writing 
T =C,0(7},..., Tn) we set DyootT = Q(T ]U- - -UOQ[T,, ]. din case the root vertex of T 
is unary then DyootT = Q[O;o0tT'].) The superscript L denotes a non-empty collection 
of leaf vertices of T and AŻ [T] is the corresponding leaf horn. We will prove that 
each of fi, f2, f3, and f4 belongs to A. The proposition follows by considering f4 in 
the special case where L consists of a single element. We work by induction on the 
size of T, the base case where T is a corolla being trivial: all the maps are identities 
except f4, which is in A by assumption. 

To see that fı is in A, first consider the case where V consists of only one inner 
face Q[0.T]. Then €[T] — Q[6,T] is in A by the inductive hypothesis, since the 
tree 0.T is smaller than T. For larger V we work by induction. Single out a face 0.T 
occurring in the union and write V = V’ U Q[6.7] for a smaller V’. Consider the 
following square, which is both a pushout and a pullback: 


Pp ——-+ V’ 


ae 


Q[d.T] — V. 


Here P is a union of inner faces of Q[ôeT]. Thus the left vertical map is of the 
form f4 fs f2 for a tree smaller than T (namely 0-T) and hence in A by the inductive 
hypothesis. Since A is closed under pushouts the right vertical map is in A as well. 
We conclude that both of the maps £[T] — V’ — V are in A and therefore so is their 
composite fi. 

Now recall that Dro T = Q(T, ] U--- U Q[T,,] . To see that fs is in A consider the 
following square, which again is both a pushout and a pullback: 


0 —> V 


l H 


Diot? ——> W. 


Here the left vertical map is a disjoint union of maps Q; — Q[T;] for 1 < i < n. 
Each Q; is a union of inner faces of T; and potentially DrootT; (if V contains the inner 
face of T corresponding to the root edge of T;). In particular, each of these maps is 
of the form f4 fs for the smaller tree T; and therefore contained in A. It follows that 
the pushout f in the square is also in A. 

To see that f3 is in A, we work by downward induction on the size of L. If it 
consists of all leaf vertices of T, then f3 is the identity and there is nothing to prove. 
For smaller L, pick a leaf vertex v not contained in L and consider the following 
square, which is easily checked to be a pushout: 
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AŁ[ð, T] —> AWAIT] 


l | 


9jð T] ——> AZ[T]. 


Here the upper left-hand corner makes sense because all the elements of L are also 
leaf vertices of the smaller tree 0,7. The left vertical map is of the form f4 for the 
smaller tree ôT and hence in A by induction. Therefore the right vertical map is 
also in A, from which it follows that f3 is in A. 

Finally, consider the diagram 
BRA 


{[T] ALT] 


Sy J 
QJT]. 


We have proved that the horizontal map is in A, whereas the slanted map is in A by 
assumption. By our hypotheses on A (specifically its ‘cancellation property’), the 
map fa is in A as well. Oo 


Remark 6.43 Note that Lemma 6.19 follows immediately from Lemma 6.42 and the 
fact that spine inclusions are inner anodyne, so in particular leaf anodyne. 


6.6 Joins of Trees 


In this section we discuss the behaviour of certain kinds of anodyne morphisms with 
respect to joins of trees. The construction of the join, which is relatively simple for 
simplicial sets, becomes a bit more subtle in the dendroidal case. For example, one 
has to take care to express the correct functoriality of these constructions, which we 
will do below. The main reason for introducing the join is Corollary 6.46, which we 
will need in the next section. 

We discussed the join of two simplicial sets in Section 5.4. For simplices A[n] 
and A[m] it is essentially given by putting the linear orders [n] and [m] ‘next to each 
other’. This definition admits a generalization to trees, which we will now explain. In 
fact, it will be useful to phrase our constructions more generally in terms of forests: 
by a forest we will mean a tuple (7), . . ., Tk) of trees. We explicitly allow the ‘empty 
tuple’ () as a forest. For the linear order [n], interpreted as a linear tree i[n], we define 
the join (Tı, . . ., Tk) * [n] to be the tree formed by grafting the root of every tree T; 
(label it t;) onto a single new vertex v and grafting the result on top of [n]: 
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For the empty forest () we define the join () * [n] to be the tree obtained from [n] by 
simply putting a vertex v without leaves on top; in other words, () x [n] is the closure 
of the linear tree i[n]. This construction is evidently functorial in the linear order [n]. 
We will describe the relevant functoriality in the forest variable below. 

Another kind of join, which we only mention here for the sake of completeness, 
is the following. Consider a tree S and a leaf £ of S. Then we form the join [n] xe S 
by grafting [n] onto a new vertex v and grafting that vertex on top of £: 


0 


eV 


Remark 6.44 Both constructions of joins above are special cases of a single slightly 
more general construction. Indeed, consider a tree S, a set of leaves {€),...,&n} of 
S, and for every £; a forest F;. Then one can form the join 


(Fi, -~ +5 Fm) (6...) 5 


by grafting the forest F; onto a new vertex v; and then grafting v; onto the leaf ¢;. 
The first case above (joining a forest onto a linear tree) is the only construction we 
will actually use. 


When considering joins of trees rather than joins of simplices, some new features 
arise when considering functoriality in the forest F. For example, consider the tree 
T = Cy and let e be one of the two leaves of T. Then the inclusion e — T does not 
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induce a corresponding map 
(e) x [n] > T x [n]. 


Indeed, in the first tree the new vertex v is unary, whereas in the second v is a binary 
vertex. The situation is better if one considers the forest (e, f) consisting of both 
leaves of T; in that case there is an evident face map 


(e, f) * [n] > T x[n]. 


In fact it is an inner face corresponding to the root edge t of T (which is indeed 
an inner edge of the join T x [n]). To take these issues into account we will now 
introduce an appropriate notion of map of forests. 

To any forest F = (T, . . ., Tn) we associate a dendroidal set 


QOLF] := Q[T,] U --- H OJT], 


with the understanding that Q[F] = @ if F is the empty forest. Then we define a wide 
map of forests F — G to be a map of dendroidal sets f : Q[F] —> Q[G] satisfying 
the following condition: 


(«) For every constituent tree S of the forest G, any path in the poset E(S) from a 
minimal element to the maximal root element rs meets precisely one edge of 
the form f (rr, ) for some constituent tree T; of F (with rr, denoting its root edge 
as usual). 


In particular, the edges f(rr,) are pairwise independent edges of the forest G; either 
they lie in different components of Q[G], or when they lie in the same component S 
then they are independent edges of that tree. This clearly implies that the images of 
the trees T; under f are disjoint in Q[G]. However, note that different trees T; and T; 
may be taken to the same component S of G, but with disjoint images. In particular, 
the number of constituent trees of G need not be the same as that of F, but will 
always be less than or equal to it. We write ®,, for the category with objects the 
forests as defined above, and morphisms the wide maps of forests. In this section we 
will use the presheaf category PSh(®,,) of wide forest sets. It comes equipped with 
a ‘realization functor’ 
w : PSh(®,,) — dSets 


which is the left Kan extension of the functor ®,, — dSets : F — O[F]. 

One of the crucial examples of a map in ®,, is the following. If T is a tree with at 
least one vertex, write D,T for the ‘forest root face’ of T. It is the forest given defined 
by removing the root edge and the root vertex from T. Thus, if T = Cn 0 (Ti, ...,Tn), 
then D,T = (Tı, . . ., Tn). The evident inclusion D-T — (T) is a wide map of forests. 
In fact, the reader might wish to check that any wide map of forests can be obtained 
as a composition of maps which (on components) are maps of trees which preserve 
the root, together with these ‘modified root faces’ DT — (T). Note that for a tree 
T there is an evident map of trees D,T * [n] — T x [n]. Indeed, it is an inner 
face map corresponding to the root edge r of T (which is indeed an inner edge of 
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the join T x [n]). More generally, any wide map of forests F — G defines a map 
F x [n] — G x [n]. This defines a functor 


®,, x A > dSets : (F, [n]) > F x [n] 
and, by Kan extension, a functor 
PSh(®,,,) x sSets — dSets : (Z, K) = Z x K, 


which preserves colimits in each variable separately and agrees with the previous 
functor on representable objects. The dendroidal set Z x K receives an evident map 
from K, as well as from w(Z). In particular, for a fixed object Z € PSh(®,,) one 
obtains a colimit-preserving functor 


sSets > w(Z)/dSets : K =œ Z* K 
with right adjoint 
w(Z)/dSets — sSets : (w(Z) > X) > Xz. 


A map Y — Z of wide forest sets induces a map Xz; — Xy; of simplicial sets. 

We define a face of a forest F in the expected way, namely as a proper inclusion 
G — F in the category ®,,. The union of all faces of F defines the wide bound- 
ary YF e€ PSh(®,,). We write 0” Q[F] for the corresponding subobject of the 
dendroidal set, which we define to be the image of w(0” F) inside Q[F]. 

In the next section we will need to analyze root horns A”[T] — T, where r is 
a unary root vertex. In this case one can always write T = F x [1] for some forest 
F =(T\,...,7,). Indeed, the root vertex r is the unique vertex of the linear tree [1] 
and F is all that remains once one deletes that copy of Cı and the vertex of T attached 
to the top of it, which again we label v. More generally, let us consider faces of a 
tree F x [n]. The faces of F x [n] can be listed as follows: 


(i) The faces of T corresponding to the faces of [n]; each deletes an edge i and the 
resulting face is F x 0;A[n]. Note that all these faces are inner except for i = n, 
which is the root face. 

(ii) For every face ôT; of a constituent tree T; of the forest F whichis not a root face, 
there is a corresponding face of T which can be written (T4, . . ., 0,7;,...,T) * 
[n]. More briefly, if we write ôF for the forest obtained from F by replacing 
T; with 0,7;, we can rewrite this face of T as 0, F x [n]. 

(iii) For every tree 7; of F which is not 7, replacing 7; by the ‘modified root face’ 
D, T; gives a forest D,, F and a face (D,, F) x [n] of F * [n]. Note that this face 
is an inner face of the tree F x [n] corresponding to the root edge r; of T;. 

(iv) If all the constituent trees of F are copies of 7 (including the case where F = (), 
so no copies at all), the vertex v is a leaf vertex of T. So then T has a leaf face 
deleting v and all its leaves (if any). 


6.6 Joins of Trees 251 


The union of the faces in (i) is precisely the join F x 0A[n]. Similarly, one can 
summarize the faces occurring in (ii)—(iv) much more succinctly; their union forms 
precisely the join 0” F x [n]. Note that if F consists of copies of ņ as in (iv), then 
ô” F = Ø and ð” F x [n] = iA[n]. 

If T = F x [1] is a tree with unary root vertex r, we may use our analysis above 
to write 

A’[T] =F & {1} UO"F * [1]. 
Indeed, the missing root face 0,T is the face F * {0}. We have set up our constructions 
so that they satisfy the following property: 


Lemma 6.45 For any 0 < m < n, the inclusion 
F xiA™[n] UO" F x[n] > F x [n] 
is a root anodyne map of dendroidal sets. Moreover, it is inner anodyne if m < n. 
Proof Simply observe that 
F xijA™[n] UO" F x [n] = A"(F x [n]), 


with A” (F x [n]) the union of all faces of the tree F * [n] which contain the edge 
m. So the only missing face is an inner face contracting m (when m < n) or the root 
face (if m = n). m 


In analogy with our terminology for dendroidal sets, let us say that a map of wide 
forest sets is a normal monomorphism if it is a composition of pushouts of wide 
boundary inclusions 0” F — F. Using the arguments for saturated classes that are 
by now standard, we conclude the following: 


Corollary 6.46 Let A — B be a normal monomorphism of wide forest sets and 
w(B) —> Y a map of dendroidal sets. If f : Y — X is an inner fibration of dendroidal 
sets, then the induced map 

Yg; > XB/ XXa; Ya 
is a left fibration of simplicial sets. 


Proof Consider a lifting problem of the form 


A™[n] <a 


- 
- 
- 
- 
- 
- 


A[n] ——> Xp; Xx Yas 


with m < n. By adjunction it corresponds to a lifting problem 
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B xi A™[n] VA x*iA[n] ah Y 


a 
- 


- 
- 
- 
- 
- 
- 
- 
- 


B x iyA[n] ————_> X 


which admits a solution because the left vertical map is inner anodyne by the 
preceding lemma. m 


The special case where X is terminal gives the following: 


Corollary 6.47 Let A — B be a normal monomorphism of wide forest sets and 
w(B) — Y a map of dendroidal sets. If Y is an c0-operad then the induced map 


Yg; =y Ya; 
is a left fibration of simplicial sets. 
Specializing further to the case where A = Ø gives: 


Corollary 6.48 If B is a normal wide forest set and w(B) — Y a map into an 
cœo-operad, then 
Yg; = Yo; = i*Y 


is a left fibration. In particular, Yg; is an œ-category. 


There are also versions of the preceding lemmas for a join of the form [n] x, S, 
which we leave to the determined reader. They will not feature in this book. 


6.7 Equivalences in co-Operads 


The purpose of this section is to give an extension of Theorem 5.49 to dendroidal sets 
and discuss its consequences. We begin with a definition. Note that for a dendroidal 
set X, a l-corolla œ € Xc, can equivalently be thought of as a 1-simplex of the 
underlying simplicial set i* X, simply using the fact that Cı = i,A[1]. 


Definition 6.49 Let X be an œ-operad. A 1-corolla a € Xc, is an equivalence if the 
corresponding 1-simplex is an equivalence in the oo-category i*X in the sense of 
Definition 5.45. 


The result we are after is the following: 


Theorem 6.50 Let f : Y — X be an inner fibration between c0-operads and consider 
a tree T with a unary root vertex v and T itself with at least two vertices. Then a lift 
exists in any square of the form 


6.7 Equivalences in co-Operads 253 


WIT] = Y 


i f 
T2; Xx, 


provided that B sends the l-corolla with vertex v to an equivalence in Y. 


Proof The tree T may be written as F x C1, where F is the forest obtained from T 
by removing the unary root corolla and the vertex attached to the top of it. As in the 
preceding section we may write AY[T] = F x{1}U0” Fx[1], where {1} corresponds 
to the root edge of T. The lifting problem of the theorem then corresponds to the 
following: 


o —4$ r 
| Pa | 


A{1] Sy XF/ XXəw F/ Yow F]. 


The vertical map on the right is a left fibration between co-categories by Corollary 
6.46. It suffices to prove that @ is an equivalence. Indeed, the existence of the lift 
then follows from Lemmas 5.47 and 5.48, which in particular guarantee that left 
fibrations have path lifting with respect to equivalences. To see that @ is indeed an 
equivalence, consider the projection z from the codomain of @ to i*Y. This projection 
is the composition of the pullback of a left fibration with the left fibration z’ as in 
the diagram below (see Corollary 6.47): 


XF/ XXow p, YawF/| ———> XF] 


{ | 


Yor ————> Xow} 


|e 


ivy. 


Therefore ~ is itself a left fibration. The image of @ under z is precisely the image 
of the unary root corolla of T under £, which is assumed to be an equivalence. Since 
left fibrations are conservative in the sense of Lemma 5.48, this shows that @ is itself 
an equivalence, which completes the proof of the theorem. m 


We will now use Theorem 6.50 to deduce some results about mapping spaces 
between oo-operads analogous to the results of Section 5.6. If X is an co-operad and 
A anormal dendroidal set, we will say two maps f, g : A — X are J-homotopic if 
any of the following three equivalent conditions is satisfied: 


(1) There is a map h: iiJ & A — X such that ho = f and hy = 
(2) The maps f and g are equivalent (cf. Definition 5.45) as vertices of the oo- 
category hom(A, X). 
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(3) The vertices f and g lie in the same connected component of the Kan complex 
k(hom(A, X)). 


We will prove that f and g are J-homotopic if and only if there exists a map 
h: Cj @A-X 


which is a pointwise equivalence, i.e., for every colour a € A, the corresponding 
1-corolla h(-, a): Cı — X is an equivalence in X. 

Extending the notation introduced at the end of Section 5.6, we write k(A, X) for 
the simplicial subset of hom(A, X) consisting of the simplices all of whose edges 
are pointwise equivalences. Thus, an n-simplex of k(A, X) is a map 


E:iA[n]@A>X 
such that for every colour a € A, the corresponding map 
E(-, a) : A[n] > i*X 


factors through the maximal Kan complex k(i*X) in i*X. According to Corollary 
6.36 the simplicial set hom(A, X) is an co-category. Clearly any equivalence in this 
co-category is a pointwise equivalence between maps from A to X, so that there is 
an inclusion of its maximal Kan complex into k(A, X): 


k(hom(A, X)) C k(A, X) c hom(A, X). 
We will prove that the first inclusion is an equality: 


Theorem 6.51 (a) Let X be an œ-operad and let A — B be anormal monomorphism 
between dendroidal sets. Then k(B, X) — k(A, X) is a Kan fibration. 

(b) In particular, if A is anormal dendroidal set then k(A, X) is a Kan complex and 
hence k(A, X) = k(hom(A, X)). 


Proof Part (b) follows by applying (a) to the normal monomorphism @ — A and 
using that k(hom(A, X)) contains any other Kan complex in hom(A, X). To prove 
part (a) it suffices to show that k(B, X) — k(A, X) is a right fibration. Indeed, as a 
special case it will follow that k(A, X) — k(@, X) = A[0] is a right fibration, hence 
a Kan fibration by Corollary 5.50. But then k(B, X) — k(A, X) is a right fibration 
over a Kan complex, hence itself a Kan fibration by that same corollary. 

Thus we should demonstrate that any lifting problem 


Ak[n] —— k(B,X) 


{ l 


A{n] ——> k(A,X) 


with 0 < k < n admits a solution. It is adjoint to a lifting problem of the form 
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B@iA*[n] UA 8 iA[n] — x 


- 
a 
- 
- 
- 
- 
- 
- 


B @iA[n] 


where y maps each 1-corolla of the form {b} 8 i) A[j, j’] to an equivalence in X. For 
0 < k <n the vertical map is inner anodyne by Corollary 6.26 and hence a lift exists 
because X is assumed to be an oo-operad. For k = n, Corollary 6.30 and Remark 
6.31 guarantee that the map on the left is a composition of pushouts of inner horn 
inclusions and root horn inclusions 


A'[T| -~T 


for which the root vertex of T is unary. Moreover, that unary root vertex is mapped to 
a 1-corolla of the form b 8 i;A[j, j’] in B ® i,A[n] and hence to an equivalence in X. 
If T has at least two vertices then we conclude that a lift exists by applying Theorem 
6.50. If T = Cj, the horn under consideration is the inclusion of the root edge of C1 
and the lifting problem is trivial: one can simply use a degenerate 1-corolla of X. o 


For simplicial sets we also expressed a relative version of the preceding theorem 
(namely Theorem 5.56). A similar statement holds for dendroidal sets. We will say 
amap f : Y — X isa J-fibration if it is an inner fibration and the map of underlying 
simplicial sets i*f has J-path lifting (so that in particular i* f is a J-fibration of 
simplicial sets). 


Theorem 6.52 Let f: Y — X be a J-fibration between œ-operads and A —> Ba 
normal monomorphism between dendroidal sets. Then the map 


k(B, Y) — k(B, X) Xk(A,X) k(A, Y) 


is a Kan fibration between Kan complexes. 


6.8 Minimal Fibrations Between co-Operads 


In this section we will extend the notion of minimal J-fibration to dendroidal sets 
and generalize some of the results of Section 5.8. The main extra feature to deal with 
is the presence of nontrivial automorphisms in the category Q. We begin by defining 
several terms in evident analogy with the simplicial case. Throughout this section it 
will be convenient to abbreviate notation for the dendroidal set iJ simply to J. The 
crucial tool to be used many times in this section is Theorem 6.52 above. 

Consider a J-fibration p : X — S between oo-operads and a normal monomor- 
phism j : A — B between dendroidal sets. If f,g : B — X are maps for which 
fj = gj and pf = pg, then we say that f and g are fibrewise J-homotopic relative 
to A if there exists a J-homotopy h : J & B — X from f to g (so ho = f and hı = g) 
so that h o (id x j) is the constant homotopy 
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J@A—>»A>X 
and p o h is the constant homotopy 


JoB © BS. 


Observe that we are using the existence of a projection map J & A Z, A and 
similarly for B. Generally the tensor product of dendroidal sets does not admit natural 
projection maps onto its factors, but the maps 72 above exist because J is a simplicial 
set: indeed, 72 can be thought of as the composition J & A —> i,A[0]® A = A, which 
we will continue to do throughout this section. By adjunction, it is straightforward 
to verify that f and g are fibrewise J-homotopic relative to A if and only if they lie 
in the same connected component of the fibre of the Kan fibration 


k(B, X) => k(A, X) Xk(A,S) k(B, S) 


over the vertex (fj, pf) = (gj, pg). 


Definition 6.53 Let p : X — S be a J-fibration between co-operads and let T € Q 
be a tree. 


(a) Two dendrices x,y € Xr are fibrewise J-equivalent if, when viewed as maps 
Q[T] — X, they are fibrewise /-homotopic relative to the boundary 0Q[T]. (In 
particular, px = py and x and y agree on 0Q[T].) 

(b) The mapp : X — Sis a minimal J-fibration if for any two fibrewise J-equivalent 
dendrices x, y € Xy, there exists an automorphism a of T so that a*x = y. 


Of course there is an alternative to (b) in which one demands x and y to be equal, 
rather than related by an automorphism. However, this stricter notion turns out to 
be less useful in practice. In particular, we need the more general notion to have a 
result such as Theorem 6.56 below. Observe that a minimal J-fibration p between 
co-operads in particular gives a minimal J-fibration i*p between oo-categories. As 
before, the crucial property of minimal fibrations is the following rigidity: 


Proposition 6.54 Let p : X — S and q : Y — S be minimal J-fibrations between 
co-operads and suppose both X and Y are normal. Then any fibrewise J-homotopy 
equivalence X — Y over S is an isomorphism. 


We will use the following dendroidal analogue of Lemma 5.65, which is proved 
by the same argument: 


Lemma 6.55 Consider a normal monomorphism of dendroidal sets A C B and an 
co-category X. Suppose h,k : J & B — X are two J-homotopies such that the 
restrictions of h and k to {0} ® B Uso} ga J 8 A agree. Then the maps 


hk): B = {1} 89B > X 


are J-homotopic relative to A. 
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Proof (of Proposition 6.54) By the same formal argument used just before Proposi- 
tion 5.64 it suffices to show that any endomorphism y : X — X over S (i.e. py = ¢) 
which is fibrewise J-homotopic to the identity is in fact an isomorphism. So let 
h: J ®X — X bea homotopy (over S) from ¢ to idx. As in the simplicial case we 
will use skeletal induction on X (which is why we need normality of X). 

The case n = Qis clear: skoX is a disjoint union of copies of 77, and there is a unique 
one in each J-connected component of every fibre of the J-fibration i*X — i*S. In 
fact this even shows that y is the identity on the 0-skeleton. Suppose we have proved 
that y restricts to an automorphism of sk,_, X. Let us show that ¢ then also gives an 
automorphism of sk, X. 

To see that the restriction of y to sk,X is injective, consider a tree T with n 
vertices and dendrices x, y € Xr for which yx = yy. Then the restriction of x and y 
to OQ[T] agree because g is injective on sk,_;X. The fibrewise /-homotopies 


Feo] “2 Jex 2x 


from wx to x and 
id@y h 
Je Q[T] —— J8 X > X 


from yy to y agree on J ® OQ[T | and on {0} 8 Q[T], where they both equal yx = yy. 
Therefore Lemma 6.55 implies that x and y are fibrewise J-homotopic relative to 
OQ[T]. The minimality of p then implies that there is an automorphism a of T so 
that a*x = y. Applying y gives a*yx = yy = yx. Since X is normal, we conclude 
that œ must be the identity and thus x = y. 

To see that the restriction of y to sk„X is surjective onto sk„X take a dendrex 
z € Xr, again for some tree T with n vertices. By the inductive hypothesis we 
can write 0z = yu for a unique map u : OQ[T] — X. We consider the fibrewise 
homotopy defined by the map 


ho(id@u) 
J o AQT] 2, x 


and write h, for its restriction along i;A[1] ® 0Q[T] € J ® OQ[T]. Equivalently, we 
may think of h„ as a map A[1] — k(OQ[T], X). Theorem 6.52 guarantees that the 
vertical map on the right in the following square is a Kan fibration, so that a lift g 


exists: 
A[o] ————_-» k(Q[T], X) 


: -7 
po et | 


- 


A[1] net K(OQ(T], X) Xaqqrys) K(Q(T], S). 
This lift gives a fibrewise J-homotopy (again denoted g) 
J Q|[T] —> X 


from go = z to another dendrex y := gı. Then ôy = u, while g and 
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id® h 
hy : J® Q(T] —> J@X 5X 


define two fibrewise J-homotopies which agree on J & OQ[T] and 1 & Q[T]. Again 
applying Lemma 6.55 now shows that go = z and (hy)o = yy are p-equivalent and 
hence z = a* yy = y(a*y) for some automorphism a of T. In particular, z is in the 
image of ọ. m 


Theorem 6.56 Let p : X — S be a J-fibration between œ-operads. If X is normal, 
then there exists a minimal J-fibrationq : M — S which is a fibrewise J-deformation 
retract of X — S. If S is also normal, then the retraction r : X — M is a trivial 
fibration. 


Proof We will start by inductively constructing M” , which we will be the n-skeleton 
of M, together with maps 


Mo yo yO, 1: Jox 5x, 


so that ri = id mi) and h™ isa homotopy (relative to M (n)) from ir to the 
identity of X™® := sk„X (or rather the composition of those maps with the inclusion 
xX“) c X). Moreover, the homotopies h are fibrewise over S in the sense that the 
composition p o h is the constant homotopy 


Jex” 2 x™ _ 8. 


To start the induction we define M). Consider for every s € Sy} the fibre 7, Xs X =: 
Xs, which can be thought of as a simplicial set (it admits a map to 7) and is in fact 
an co-category. Choose a single vertex in each connected component of the Kan 
complex k(X,) and set M© to be the coproduct of 7’s indexed by the set of these 
chosen vertices. Then for each x € X® there is a unique vertex r(x) € M® in the 
same fibre X, x) and a path hy : J — X from r(x) to x so that the composition po hy 
is constant with value p(x). This defines the relevant maps 


mo ©, xO 7, ”, MO, h® : Jo xX® > x, 


provided we arrange h, to be degenerate if x € M®, in which case r(x) = x. 

Now suppose we have defined M-)), r™=), and h-!), Consider the dendrices 
x € Xr, for T ranging through trees with n vertices, whose boundary ôx lies in 
M-) c X(@-) and which are not fibrewise homotopic to a degenerate dendrex. 
We say two such dendrices x and y are equivalent if x is fibrewise J-equivalent to 
a*y, for some automorphism a of T. This defines an equivalence relation, because 
fibrewise homotopy defines one. Pick exactly one dendrex x in each equivalence 
class and write the collection of chosen dendrices as Da. Then define M™) to be 
the dendroidal subset generated by M" together with the elements of D,,. Since 
X was assumed to be normal, so that it has a good skeletal filtration, it follows that 
M” fits into a pushout square as follows: 
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ieee QT] —3 MD 


| | 


Uxep, Q(T, | —— M”. 


Here T, denotes the shape of the dendrex x. We should now define r and h™, 
extending the maps r"~)) and A’"-)), On simplices of M we have no choice but 
to define r“ to be the identity and A) the constant homotopy. For a tree T with n 
vertices and a non-degenerate dendrex x € Xr which is not contained in M we 
proceed as follows. We have a fibrewise homotopy over S 


id Ae) 
J o aor] “225 J o xe) x, 


which is constant if ôx happened to be contained in MD), Restricting along 
A[1] ¢ J and taking adjoints gives the bottom map in the following square: 


Alo] —————> KOAT], X) 


> -7 
bee I 


co 


Alt] <-> k(@QIT}. X) xeaoir}s) KOITI 3). 


A lift f exists because the map on the right is a Kan fibration and the map on the 
left is anodyne. This map f defines a fibrewise homotopy to x from another dendrex 
s(x) € Xr, whose boundary lies in M~”. The definition of M“ now assures that 
there is a unique T-dendrex in one of the Dm (for m < n) which is equivalent to s(x). 
We write r™(x) for this dendrex. By definition there exists a fibrewise homotopy 


g : Afl] > k(Q[T], X) 


relative to Q(T] such that go = r(x) and g; = s(x). As before we ‘compose’ f 
and g. More precisely, consider the following square: 


A2 ——*" 5 KOIT] X) 


ee: 
ee: 


A[2] ——+ k(GQ[T], X) Xxaeir}s) KOLT], S). 


The bottom arrow is the degenerate 2-simplex 


SO 


A[2] > AI] > k(AQ(T], X) Xkaaprysy K(QIT], $), 


where the second map is defined by the evaluation of A”) on 0x as above. The left 
vertical map in the square is inner anodyne, so a lift j indeed exists. The restriction 


ð 
of j along the inner face A[1] —> A[2] is a fibrewise homotopy 
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Al] > k(Q(T], X) 


from r(x) to x, compatible with Ah”) on the boundary 0x. One can of course 
extend j along the anodyne inclusion A[1] € J to obtain the desired J-homotopy 


A” : J @QIT] > X. 


This concludes our constructions. Note that M — S, being a retract of X — S, is 
also a J-fibration between co-categories. Moreover, it is evidently minimal. 

It remains to check that if S is normal, then the retraction r : X — M is a trivial 
fibration. Consider a lifting problem 


ðQT] —> x 


eal 
pt 


Q(T] — M. 
Using the map h constructed above, we find a fibrewise homotopy 
hy: J > K(OQ(T), X) Xxaqyry,sy kK(QLT], S) 


from ivj = iru to u. Pick a lift f in the square below: 


A[O] ———*—-» KALT], X) 


a oe ae i 


J T koor 1, X) xka s) kK(QIT], S). 


This map f gives a fibrewise J-homotopy (agreeing with h,, on the boundary 0Q[T]) 
from fo = iv to another map fı. Now 


hf : J > K(OQ(T], X) xkaaris) k(QLT], S) 


is another fibrewise J-homotopy from ir fı to fi, also agreeing with h, on the 
boundary. Hence Lemma 6.55 implies that iv and ir fı are fibrewise J-equivalent. 
Applying the retraction r gives fibrewise J-equivalent dendrices riv = v and rir fı = 
r fi. Since M — X is minimal, we conclude that v = @*(r fı) for some «œ € Aut(T). 
If we can argue that « is the identity, it follows that fı is a solution to our original 
lifting problem above. To see this, write q for the fibration M — S and note that 
a*(qr fi) = qv = qr fı, where the second equality follows from the fact that our 
homotopies are fibrewise over S. Since S is assumed to be normal, this implies 
a = id. m 


In the case of simplicial sets it was rather evident that the class of minimal J- 
fibrations is closed under pullbacks. This is not quite the case for dendroidal sets. 
However, we still have: 
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Lemma 6.57 Let f : S’ — S be a map of œ-operads such that for any dendrex 
x € Xr, the induced map of stabilizers Aut(T), — Aut(T)¢(,) is an isomorphism. 
If p : X — S is a minimal J-fibration between co-operads, with X normal, then 
the pullback q : f*X — S’ is again a minimal J-fibration between ov-operads. In 
particular, note that the condition on stabilizers is automatically satisfied when S’ 
and S are normal. 


Proof The class of J-fibrations is stable under pullback, so it suffices to check 
minimality of f*p. Write g : f*X — X for the evident map. Let x, y € f*X be two 
dendrices which are fibrewise J-equivalent over S’. Then g(x) and g(y) are fibrewise 
J-equivalent over S, so that minimality of p implies that g(x) = a*g(y) = g(a* y) for 
some a € Aut(T). Projecting to S, we find that a* fixes the dendrex pg(y) = fq(y). 
By the condition of the lemma a* must also fix q(y), so that g(x) = q(y) = a*q(y). 
By the defining pullback square of f*X, it follows that x = a*y. o 


Essentially the same argument used to prove Proposition 5.73 can be used for the 
following homotopy invariance property: 


Proposition 6.58 Let p : X — S be a minimal J-fibration between œ-operads and 
assume X is normal. If f,g : S’ — S are two J-homotopic maps satisfying the 
condition of the previous lemma, then the pullbacks f*p and g*p are isomorphic 
minimal J-fibrations over S’. 


Historical Notes 


The notion of an inner dendroidal Kan complex (or œo-operad) was introduced and 
developed in [116, 117]. These references study the behaviour of the inner Kan 
condition with respect to tensor products and also prove Theorem 6.50, the analogue 
of Joyal’s theorem in the context of dendroidal sets. Leaf anodynes and left fibrations 
of dendroidal sets were first considered systematically in [77]. Minimal fibrations of 
dendroidal sets originate in [114]. 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Part II 
The Homotopy Theory of Simplicial and 
Dendroidal Sets 


A 
Check for 


Chapter 7 spa | 
Model Categories 


In [123] Quillen proposed an axiomatic framework for homotopy theory through the 
notion of a model structure on a category. Such a structure consists of three distin- 
guished classes of morphisms, called weak equivalences, fibrations, and cofibrations, 
required to satisfy several axioms reminiscent of the properties of the corresponding 
notions in the usual homotopy theory of topological spaces. This axiomatization 
allows one to carry out many of the basic manipulations of homotopy theory in any 
context where such a model structure is present. One of Quillen’s early applications 
of the theory was to the category of simplicial commutative rings, where it leads 
to an elegant development of the theory of homology of commutative rings [125]. 
This is now usually referred to as André—Quillen homology or the cotangent com- 
plex. More modern applications of the theory include the study of motivic homotopy 
theory, which uses model structures on the category of simplicial presheaves on the 
category of smooth schemes (over some fixed base S$) [119]. 

The notion of model category also allows one to make rigorous sense of the 
idea that two homotopy theories are ‘equivalent’; this applies, for example, to the 
homotopy theories of topological spaces and of simplicial sets. Any sufficiently 
homotopy-theoretic statement can thus be carried over from one of these theories to 
the other without essential change. More interestingly, in [124] Quillen compared the 
homotopy theory of rational spaces to various ‘models’ constructed in a completely 
algebraic fashion; in particular, he exhibited equivalences between the model cate- 
gory of rational spaces and model categories constructed from differential graded 
Lie algebras, or from cocommutative coalgebras, among others. 

In this book we will use model categories to study the homotopy theory of 
topological and simplicial operads and of dendroidal sets (of various flavours). We 
will prove various comparison results relating these theories. 
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7.1 Axioms for a Model Category 


In this section we introduce the definition of a model category and give the first few 

examples. As we will see, in some cases it is very easy to verify the axioms, but one 

learns little new from the fact that they hold. In other cases this verification is hard, 

but the validity of the axioms captures crucial properties of the category at hand. 
We follow Quillen’s formulation: 


Definition 7.1 Let € be a category. A model structure (or more explicitly a Quillen 
model structure) on € is given by three classes of morphisms in €, called the 
fibrations, the cofibrations, and the weak equivalences. These are required to satisfy 
the following axioms: 


(M1) The category € has all small limits and colimits. 

(M2) If two out of three morphisms f : X — Y, g : Y — Z, and their composition 
gf : X — Z are weak equivalences, then so is the third. 

(M3) The classes of fibrations, cofibrations, and weak equivalences are closed under 
retracts. 

(M4) For any commutative square 


A —> X 


b y 


B —> Y 


in which 7 is a cofibration and f is a fibration, a lift B — X making both 
triangles commutes exists as soon asi or f is also a weak equivalence. 

(M5) Any morphism f : X — Y can be factored as a cofibrationi : X — Z followed 
by a fibration p : Z — Y in two ways: one in which i is also a weak equivalence, 
and one in which p is. 


A category equipped with a model structure will also be referred to as a model 
category (sometimes Quillen model category). 


When there is no danger of confusion we will often use the phrase ‘Let € be a 
model category’ and leave the choice of model structure on € implicit. 


Remark 7.2 (a) Quillen’s original form of axiom (M1) only demands the existence 
of finite limits and colimits. However, in all our examples, € will have all small limits 
and colimits, so that for us it is convenient to use the stronger version of (M1) given 
above, as is also standard in the literature. 

(b) A map which is both a fibration and a weak equivalence is called a trivial 
fibration. Similarly, a cofibration which is also a weak equivalence is referred to as 
a trivial cofibration. So (M5) states that every map factors as a trivial cofibration 
followed by a fibration and as a cofibration followed by a trivial fibration. With this 
terminology, (M4) states that fibrations have the right lifting property with respect to 
trivial cofibrations, and trivial fibrations have the right lifting property with respect 
to cofibrations. 
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(c) In fact, the converse statements also hold. For example, if a map f : X —> Y 
has the right lifting property with respect to cofibrations, then it must be a trivial 
fibration. Indeed, factor f as a cofibration i : X — Z followed by a trivial fibration 
p : Z — Y. Then by assumption we can find a lift g in 


X X 
i P |r 
P 
Z —> Y 
and this makes f a retract of p: 

x —> Zz >x 
bob y 
Y p—m; Y ———— Y. 


So f is a trivial fibration by (M2). Thus 


(i) a map is a trivial fibration if and only if it has the right lifting property with 
respect to cofibrations. 


In exactly the same way one proves 


(ii) a map is a fibration if and only if it has the right lifting property with respect to 
trivial cofibrations, 

(iii) a map is a trivial cofibration if and only if it has the left lifting property with 
respect to fibrations, 

(iv) a map is a cofibration if and only if it has the left lifting property with respect 
to trivial fibrations. 


In particular, the classes of weak equivalences and fibrations together determine 
the class of cofibrations, and dually the class of fibrations is determined by the 
classes of weak equivalences and cofibrations. Also, the class of weak equivalences 
is determined in terms of the classes of fibrations and cofibrations. Indeed, the latter 
two also determine the classes of trivial cofibrations and fibrations by (i)—(iv) above, 
while a map f : X — Y is a weak equivalence if and only if it is a composition of 
a trivial cofibrationi : X — Z with a trivial fibration p : Y — Z. This composition 
is guaranteed to exist by the factorization axiom (M5), using (M2) to conclude that 
both constituent maps are weak equivalences. Summarizing, any two of the three 
classes defining a model structure determine the third. 

(d) The characterization of the classes of cofibrations and of trivial cofibrations 
given in (iii) and (iv) above in particular show that these classes are saturated (in the 
sense of Definition 3.30). The classes of fibrations and of trivial fibrations satisfy 
dual properties. Isomorphisms are automatically in each of the three classes. 
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Notation 7.3 It will often be convenient to decorate arrows denoting morphisms 
belonging to one or more of the three classes in a model structure: 


A — > B jor a weak equivalence, 
A >> B for a cofibration, 
A>— B for a trivial cofibration, 
X —»Y for a fibration, 

X —»Y for a trivial fibration. 


Definition 7.4 Let € be a model category. An object X of € is called fibrant if the 
unique map X — 1 into the terminal object 1 of € (which exists by (M1)) is a 
fibration. Dually, X is called cofibrant if the unique map 0 — X from the initial 
object to X is a cofibration. 


In practice one often needs to replace objects by weakly equivalent fibrant and/or 
cofibrant objects. Let us introduce the relevant terminology: 


Definition 7.5 Let € be a model category and X an object of €. A fibrant replacement 
of X is a weak equivalence X > Xf where Xp is fibrant. Dually, a cofibrant 
replacement is a weak equivalence Xe > X with X, cofibrant. 


Of course, for an arbitrary object X one can always factor the unique map X —> 1 
as 
X >—> Xp —» 1 


to find a fibrant replacement Xs of X. Dually, one factors 0 — X as 
0>— X — X 


to obtain a cofibrant replacement. Notice that these replacements have the additional 
property that the relevant weak equivalences are in fact a trivial cofibration and 
trivial fibration, respectively. 

We end this section by listing some very elementary examples of model categories. 
The reader less familiar with Quillen’s axioms should do the useful exercise of 
verifying that the axioms hold in each of them. 

First examples. (a) Consider the category Cat of small categories. Call a mor- 
phism (i.e., a functor) f : C — D a weak equivalence if it is an equivalence of 
categories, a cofibration if it is injective on objects, and a fibration if it is an isofi- 
bration. Recall that this means that for any object c of C and any isomorphism 
a: f(c) — d in D, there exists an isomorphism £ in C with domain c satisfying 
f(B) = a (cf. Definition 5.46). It is not difficult to verify that the axioms (M1-5) 
hold for these classes of maps. This model structure on Cat if usually referred to as 
the naive or folk model structure. Recall that a functor C — D is a weak equivalence 
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if and only if it is essentially surjective and fully faithful. One can check that the 
trivial fibrations are precisely the functors which are both fully faithful and surjective 
on objects. Also, any category is fibrant as well as cofibrant. We notice for later use 
that if 

Co — Ci — C2 e +) — Ce — Czy ote 


is a tower of trivial fibrations indexed by some limit ordinal 4 then the projection 


lim Cz = Co 
é<A 


is again a trivial fibration. 

(b) There is a similar model structure on the category of small groupoids, denoted 
Grpd, with the three classes of maps defined exactly as for Cat. 

(c) The category Op of operads carries a ‘naive’ model structure generalizing 
that of example (a) above. Indeed, say a morphism y: P > Q is a weak equivalence 
if it is an equivalence of operads, meaning 


P(c1,.--, nid) > QCC), «--, (Cn); P(A) 


is a bijection for every tuple of colours cj,...,Cn,d of P and ¢ is essentially sur- 
jective (meaning the functor j*y of underlying categories is essentially surjective). 
Cofibrations are the morphisms which are injective on colours and fibrations are 
the maps which give an isofibration on the underlying categories. The axioms are 
easily verified. Let us illustrate this by checking one of the lifting axioms. Consider 
a diagram of operads 


A —> P 


YP 

B — Q 
in which f is injective on objects and p is a trivial fibration, i.e., an equivalence 
of operads which is moreover an isofibration. Equivalently, p is an equivalence of 
operads which is surjective on colours. To find a lift g: B — P, first pick for every 
colour b of B a colour g(b) of P satisfying v(b) = p(g(b)) and moreover g(b) = u(a) 
whenever b = f(a). There is now a unique way to define g on operations in a way 
that is compatible with v, since 


P(ci, . -> Cn; d) > Q(p(c1), - . -, P(Cn); P(A) 


is bijective for every tuple of colours of P. The map g constructed in this way will 
satisfy pg = v by construction. To check that g f = u, note that this is true on colours 
by construction. On operations, it follows from the equation vf = pu and the fact 
that p acts bijectively on sets of operations, as above. 
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(d) Let k be a field and consider the category of non-negatively graded chain 
complexes V = (V,, d) of vector spaces over k, 


Ve (Wye Vie eee. 


This category carries a model structure in which a map is a weak equivalence if it 
is a quasi-isomorphism, i.e., if it induces isomorphisms in homology. Furthermore, 
the cofibrations are the maps which are injective in each degree, and the fibrations 
are the maps which are surjective in each strictly positive degree. Again, it is not 
too hard to verify that the axioms hold. In the literature one finds many extensions 
and variations on this example, notably where the field k is replaced by a ring R 
(and vector spaces by modules, of course). In this case, a cofibration is a degreewise 
injective map which also has degreewise projective cokernel. 

(e) Later in this book we will encounter many constructions of new model cate- 
gories from given ones. For now, let us just observe the following cases: 


(e.i) If € is a model category, then so is its opposite category €°?, with the same 
weak equivalences but cofibrations and fibrations reversed. 

(e.ii) If € is a model category and X is an object of €, then so are the slice categories 
€/X and X/€. The forgetful functors €/X — € and X/E — € define the 
three classes of maps. For example, a map 


A ————> B 


E 


is a weak equivalence in €/X precisely if A — B is a weak equivalence in 
E. In particular, if 1 denotes the terminal object one finds that the category 
1/E€ = E, of pointed objects of € carries a natural model structure. (The same 
fact and terminology apply when 1 is replaced by the unit for some tensor 
product on €.) 

(e.iii) If {€;};¢7 is a family of model categories indexed by a set J, then the product 
category [], €; again carries a model structure in which the three relevant 
classes of morphisms are simply defined componentwise. More precisely, a 
map (X;)jer — (Y;)iez is a fibration precisely if each X; — Y; is, and similarly 
for the cofibrations and weak equivalences. 


7.2 Some Background on Topological Spaces 


In the next section we will construct a model structure on the category of topological 
spaces. The proof uses some elementary facts from algebraic topology, which can 
be found in any of the standard textbooks and which we briefly recall here. 
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We begin with a discussion of cellular spaces and maps, and of CW-complexes. 
We write 
D” = {x € R” | [|x|] < 1} 


for the n-disk and ôD” c D” for its boundary. One can of course use any homeo- 
morphic model for the inclusion, e.g., the geometric realization |OA[n]| — |A[n]| 
of the boundary inclusion of the n-simplex. We say that a space Y is obtained from 
another space X by attaching a family of cells {D" |i € I} if it can be written as a 
pushout 


Licey ôD" —> X 


J | 


Mie D” —> Y. 


A map X —> Y is called a cellular extension if it can be factored as 


X =X — X — X% — 


Y 


with X. = lim X, — Y an isomorphism and each Xę obtained from X,_1 by 
attaching a family of cells. More briefly, a cellular extension is a directed colimit 
of cell attachments. We also say Y is a cellular extension of X. By definition of 
the colimit, Xœ has the weak topology with respect to the inclusions X;, —> Xo. A 
relative CW-complex is a cellular extension X — Y equipped with a factorization as 
above in which X„-1 — Xn is obtained by attaching cells of dimension n only. An 
important property of cellular extensions is that “compact subsets are contained in 
finitely many cells’. We state this as follows: 


Lemma 7.6 Let A be a topological space and let Ay © A, © Az © --+ be a sequence 
of subspaces such that 


e A = U, An and A has the weak topology with respect to the An, 
e A, is closed in An+1, 
e A, — An-1ı is a T,-space. 


Then any compact subset K © A is contained in some Ay. 


Proof For a contradiction, suppose K G A is compact and not contained in any 
An. Replacing (An)nz0 by a subsequence if necessary, we may suppose that there 
are points x, E An — An-1 which belong to K. Since K is compact, the collection 
S = {xn}n>0 must have an accumulation point. On the other hand we claim that S$ 
is closed and discrete, which is a contradiction. Indeed, it suffices to prove that each 
S N A, is closed and discrete for every n. Clearly $ N Ao is. Now suppose the same 
is true of SM An-1. Then 


SAM An = (S A An-1) U (SA (An — An-1)) 


272 7 Model Categories 


and S N (An — An-1) is open and closed in SM An by the assumptions. This proves 
the lemma. o 


The next basic notion we need is that of a Serre fibration. Recall that a map 
E — B is a Serre fibration if any commutative square if of the form 


I” x {0} = 


| aa 


I” xI —>B 


has a diagonal filling as indicated. Here J = [0, 1] € Ris the unit interval. A diagonal 
in such a square is at the same time an extension of the map I” x {0} — E and 
a lift of the homotopy I” x I — B, and one refers to this property of E — B as 
the ‘homotopy extension and lifting property’ (HELP). Of course one can replace 
I” x{0} c I” xI by any homeomorphic inclusion. Convenient and often used models 
are the inclusion 

Ant =]"x {0} VdI"xI => yt 


(of a box without a lid into a solid cube) and the realizations of the simplicial horn 
inclusions 
|A‘[n]| > |A[n]| = A”. 


In fact, since the class of maps with respect to which E — B has the right lifting 
property is saturated, it follows that for any anodyne extension of simplicial sets 
M — N (see Section 5.3), the Serre fibration E — B has the right lifting property 
with respect to |M| — |N|. Notice in particular that this means that the singular 
complex functor Sing maps a Serre fibration to a Kan fibration. 

A basic property of Serre fibrations is the long exact sequence of homotopy 
groups. Let p : E — B be a Serre fibration, and let bọ € B and eo € p`! (bọ) be 
a choice of basepoints. Write F = p~'(bo) for the fibre and i : F — E for the 
inclusion. There is a long exact sequence 


fè Px ô 
+39 NnF mE —> nB > nu-i F >- 


where we have omitted the basepoints from the notation. In low degrees this sequence 
passes from abelian groups to groups to pointed sets, but exactness continues to 
make sense. The readers unfamiliar with this sequence can certainly prove this for 
themselves, once provided with the definition of the map ô : nnB — nn-1F. Given 
a € 7,B, represent a by a map a: I” — B sending the boundary to bo, and lift in 


e 


AP —“S E 


a 
Lee 
yo 


a 


I” ——> B. 


Then 6a is the element in 2,,_; F represented by the restriction of b to I nly {1}. 
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Lemma 7.7 Let p: E — B be a map between topological spaces. Then the following 
properties are equivalent: 


(1) The map p is a Serre fibration inducing isomorphisms nE — nB for each 
n > 0 and each (compatible) choice of basepoints. 

(2) The map p has the right lifting property with respect to the boundary inclusion 
0D" — D” for eachn = 0. 

(3) The map p has the right lifting property with respect to all cellular maps. 


Proof The implication (2) = (3) is clear because the class of maps with respect to 
which p has the right lifting property is saturated. Conversely (2) is a special case 
of (3). We now prove (3) implies (1). Clearly p must be a Serre fibration. To prove 
that the maps z,E — nB are isomorphisms, fix n > 0 and basepoints bọ € B and 
eg € p~! (bo). Let a: D” — B represent an element a € 7B and lift in the diagram 


el 


ðb” —S E 


Led 


D” —> B 
to see that m„(E, e0) — 7,(B, bo) is surjective. To see that it is injective, let a, B : 
D” = E be two maps sending ôD” to e9, which become homotopic relative to the 
boundary once composed with b, say by a homotopy h. Then a lift in 


aUBUeo 


D” x {0,1} U ðD" xI —} E 


a p: 
pes 


D” xI —Ż— SB 


shows that «œ and £ are also homotopic relative to the boundary. Finally, we prove (1) 
= (2). Let p: E — B bea Serre fibration inducing isomorphisms on all homotopy 
groups and consider a commutative square 


6p" +8 


ae 
Pia P 


D” = B, 


in which we need to find a diagonal lift £. Pick a basepoint dọ € OD, and write 
eo = f(do) and bo = p(eo). Since D” is contractible, there exists a homotopy 


h: D” xI — B 


from g = ho to the constant map hı with value bọ. Since p is a Serre fibration, we 
can lift the restriction of this homotopy to the boundary 0D” to a homotopy h as in 
the following square: 
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aD" x {0} 4 E 


| 
LA P 


ôD" xI — > B. 


Then the map hı: 0D" — E has image contained in the fibre p~! (bo). By the long 
exact sequence of the fibration p this fibre has vanishing homotopy groups, so that 
there must exist an extension of hı to a map k: D” — p~! (bo). Now choose a lift L 
in the following diagram: 


hUk 


ðD” x IU D” x {1} —3 E 


| ua | 


D" xI ——_——> B 


Then the restriction of L to D” x {0} provides a solution £ to our original lifting 
problem. m 


Remark 7.8 We already observed that applying Sing to a Serre fibration gives a 
Kan fibration of simplicial sets. Lemma 7.7 also shows that Sing of a Serre fibration 
which is also a weak homotopy equivalence gives a trivial fibration of simplicial 
sets. 


For later use, we record the fact that being a Serre fibration is a local property: 


Proposition 7.9 Let p: E — B be a map with the property that every b € B has a 
neighbourhood U such that the restriction 


pU BU 
is a Serre fibration. Then p is itself a Serre fibration. 


Proof Let p be as in the statement of the proposition and consider a lifting problem 


I" x {0} — E 


| 
Lo" 


yt! 2r 3 B. 


By compactness of I”+! and the Lebesgue covering lemma, there exists a natural 
number N such that if we subdivide 7"*! into a grid of N"*! little cubes with side 
lengths 1/N, the image under p of each little cube is contained in an open set U 
over which p is a Serre fibration. Order these cubes lexicographically and label them 
Ci,..-, Cynsi. Write Z, := I” x {0} UC, U---UC,. We will now define lifts 
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mx {0} 4 


i aaa 
rg 
a 
Fa 
I, 


oO 


— > B. 


by induction on r. To extend a given lift h, from J, to I„+1, we have to extend h, 
over the cube C,. Thus it suffices to solve the lifting problem 


hy |cr 


N L, -—. E 
a 
C, —=— +B. 
This can be done because C, N J, — C, is itself homeomorphic to the inclusion 
I” x {0} > I"*!. Indeed, the intersection C, N I, is essentially a variation of the 


“box without a lid’ 
I” x {0} U ðI" xI, 


but possibly with 0/7” replaced by a smaller union of faces of J”. o 


Corollary 7.10 A locally trivial fibre bundle p: E — B is a Serre fibration. 


Proof By definition every point in B has a neighbourhood on which p is homeo- 
morphic to the projection of a product onto one of its factors, which is evidently a 
Serre fibration. Oo 


7.3 A Model Structure for Topological Spaces 


In this section we shall use the basic facts from the previous section to construct 
a model structure on the category Top of (compactly generated weak Hausdorff) 
topological spaces. The relevant classes of maps are defined as follows. A map 
f: X — Y is called a weak equivalence if it induces a bijection noX — moY and an 
isomorphism 7,(X, xo) > 7,(Y, f(xo)) for any n > 1 and any choice of basepoint 
xo € X. A map f : X — Y is called a fibration if it is a Serre fibration and a 
cofibration if it is a retract of a cellular extension. 


Theorem 7.11 (Quillen) These classes of maps constitute a model structure on the 
category Top. 


Proof The axioms (M1) (finite limits and colimits), (M2) (two-out-of-three for weak 
equivalences) and (M3) (retracts) are obviously satisfied. For (M5), observe that any 
map f : X — Y can be factored as a cellular map i : X — Z followed by a map 
p : Z — Y having the right lifting property with respect to all cellular maps. Indeed, 
one applies the small object argument (cf. Remark 3.38 ) to the set of boundary 
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inclusions of cells D” — D” (n > 0). In a bit more detail, one sets Zo := X and 
for k > 1 one inductively defines factorizations 


pe a 


of f as follows. Suppose Zx, ix, and pp have been defined. Write 5; for the set of all 
commutative squares of the form 


OD" —> Zk 


L p 


D” ——> Y. 


Define Zg+ı by a pushout square 


Lses, 0D” ——> Zk 


l | 


Uses, D” —_ Zk+1 


and define iz, to be the composite of i, followed by the right-hand vertical map in 
the square. The universal property of the pushout defines the map pk+1 : Zk+1 > Y. 
Taking the colimit over k gives a factorization 


e239, 9 


of f in which i» is a cellular extension. To see that pœ has the desired right lifting 
property with respect to cellular maps, we should solve lifting problems of the form 


ðD” —> Ze 


Loe 
ve 


D” —-+ Y. 


Observe that the map 0D” — Zæ must factor through some Z; by Lemma 7.6. The 
resulting square 
0D" —> Zk 


L p 


D” —-+ Y. 


defines an element of 8; and a corresponding map & : D” —> Zk+1. The composite 


n tk 
D — Zk+l > Z% 
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gives the desired lift. To conclude that pæ is a trivial fibration, we use that a map 
having the right lifting property with respect to all cellular maps is a Serre fibration 
and a weak equivalence by Lemma 7.7. 

The other factorization, into a trivial cofibration followed by a fibration, is proved 
in exactly the same way, now using the inclusions 


I"x {0} >I" xI (7.1) 


instead of the boundary inclusions 0D" — D”. These inclusions are all cellular and 
part of strong deformation retracts (hence in particular weak equivalences). Hence 
if {A; — B;} is a family of maps of the form (7.1), then their coproduct is again 
cellular and a strong deformation retract and so is any pushout of it. Finally, if 


Xp > X1 9 XO: 


is a sequence of cellular strong deformations retracts, then each A; > lim Ax is as 
well, as the reader can easily verify. Hence applying the small object argument to 
factor a map X —> Y into a (transfinite) composition of pushouts of maps of the form 
(7.1) (for varying n > 0) followed by a map having the right lifting property with 
respect to such finishes the argument. 

It remains to prove the lifting axiom (M4). So consider a commutative square 


7 ae ee 


by 


B —SY 


where i is a cofibration and p is a fibration. If p is also a weak equivalence, then 
p has the right lifting property with respect to all cellular extensions by Lemma 
7.7. But then it also has the right lifting property with respect to any retract of a 
cellular extension, i.e., with respect to any cofibration. If instead i is also a weak 
equivalence, then we can factor i as v o j with j : A — C in the saturation of the class 
of maps of type (7.1) and v a Serre fibration, as in the second factorization for (M5) 
just discussed. Observe that j has the left lifting property with respect to any Serre 
fibration. Also, since i and j are weak equivalences, so is v by the two-out-of-three 
axiom. Thus by Lemma 7.7 again, v has the right lifting property with respect to all 
cellular maps. We can now find a diagonal filling in the square above by lifting in 
two steps: 


A>’ C asx 
l a Lx 
CLF. 


Then Ar is the required lift and the proof is complete. m 
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Remark 7.12 One can reinterpret the last step in the proof above in the following 
way. Write J for the class of maps described in (7.1). Then the left-hand square above 
shows that any trivial cofibration i is a retract of a J-cellular map (see Definition 
5.18). Indeed, one can redraw that diagram as follows: 


A =— A = A 
i p 
B —> C — B 


Since Serre fibrations have the right lifting property with respect to J (by definition), 
they also have the right lifting property with respect to any retract of a g-cellular 
map. 

Generally, if J is a set of maps in a model category with the property that fibrations 
have the right lifting property with respect to J, then the argument above shows that 
any trivial cofibration is a retract of a J-cellular map. This is often called the ‘retract 
argument’. It follows that the class of trivial cofibrations is the saturation of J. Indeed, 
we just argued that any trivial cofibration is in this saturation. Conversely, any map 
in J is a trivial cofibration (it has the left lifting property with respect to fibrations), 
hence so is any map in the saturation of J. 


Remark 7.13 The proof of Theorem 7.11 just given uses the small object argument 
in two ways: to construct the cofibrations as the saturation of the set of boundary 
inclusions 0D" — D”, n > 0, and to construct the trivial cofibrations as the 
saturation of the set of inclusions 7” x {0} — I” x I, n > 0. The crucial properties 
that made our argument work were 


(i) the inclusions 7” x {0} — I” x I are themselves cellular extensions, 
(ii) the saturation of these 7” x {0} — J” x I is contained in the class of weak 
equivalences, 
(iii) the domains 0D” and J” are compact, so factor through a finite stage of a colimit 
of a sequence 
2 ee + oe 


of cellular extensions. 


More generally, a model category € is said to be cofibrantly generated if there are 
sets of maps J and J whose saturations are the classes of cofibrations and of trivial 
cofibrations, respectively, satisfying conditions (i’)—(iii’) listed below. These sets 
J and ĝ are then called the sets of generating cofibrations and generating trivial 
cofibrations. In turn, in the process of trying to establish a model structure on a 
category € (which possesses all the necessary colimits), one can use two such sets J 
and J to construct factorizations as in (M5). The saturation of J will then be defined 
to be the class of cofibrations and one hopes to prove that the saturation of J acts as 
the class of trivial cofibrations. One can prove (M5) as we did if conditions analogous 
to (i)-(iii) above hold, namely 
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(i’) J is contained in the saturation of J, 
(ii’) the saturation of J is contained in the class of weak equivalences, 
Gii’) if 
Xj 9 Xi 7 XO: 
is a sequence of J-cellular maps and K is the domain of a map in J or J, then 
any map 
K > lim X 
= 


factors through some X;. 


This argument also works if condition (iii’) is satisfied for colimits of continuous 
sequences indexed over a fixed regular cardinal x. However, for most of the model 
structures we construct in this book, either the countable case described above or the 
case where x is the first uncountable cardinal suffices. 


Remark 7.14 The model structure of Theorem 7.1 1 satisfies several additional useful 
properties. One of these is that in a pullback square 


A— > xX 


ae 


B — Y 


in which g is a fibration and v is a weak equivalence, the map u is again a weak 
equivalence. If this additional property holds in a model structure, then one says it 
is right proper. We will come back to this property in a more general context in 
Section 7.6 below. For now, let us give a proof which is somewhat particular to the 
case of topological spaces. Write F and G for the respective fibres of f and g (for 
chosen basepoints b € B and v(b) = y € Y) and w : F — G for the restriction of 
u. Then w is a homeomorphism, so in particular a weak equivalence. It now follows 
by the five lemma that u is a weak equivalence whenever v is, simply comparing the 
long exact sequences of homotopy groups induced by f and g. 


> NnF > TA > TB > Tn- F = 


{ of od l 


e ——> MO —> MX —> nY —> m- —> = 


Remark 7.15 Dually to the previous remark, the model structure of Theorem 7.11 is 
also left proper, meaning that the pushout of a weak equivalence along a cofibration 
is again a weak equivalence. To see this, recall that a cofibration is a retract of 
a cellular extension. Since weak equivalences of topological spaces are preserved 
under direct limits, it suffices to prove that for a weak equivalence f: X — Y anda 
cell attachment 
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gn — sx 


l { 


Dp! 5 X Uy pt, 


the corresponding map f: X Ua D"! = Y Ufa D"*! is a weak equivalence. To 
see this, note that f still gives a bijection on path components and moreover an 
isomorphism on fundamental groups (at any basepoint) by van Kampen’s theorem. 
A standard Mayer—Vietoris argument shows that f induces an isomorphism on 
homology (with any local coefficient system). These facts together imply that fis a 
weak equivalence. 


7.4 Homotopies Between Morphisms in a Model Category 


Recall that an object in a model category is called fibrant if it maps to the terminal 
object by a fibration and cofibrant if the map from the initial object into it is a 
cofibration. In this section we will describe a notion of homotopy for morphisms 
in a model category € which behaves well as long as the domain is cofibrant and 
the codomain is fibrant. This leads to a well-defined category Ho(€) of objects 
which are both fibrant and cofibrant, and homotopy classes of maps between them 
as morphisms. The main result of this section is Proposition 7.27, stating that a 
morphism between fibrant-cofibrant objects is a weak equivalence if and only if it 
is a homotopy equivalence. For the rest of this section we work with a fixed model 
category €. 


Definition 7.16 (a) Let A be an object of €. A cylinder on A is a factorization of the 
fold map V : ALLA — A into a cofibration followed by a trivial fibration: 


ALLA os Cyl(A) 


es : 


If £ is only a weak equivalence, we speak of a weak cylinder. 
(b) Dually, for an object X, a path object for X if is a factorization of its diagonal 
into a trivial cofibration followed by a fibration: 


X >> PX 


“SS [ropo 


XxX. 


We speak of a weak path object if c is only a weak equivalence. 
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Remark 7.17 (a) In a weak cylinder object, the maps ip and i; are trivial cofibrations 
if A is cofibrant. Indeed, each of the two coproduct inclusions A > ALA isa 
cofibration because 

0 ——>A 


bot 


A —> AULA 


is a pushout. Composition of (io, i1) with each of these coproduct inclusions shows 
that ip and i; are cofibrations. By two-out-of-three they are weak equivalences, using 
that sio = id4 = ci; and € is a weak equivalence by assumption. 

(b) Dually, the maps po and p; in a path object are both trivial fibrations, provided 
X is fibrant. 


Example 7.18 For the category of topological spaces with the model structure of 
the previous section, the usual cylinder 


NW Oo xx Eee 


of a space X provides a cylinder object. Dually, the path space 


const I (evo,ev1) 
L, y M, 


X XxX 


provides a weak path object. In the category of small categories equipped with the 
naive model structure, one can use the functors 


(io,t1) 


cuc—4cxr(s)—>C€ 
to provide a cylinder object for a category C. Recall that T(J) is the groupoid 


consisting of two objects and an isomorphism between them. Similarly to the case 
of spaces, the functor category C*”) gives a path object for C. 


Definition 7.19 Let A and X be objects of £. 


(a) Two maps f, g : A — X are called left homotopic if there exists a weak cylinder 
Cyl(A) and a map 
h : Cyl(A) > X 


for which hip = f and hiy = g. We write f ~ g. We call such an A a left 
homotopy between f and g. 
(b) Dually, f and g are called right homotopic if there is a weak path object PX and 
a right homotopy 
k:A— PX 


for which pok = f and pik = g. We write f ~R g. 
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Proposition 7.20 Let A be a cofibrant object and X a fibrant object. 


(a) Being left homotopic is independent of the choice of weak cylinder and defines 
an equivalence relation on the set of morphisms from A to X. 

(b) The dual statement holds for right homotopic maps. 

(c) The relations of being left and right homotopic coincide. 


Proof The proofs are elementary applications of the axioms. We present a few 
observations concerning (a) and (c) and leave further details to the reader. 

First of all, notice that f ~z g via a left homotopy h using a weak cylinder object 
A I A — Cyl(A) — A, then there is also a left homotopy from a cylinder. Indeed, 
we can factor £ : Cyl(A) — A as a trivial cofibration followed by a trivial fibration 


Cyl(A) > Cyl’(A) —» A 


and lift in 
Cyl(A) —2> x 


vil 
if a | 


Cyl’ (A) 1. 


The dashed map is now a left homotopy from the actual cylinder Cyl’ (A). 
Next, if Cyl; (A) and Cyl, (A) with their associated maps are two cylinders on A, 
then a lift in 
AUA ——> Cyl, (A) 


bee 
as : 


Cyl,(4) ——> A 


shows that if two maps f and g are left homotopic via Cyl,(A), then they also are 
via Cyl, (A). This shows that being left homotopic is independent of the cylinder. 


If A I A CyI(4) A is a cylinder, then so is A II A "Gia Š A, 


which shows the symmetry of the left homotopy relation. Transitivity is proved by 
gluing two copies of a cylinder, as in the pushout 


A >> Cyl(A) 


po F 


Cy(A) 225 Cyl'(A). 


Then ALLA nt, Cyl’(A) 2 A is a weak cylinder, where s’ is the unique map 
with e'jo =E= Ej, and io = joio while ii = fil. 

For part (c), suppose Cyl(A) and PX are cylinder and path objects respectively, 
and suppose h : Cyl(A) — X is a left homotopy from f to g as above. The map fe 
is a left homotopy from f to itself and we can lift in 
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A —‘!_-» px 


Lae 4 
io | 2 ria 


Cyl(A) Gap XxX 


to obtain a map / for which Zi; is a right homotopy from g to f. The argument that 
right homotopic implies left homotopic is dual. m 


Definition 7.21 For a cofibrant object A and a fibrant object X, we shall write [A, X] 
for the set of equivalence classes of the equivalence relation of Proposition 7.20 and 
call its elements homotopy classes of maps from A to X. 


The following basic ‘homotopy lifting lemma’ is very useful: 


Lemma 7.22 Let B be a cofibrant object and p : X — Y a fibration. If in a diagram 


X 


4 
oo JP 

B LEs Y 
there exists a map k : B — X such that pk is left homotopic to g, then there also 
exists a map l : B — X with pl = g and | left homotopic to k. In other words, a lift 
up to left homotopy is left homotopic to an actual lift. A dual statement applies to 
diagrams of the form 

A —> X 


A 
il a 
7 
7 


B 
where j is a cofibration and X is fibrant. 


Proof Suppose h : Cyl(B) — Y is a homotopy from hig = pk to hi, = g. Then a lift 
H exists in the diagram 


p—t» 


X 
Jah 


Setting / = Hi, gives the desired lift B — X. m 


Remark 7.23 The lifting axiom (M4) merely requires the existence of a lift and says 
nothing about its possible uniqueness. However, these lifts are always unique up to 
fibrewise relative homotopy. More precisely, if f : X — Y is a fibration we can form 
a fibrewise path object by factoring A: X — X Xy X as 
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Then if k and / are two lifts in a commutative square 


A—>xX 
a 
2 yy 


7 


B —> Y 


where j is a trivial cofibration and f a fibration, we can lift in 


to find a fibrewise homotopy h relative to A. Composition with a lift in 


X ——>» PX 


Lad 
c|? go 


PyX —> XxX 


shows that such fibrewise relative homotopies in particular yield ordinary right 
homotopies. There is of course a dual statement for squares involving a cofibration 
i and a trivial fibration f. 


Remark 7.24 In fact the fibrewise path object Py X described above is simply a path 
object in the sense of Definition 7.16 for the (fibrant) object X — Y of the slice 
category €/Y. Hence Remark 7.17 applies and the projections po, pı : PyX —> X are 
trivial fibrations. Dual remarks apply to relative cylinder objects Cy|,(B) associated 
to a cofibration A —> B. 


Proposition 7.25 Let A — B be a trivial cofibration between cofibrant objects and 
let X — Y be atrivial fibration between fibrant objects. Then composition with these 
maps induces bijections 


b | 


[A,X] ——> [A,Y]. 


Proof Note first that postcomposition with X — Y obviously respects the left 
homotopy relation, while precomposition with A — B preserves the right homotopy 
relation, so these maps are well-defined. Let us prove that the map [B, X] —> [A, X] 
on the left of the diagram is a bijection. The other cases are identical or dual. First 


of all, lifting in 
A X 
P 
o 
B L 1 


—> 
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shows that Hom(B, X) — Hom(A, X) is surjective, so the same is true of [B, X] — 
[A, X]. For injectivity, choose a weak cylinder ALIA — Cyl(A) — A for A and define 
a weak cylinder for B as the pushout in the left square of the following diagram. 


ALLA > Cyl(A) ——> A 


a ae 


BUB > Cyl(B) — B 


The vertical map on the left is a trivial cofibration since A —> B is, so that Cyl(A) > 
Cyl(B) is a trivial cofibration as well. Similarly, the map B H B — Cyl(B) is a 
cofibration since A LI A — Cyl(B) is. The universal property of the pushout gives 
the map Cyl(B) — B on the lower right, which is necessarily a weak equivalence by 
the two-out-of-three axiom. With this particular choice of cylinder, one easily shows 
that if two maps B — X become left homotopic via Cyl(A) after composing with 
A —> B, they are themselves already left homotopic via Cyl(B). So [B, X] > [A, X] 
is injective as well. m 


Note that the proof of Proposition 7.25 above starts with the observation that 
composition of homotopy classes of maps is well-defined. Hence we can make the 
following definition: 


Definition 7.26 The homotopy category Ho(€) is the category with as objects those 
objects in € which are both fibrant and cofibrant, and as morphisms the homotopy 
classes of maps. 


Let us say that a map f : X — Y between objects which are both fibrant and 
cofibrant is a homotopy equivalence if its homotopy class is an isomorphism in 
Ho(€). Equivalently, f is a homotopy equivalence if there exists a map g : Y — X 
with fg homotopic to idy and g f homotopic to idx. Clearly homotopy equivalences 
satisfy the two-out-of-three property. We end this section by collecting some basic 
facts about homotopy equivalences in a model category. The main result is the 
following: 


Proposition 7.27 Let f: X — Y be a map between objects which are both fibrant 
and cofibrant. 


(i) If f is a weak equivalence, then it is a homotopy equivalence. 
(ii) If f is a homotopy equivalence, then it is a weak equivalence. 


Proof (of Proposition 7.27) (i). Suppose f is a weak equivalence. Then we may 
factor it is a trivial cofibration j : X — Z followed by a trivial fibration p : Z — Y. 
So it suffices to prove that each of these two is a homotopy equivalence. This is 
immediate from Proposition 7.25 and the Yoneda lemma. In detail, precomposition 
with j induces bijections [Z, X] — [X, X] and [Z, Z] > [X, Z]. The first gives the 
existence of amapr: Z — X with ri ~ idy. To prove that ir ~ idz, it suffices by 
the second bijection to show that iri ~ i, which follows from ri ~ idx. The argument 
for the trivial fibration p is similar. m 
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To prove Proposition 7.27(ii) we will need some preparation. 


Lemma 7.28 Let X and Y be both fibrant and cofibrant and suppose q : X — Y is 
a fibration which is also a homotopy equivalence. Then there is a sections : Y — X 
homotopy inverse to q, i.e., qs = idy and sq is homotopic to idx. In fact, sq is even 
fibrewise homotopic over Y to idx. 


Proof Write r : Y — X for a homotopy inverse to q. Consider the lifting problem 


X 
H 
van 
Y. 


Then r is a solution up to homotopy, so that the homotopy lifting lemma 7.22 implies 
the existence of a map s homotopic to r with gs = idy. Giving a fibrewise homotopy 
over Y between sq and idx amounts to providing a lift in the diagram 


Y 


Note that X xy X is fibrant by virtue of q being a fibration between fibrant objects. 
Again by the homotopy lifting lemma 7.22 it suffices to solve this lifting problem up 
to homotopy. Since s : Y — X is a homotopy equivalence, it suffices to precompose 
by this map and provide a lift in the resulting diagram 


The composition 


does the job. m 


Proof (of Proposition 7.27) (ii). Suppose that f : X — Y is a homotopy equivalence 
between objects which are both fibrant and cofibrant. Factor f as a trivial cofibration 
i: X — Z followed by a fibration q : Z — Y. It suffices to show that q is a weak 
equivalence. The homotopy class of i is an isomorphism in Ho(€) by Proposition 
7.27(i). It follows that the homotopy class of q is an isomorphism as well. Thus 
Lemma 7.28 implies the existence of a section s of q with a fibrewise homotopy 
h : Z — PyZ from sq to idz. We will show that q is in fact a trivial fibration by 
showing it has the right lifting property with respect to cofibrations. So consider a 
lifting problem 
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A—>Z 


A 
i] rae {a 
B —s Y 

in which ¿į is a cofibration. A first attempt to find a lift is to consider the map 


k = sv: B — Z. It satisfies qk = v, but the composite ki is only fibrewise 
homotopic (rather than equal) to u. To fix this, consider the diagram 


The dashed lift / exists because the first coordinate projection po is a trivial fibration 
(see Remark 7.24). Finally, taking pıl : B — Z solves our original lifting problem, 
since pili = pihu = u and qpıl = qpol = qk = v. This completes the proof. m 


7.5 The Homotopy Category of a Model Category 


We will apply the results of the previous section to see that the homotopy cate- 
gory Ho(€) is the universal solution to turning the weak equivalences of € into 
isomorphisms. We can define a functor 


n: E — Ho(€) 


by choosing for each object a fibrant and cofibrant replacement. More precisely, for 
each X € € pick a fibrant replacement 


X >_> Xf 
ix 


and take it to be the identity if X is already fibrant. Similarly choose a cofibrant 
replacement 


Xe a» X 


being the identity if X happens to be cofibrant. Then on objects we define 7(X) = 
(Xf)c. On morphisms, we use the lifting axiom (M4) to extend a given œ: X — Y 
to a map af: Xf — Yp and then lift to (œf)c, as in 


AS ý 0> 2 pe 


| P i Í (af)e Len l 
2 oe A i 
vo af -7 


es Ae = Xp > Yo. 
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Since these lifts are unique up to homotopy (cf. Remark 7.23), the resulting homotopy 
class 7(@) = [(a¢)-] is independent of choices, which also shows that 7 is in fact a 
functor. 


Remark 7.29 Note that we could as well have interchanged the order of fibrant and 
cofibrant replacement and defined 7(X) = (X-)f, and similarly for morphisms. 


The universal property of Ho(€) we will phrase is really a universal property in 
the (large) 2-category of categories: 


Definition 7.30 If C is a category and W a class of morphisms in C, then we call 
a functor F: C — D a (categorical) localization of C at W if the following two 
properties hold: 


(1) F sends every element of W to an isomorphism in D. 
(2) For any category E, precomposition by F gives an equivalence of categories 


F* : Fun(D, E) > Funy(C, E). 


Here Fun(-,—) denotes the category of functors and natural transformations, 
whereas Funw (C, E) denotes the full subcategory of Fun(C, E) on functors send- 
ing elements of W to isomorphisms in E. 


Theorem 7.31 The functor n: € — Ho(€) is a localization of € at the class of weak 
equivalences. 


Proof First observe that 7 indeed sends weak equivalences to isomorphisms, by 
Proposition 7.27(i) and the fact that (af). is a weak equivalence whenever a@ is. 
Suppose that y: € — Cis any functor mapping weak equivalences to isomorphisms. 
Define a functor wy: Ho(€) — C by W(X) = Y(X) on objects and w([a]) = g(a) on 
morphisms. The latter is indeed well-defined on homotopy classes, for if 
Au A Č, cya) 5 A 

is a cylinder, the functor y maps € to an isomorphism, so (io) = (i1) because 
g(eio) = idy(a) = (ei). Furthermore, 


vlix) lax)! 


Tx = (V(X) —> Xr) ——> (Xp )c)) 


defines a natural isomorphism y —> Wn = n*w. Indeed, the map Ty is natural in X 
since the maps ix and qx, are unique up to homotopy (Remark 7.23 again). Also, 
note that the definitions of y and 7 are functorial in y. If 6: Ho(€) — C is any 
functor, then the functor y associated to 47 is simply 8 again. We conclude that the 
assignment Y +> w is a pseudo-inverse to 7)*. m 


Remark 7.32 It is useful to observe that in fact a map a: X — Y is a weak equiva- 
lence if and only if ņn(œ) is an isomorphism in Ho(€). Indeed, 7(@) is an isomorphism 
if and only if the right-most vertical map in the following diagram is a weak equiva- 
lence (by Proposition 7.27): 
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X >—> Xp &— (Xf)e 


aoe 


Y >— Y; «#— (Yre. 


But by the two-out-of-three property this is the case if and only if œ is a weak 
equivalence. 


Remark 7.33 If A and X are arbitrary objects of €, with arbitrary cofibrant and 
fibrant replacements Ac — A and X > Xp respectively, then one easily checks that 


Ho(€)(7A, nX) = [Ac, Xf]. 


Thus Ho(€) is equivalent to the category with the same objects as € and as morphisms 
from A to X the set [A¢, Xç]. 


These remarks lead to the following useful observation: 


Proposition 7.34 In a model category €, the three classes of morphisms are entirely 
determined by the cofibrations and the fibrant objects. 


Proof The fibrations are determined by the trivial cofibrations, so it suffices to check 
that the cofibrations and the fibrant objects determine the weak equivalences. Also, 
the cofibrations determine the trivial fibrations, so we are free to use those. To check 
whether a morphism A —> B is a weak equivalence, factor 0 — A as a cofibration 
followed by a trivial fibration: 


0 »>— A, —» A. 
Similarly factor the composite of the maps A, — A — B to obtain a square 


Ac —> Be 
o gF 
A —>B 


in which the vertical arrows are trivial fibrations and Ac and Be are cofibrant. Observe 
that A — B is a weak equivalence if and only if A. — Be is. By the previous remark 
the latter is the case if and only if for each fibrant object X, the map 


[B., X] > [Ac, X] 


is an isomorphism, because that would mean that A, — Be is an isomorphism in 
Ho(€). Oo 


We finish this section by observing the “two-out-of-six property’ for weak equiv- 
alences, which will occasionally be useful: 
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Proposition 7.35 Consider a commutative diagram 


IM 


in amodel category E such that the horizontal morphisms are weak equivalences as 
indicated. Then every map in the diagram is a weak equivalence. 


Remark 7.36 The term ‘two-out-of-six’ refers to the fact that the diagram above 
really contains six morphisms: the sixth one is the composite arrow A — Y. Also, 
observe that the diagram shape above is encoded by a functor [3] — €, recording 
the three composable morphisms A —> B —> X > Y. 


Proof By Remark 7.32 it suffices to check that the image of this diagram in the 
homotopy category Ho(€) consists entirely of isomorphisms. The upper triangle in 
the square shows that the image of the arrow B — X in Ho(€) admits a right inverse, 
whereas the lower triangle shows that it admits a left inverse. Therefore B — X 
gives an isomorphism in Ho(€). But then by two-out-of-three, the same is true for 
the vertical arrows. Oo 


7.6 Brown’s Lemma and Proper Model Categories 


Recall that a model category is called right proper if its weak equivalences are stable 
under pullback along fibrations. Dually, a model category is left proper if its weak 
equivalences are stable under pushouts under cofibrations. In Section 7.3 we showed 
that the model category of topological spaces is left proper and also right proper, 
using the long exact sequence of a fibration. In this section we will make several 
useful observations about left or right proper model categories. In particular we 
prove Brown’s lemma, which implies that any model category in which all objects 
are fibrant is right proper, but will also be useful in other contexts. All the general 
statements in this section for right proper model categories of course have a dual 
form for left proper model categories and vice versa. 


Lemma 7.37 (Brown’s lemma) Let f: X — Y be a weak equivalence between 
fibrant objects in a model category. Then f factors as a trivial cofibrationi: X —> Z 
followed by a trivial fibration p: Z — Y, where moreover there exists a trivial 
fibration q: Z — X with qi = idx. 


Proof Factor (idx, f): X — X XY as a trivial cofibration followed by a fibration: 
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Since X and Y are fibrant the projections X x Y — X and X xY — Y are fibrations, 
hence so are p and q. Since gi = idx and pi = f, it follows by two-out-of-three that 
p and q are weak equivalences as well. m 


The following is a typical application of Brown’s lemma: 


Proposition 7.38 Any functor R : F — E between model categories which preserves 
trivial fibrations also preserves weak equivalences between fibrant objects. 


Proof Given any such weak equivalence f : X — Y, consider the maps p, i, and q of 
Brown’s lemma. Since R preserves trivial fibrations, the maps Rp and Rq are weak 
equivalences. But then by two-out-of-three, so is Ri. We conclude that Rf = Rpo Ri 
is a weak equivalence as well. m 


Corollary 7.39 Let f : X — Y be a morphism in a model category €. Then the 
pullback functor 
f°: E[Y —> E/X 


preserves weak equivalences between fibrations over Y. 


Proof The fibrations over Y are the fibrant objects of €/Y and f* is a functor which 
preserves trivial fibrations, simply because these are stable under pullback. m 


Another application of Brown’s lemma is the following: 


Proposition 7.40 In a pullback square 


v—ow 
fy 
ae a 


where p is a fibration and f is a weak equivalence between fibrant objects, the map 
g is also a weak equivalence. 


Proof Factor f as in Brown’s lemma. Since the pullback of a trivial fibration is again 
a trivial fibration, it suffices to consider the case where f is a section of a trivial 
fibration q : Y — X. Consider the diagram of pullback squares 


Then A is a pullback of q, hence a trivial fibration, and hk is an isomorphism because 
it is a pullback of qf = idx. Therefore all horizontal maps in the diagram are weak 
equivalences and all vertical maps are fibrations. From the commutative square 
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idw 
q 
—> 
and the universal property of the pullback, there exists a t : W — U with ht = idw 
and ut = p. The first equation gives that t is also a weak equivalence, since A is. In 


fact, it is a weak equivalence between fibrations over Y, namely p and u. By Corollary 
7.39 the pullback of t along f is still a weak equivalence between fibrations over X: 


X xy W ——— > X xy U 


Se 


The top horizontal map may be identified with the map g : V — W, which completes 
the proof. m 


Corollary 7.41 A model category in which every object is fibrant is right proper. 


Remark 7.42 The dual forms of the preceding statements will often be used as well. 
To be explicit, any weak equivalence X — Y between cofibrant objects can be fac- 
tored as a trivial cofibration X — Z followed by a trivial fibration Z — Y having 
a trivial cofibration as a section. Furthermore, any functor which preserves trivial 
cofibrations also preserves weak equivalences between cofibrant objects. Also, weak 
equivalences between cofibrant objects are stable under pushout along a cofibra- 
tion. As a particular case, a model category in which every object is cofibrant is 
automatically left proper. 


Another useful fact for proper model categories is the following lemma: 


Lemma 7.43 Let € be a left proper model category, p: Y — X a fibration and 
i: A — B a cofibration in €. Consider a cofibrant replacement of i, given by a 
diagram 

Ac — >A 

Tie if 

Be —— B 


in which ic is a cofibration between cofibrant objects. If p has the right lifting 
property with respect to ic, then it also has the right lifting property with respect to 
i. 


Proof Form the commutative diagram 
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where the square on the left is a pushout. The map Be — P is a weak equivalence 
because € is left proper. By assumption there exists a lift Be — Y in the outer 
rectangle, hence also a lift 6: P — Y in the smaller rectangle by the universal 
property of the pushout P. As Be — B is a weak equivalence, so is P — B by 
two-out-of-three. Factor P — B as a trivial cofibration P — Q followed by a trivial 
fibration Q — B. Now we can lift successively in the following two squares: 


Poesy A —> gQ 
bt a 
we Pa L 
Q —> X B B. 
Composing the two lifts gives the required map B —> Y. m 


7.7 Transfer of Model Structures 


Let € be a cofibrantly generated model category (see Remark 7.13), so € has a set J of 
morphisms generating the cofibrations as a saturated class and similarly a generating 
set J for the trivial cofibrations. Let A be another category related to € by a pair of 
adjoint functors (left adjoint on top) 


fi 
E ERA 


We will assume that A (like €) has all small limits and colimits. For example, the 
reader might think of the objects of A as objects of € equipped with some algebraic 
structure and f* as the forgetful functor. Its left adjoint then assigns to each object X 
of € the ‘free algebraic structure generated by €’. More specifically, € could be the 
category of topological spaces equipped with the model structure of Section 7.3 and 
A could be the category of topological monoids. We will consider more examples 
of this kind in Section 13.4. 

Our aim in this section is to describe a method to transfer the model structure 
from € to A. More precisely, we simply define a map A —> B in A to be a fibration 
or a weak equivalence precisely if f*A — f*B is a fibration or a weak equivalence, 
respectively, in €. We then ask ourselves when this gives a model structure again. 
The cofibrations will be the maps having the right lifting property with respect to 
the trivial fibrations. Note that f*A — f*B is a fibration in € if and only if it has 
the right lifting property with respect to every generating trivial cofibration U — V, 
so that A — B is a fibration in A if and only if it has the right lifting property 
with respect to every corresponding fiU — fiV. Thus, by the retract argument of 
Remark 7.12, the class of trivial cofibrations in A has to be the saturation of the set 
of generating trivial cofibrations of the form fiU — fiV, with U — V ranging over 
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the generating trivial cofibrations in €. Similarly, the set of cofibrations in A must 
be the saturation of the set of maps fiU — fiV now with U — V ranging over the 
generating cofibrations in €. 

The main step in proving the existence of the desired model structure will be to 
find conditions that guarantee that in the case of generating trivial cofibrations, the 
saturation of this set is indeed contained in the class of weak equivalences in A we 
defined above. Any morphism A — B of A in this saturation can be obtained as a 
retract of a (transfinite) colimit of a sequence of morphisms which occur in a pushout 
of the form 

fU —> A 


ts 


fiV —> B, 


where U — V is a generating trivial cofibration in €. So if the functor f* maps each 
such A — B to a weak equivalence, as well as any transfinite composition of such 
morphisms, then f* will send any morphism in this saturation to a weak equivalence. 
This leads to the following formulation: 


Theorem 7.44 Let € be a cofibrantly generated model category and let fi: EZ A: 
f* be an adjoint pair of functors, with f* preserving filtered colimits. Assume A has 
finite limits and all small colimits. Call a morphism A — B a fibration (or a weak 
equivalence) if f* A > f*B is one in €. Then these fibrations and weak equivalences 
form part of a cofibrantly generated model structure on A provided the following 
conditions are satisfied: 


(1) For every generating trivial cofibration i: U — V in €, any pushout of the 
morphism fii in A is a weak equivalence. 
(2) Any transfinite composition of such pushouts as in (1) is a weak equivalence. 


The model structure on A obtained in this way is referred to as the transferred model 
structure. 


Remark 7.45 If p is a pushout of a morphism fii, for a generating trivial cofibration 
i, it will often happen that f*p is a trivial cofibration in E (rather than just a weak 
equivalence). In this case, condition (2) of the theorem will be automatic. Indeed, any 
transfinite composition of such maps f*p, being a transfinite composition of trivial 
cofibrations, will itself be a trivial cofibration and in particular a weak equivalence. 
Notice that in the situation above, if f* preserves all colimits, then condition (1) is 
also automatically satisfied. 


Proof (of Theorem 7.44) As explained before the statement of the theorem, we can 
take the generating (trivial) cofibrations in A to be the maps of the form fU — fiV 
where U — V is a generating (trivial) cofibration in €. Axioms (M1-3) are evidently 
satisfied. Moreover, the small object argument provides two factorizations of a map 
A — B in A: one factorization into maps i: A —> C and p: C —> B in which p 
has the right lifting property with respect to all generating cofibrations and i lies in 
the saturation of the class of generating cofibrations; another into maps j: A — D 
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and q: D — B where q has the right lifting property with respect to all generating 
trivial cofibrations and j lies in the saturation of these generating trivial cofibrations. 
(Here we have used that the domains fiU of generators are still compact, since f* 
preserves filtered colimits.) Then f*p has the right lifting property with respect to all 
the (generating) cofibrations in €, so f*p is a trivial fibration in €. Hence p is a trivial 
fibration in A by definition. Similarly, f*q is a fibration in €, so q is a fibration in A. 
Moreover, i and j are cofibrations in A by definition and j is also a weak equivalence 
precisely by conditions (1) and (2) of the theorem, as we explained above. It remains 
to verify the lifting axiom (M4). So consider a commutative square 


> 
>< 


v 


i 


kel 


—> 
—> 


w 


in A, where p is a fibration and i is a cofibration. If p is also a weak equivalence then 
a lift exists simply by definition of the cofibrations. In the other case where i is a weak 
equivalence, we already discussed above that the retract argument (Remark 7.12) 
implies that it į lies in the saturation of the generating trivial cofibrations fiU — fiV. 
Since p has the right lifting property with respect to these, it also has the right lifting 
property with respect to i. o 


We conclude this section with some first examples of transferred model structures. 


Example 7.46 Let € be a cofibrantly generated model category. Let C be a small 
category and consider the category E© of functors from C to €, i.e., diagrams of 
‘shape’ C in £. Then €© carries a model structure in which a morphism f : X — Y 
(i.e., a natural transformation between functors) is a weak equivalence, resp. a 
fibration, if and only if f(c) is a weak equivalence, resp. a fibration, for every object 
c of C. This is usually called the projective model structure. As its description 
suggests, it is obtained by transfer from the model structure on the product 


eac j |e 


cECo 


where Co denotes the set of objects of C and the model structure on the product 
is the evident one described in Example (d)(iii) of Section 7.1. There is a pair of 
adjoint functors 


u, : E& z> Cosy 
induced by the inclusion u : Co — C, where Co is viewed as a discrete category 
having identity arrows only. Thus u* is simply the forgetful functor remembering 
only the values of a functor, while for an object X of €©, its value under u; is 
described by 
Xc) = | | x@ 


dc 
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with the coproduct ranging over all arrows d — c in C. The ‘action’ of C on uX is 
by composition. The conditions for transfer given in Theorem 7.44 are easily seen 
to hold. Indeed, since u* preserves colimits, it suffices to check that for a trivial 
cofibration X — Y in €©, the map u*u;X — u*wyY is again a trivial cofibration, 
which is obvious. 

The construction of the projective model structure is functorial in C, in the 
following sense. If y : C — D is a functor between small categories, it induces an 
adjoint pair 


It is clear that y* preserves fibrations and weak equivalences for the two projective 
model structures on €© and EP. In the terminology of Section 8.3, the pair (Y1, ¢*) 
is a Quillen adjunction. 


Example 7.47 A special case of the previous example is where C is the ‘arrow’, i.e., 
the category of shape 
e—-e., 


The functor category €© is then usually called the arrow category and denoted 
Ar(€). Its objects are morphisms f : X — Y in €, its morphisms 


uy: X> X SY) 


are commutative squares 
u 
xX —> Xx’ 


bo 

LS, 
If we equip Ar(€) with the projective model structure, then a pair (u, v) is a weak 
equivalence (or a fibration) precisely if both u and v are in €, and a cofibration if and 
only if X — X’ and the map from the pushout Y Uy X’ —> Y’ are both cofibrations. 
This last fact can be checked directly by contemplating what it means for a morphism 
in Ar(€) to have the left lifting property with respect to trivial fibrations. In particular, 
an object X — Y of Ar(€) is cofibrant if both X and Y are cofibrant and if X —> Y is 
a cofibration in €. 


Example 7.48 In the next section we will consider the example where C is the ‘span’ 
e — © — è 


for which we write S. So an object of €° is a diagram B — A — C in €. We write 
Span(€) for this diagram category €°. Much like the previous example, it is simple to 
verify that a span is cofibrant in the projective model structure on Span(€) precisely 
if all three objects are cofibrant and both arrows are cofibrations in €. 
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7.8 Homotopy Pushouts and the Cube Lemma 


We conclude this chapter with a short section about the interaction between pushouts 
and weak equivalences. In particular we will prove the ‘cube lemma’ (cf. Lemma 7.51 
and Corollary 7.50), which will be a useful tool for inductive arguments involving 
CW-structures, or skeletal filtrations of simplicial and dendroidal sets. 

A basic problem is that weak equivalences in a model category € are generally 
not preserved under pushout. For example, consider the following two diagrams of 
topological spaces: 


ðD” —-> * ðD” —-> «x 
* D” 


Clearly the two spans are weakly equivalent. However, the two pushouts are not 
weakly equivalent; on the left one gets the one-point space, but on the right the 
result is (homeomorphic to) the n-sphere $”. It will be useful to have conditions 
on diagrams of the above shape which guarantee that the pushout is invariant up to 
weak equivalence. 

A general way to approach the problem is via the concept of the homotopy colimit, 
which is in a precise sense the best approximation to the functor of taking colimits 
by a functor which preserves weak equivalences (a ‘derived functor’ in the language 
of Section 8.3). We will have more to say on this perspective in Section 10.5, but 
here we will give a concrete treatment in the specific case of pushouts. 

We begin with the following preliminary version of the cube lemma. It states that 
the pushout of a span 

B-A>C 


is invariant up to weak equivalence if we assume that all three objects are cofibrant 
and both arrows are cofibrations; more briefly, if the span is cofibrant in the projective 
model structure of Example 7.48. 
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Lemma 7.49 Consider a cubical diagram 


in a model category €. Suppose that the top and bottom faces are pushout squares 
and that the vertical maps A > A’, B — B’, and C — C’ are weak equivalences. 
Then the remaining vertical map D — D' is also a weak equivalence if both of the 
spans 

B—A>C and BAA >C 


are cofibrant in the projective model structure, i.e., consist of cofibrations between 
cofibrant objects. 


Proof Thecube of the lemma describes a weak equivalence between the two spans in 
the model category Span(€). The map D — D’ is the image of this weak equivalence 
under the colimit functor 

colim : Span(€) > £. 


Its right adjoint is the constant diagram functor, which obviously preserves fibra- 
tions. By adjunction, the functor colim preserves trivial cofibrations and hence weak 
equivalences between cofibrant objects, by (the dual of) Proposition 7.38. Hence the 
map D —> D’ is also a weak equivalence. m 


In practice it will be very useful to have the conclusion of Lemma 7.49 above 
under weaker conditions. Let us introduce a bit of terminology. A pushout square 


Ace 


—> 
— 


Um w 


in € is said to be a homotopy pushout if, after choosing a cofibrant replacement 


Bo 4 Ap »>—> Co 


bo | 


B<—— A —>C 
in the category of spans, the induced map of pushouts 


Bo Ua, Co = BUu,aC 
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is a weak equivalence in €. This definition is easily seen to be independent of the 
choice of cofibrant replacement. By the two-out-of-three property of weak equiva- 
lences and Lemma 7.49, we immediately conclude the following: 


Corollary 7.50 Consider a cubical diagram 


in a model category €. Suppose that the top and bottom faces are homotopy pushout 
squares and that the vertical maps A — A’, B —> B’, and C —> C’ are weak 
equivalences. Then the remaining vertical map D —> D’ is also a weak equivalence. 


Of course any pushout square arising from a cofibrant span B — A —> Cisa 
homotopy pushout square. However, the following suffices: 


Lemma 7.51 Consider a pushout square 


in a model category €. Then it is a homotopy pushout if at least one of the following 
two conditions is satisfied: 


(1) The model category € is left proper and the map A —> C is a cofibration. 
(2) The objects A, B, and C are cofibrant and the map A —> C is a cofibration. 


Proof (of Lemma 7.51) Choose a cofibrant replacement of spans 


Bo + Ao >— Co 


bob l 


B<—— A —>C. 


Write Do for the pushout of the top row; our goal is to prove that the natural map 
Do — D is a weak equivalence. First assume that condition (1) is satisfied. Form the 
pushout square 

Co »>———> Do 


1 l! 


C CUaq Do. 
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Since € is left proper, the map Do —> C Uc, Do is a weak equivalence, so by 
two-out-of-three it will suffice to show that the natural map 


C Uc, Do >D 


is a weak equivalence. Since Co — Do is the pushout of Ag — Bo, we have an 
isomorphism C Hc, Do = C La, Bo. Consider the diagram 


A — Ala, Bo —— B 


ee oe 


C —> CLs, Bo —> D. 


Since the square on the left and the rectangle are pushouts, the square on the right 
is a pushout as well. We need to show that the lower right horizontal map is a weak 
equivalence. All the vertical maps are cofibrations, so by left properness it now 
suffices to prove that the map 


A Ia, Bo > B 
is a weak equivalence. For this, consider the pushout square 


Ag >———> Bo 


J l 


A > A Ia, Bo 


and invoke left properness once again to conclude that the vertical map on the right 
is a weak equivalence. Applying two-out-of-three and the assumption that Bọ — B 
is a weak equivalence completes the proof in this case. 

If one assumes condition (2) instead, the proof proceeds in the same way. One 
replaces the use of left properness everywhere by an application of the dual of 
Proposition 7.40, which works by the assumption that all objects under consideration 
are cofibrant. Oo 


Remark 7.52 Of course the statements of this section have evident duals, replacing 
pushouts by pullbacks, cofibrations by fibrations, and cofibrant objects by fibrant 
objects. 


Historical Notes 


As already indicated in the introduction to this chapter, the notion of model category 
arose in Quillen’s work [123, 124] as a tool to formalize the idea that two homotopy 
theories can be equivalent. Brown’s lemma was also formulated early on in the 
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development of abstract homotopy theory, namely in [33]. However, the development 
of the theory in the shape we use it in later chapters of this book took some time, one 
reason being that it was difficult to show without further conditions that the axioms 
were preserved under certain important constructions such as forming the category 
of presheaves with values in a model category. The crucial step here is a systematic 
use of the small object argument (already employed by Quillen in [123]), for example 
as in Joyal’s construction of a model structure for simplicial sheaves in his letter to 
Grothendieck [91]. The notion of a cofibrantly generated model category very clearly 
brings out the role of the small object argument in producing factorizations. This is 
evident in the transfer of model structures explained in Section 7.7, which in this 
form is due to Crans [46]. In the 1990s several accounts of cofibrantly generated 
model categories (and their implications for the theory of localization) appeared: the 
standard references were written by Hovey [88] and Hirschhorn [84]. Another very 
accessible introduction to model categories from this time is the paper of Dwyer— 
Spalinski [52]. Alternative references for the basic theory of model categories are 
[69, 82]. 
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Chapter 8 updates 


Model Structures on the Category of Simplicial 
Sets 


In this chapter we will apply the formalism of Quillen model categories discussed in 
the previous chapter to the category of simplicial sets. In his first exposition of the 
theory of model categories, Quillen already showed that the category of simplicial 
sets carries a model structure for which the fibrant objects are the Kan complexes 
and the fibrations are the Kan fibrations (see Chapter 5 for a discussion of these 
notions). We will refer to it as the Kan—Quillen model structure. Quillen defined the 
weak equivalences to be the maps between simplicial sets for which the geometric 
realization functor induces isomorphisms in homotopy groups. These are exactly the 
weak equivalences of the model structure on topological spaces discussed in Section 
7.3, and the adjoint pair of functors given by the geometric realization and the 
singular complex in fact induces an equivalence between the associated homotopy 
categories. In this sense, simplicial sets and topological spaces are models for the 
same homotopy theory. This correspondence between simplicial sets and topological 
spaces on the one hand guides the development of the theory of simplicial sets by 
providing topological intuition, while on the other hand it shows that simplicial sets 
form a complete combinatorial framework for the study of the homotopy theory of 
spaces. 

The category of simplicial sets carries another model structure, discovered much 
later, for which the fibrant objects are precisely the oo-categories. This model struc- 
ture, called the Joyal model structure or categorical model structure, has the same 
cofibrations as the older model structure mentioned above, but a smaller class of weak 
equivalences. We will choose an anachronistic approach and begin this chapter with 
a development of the categorical model structure, capturing the homotopy theory 
of co-categories. Then we will construct Quillen’s model structure described above 
in the same fashion, highlighting the relation between the two model structures. 
Although non-standard, our approach to these model structures has the appealing 
feature that it is uniform and internal to the category of simplicial sets. In particular, 
the relation to topological spaces is not needed. Apart from building on the results 
of Chapter 5, our treatment is completely self-contained. Perhaps more importantly, 
the methods we present here can be adapted to the category of dendroidal sets, as 
we will see in the next chapter. 


© The Author(s) 2022 303 
G. Heuts, I. Moerdijk, Simplicial and Dendroidal Homotopy Theory, 

Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern 

Surveys in Mathematics 75, https://doi.org/10.1007/978-3-03 1-10447-3_8 


304 8 Model Structures on the Category of Simplicial Sets 


The contents of this chapter, then, are as follows. In the first two sections we will 
construct these two model category structures for co-categories and Kan complexes, 
respectively. After a general interlude about a suitable notion of adjoint functors be- 
tween model categories, we will establish the equivalence between the Kan—Quillen 
model structure on simplicial sets and the one on topological spaces introduced in 
the previous chapter. The proof of this equivalence is somewhat involved; it makes 
use of minimal fibrations and the related fact, also established by Quillen, that the 
geometric realization of a Kan fibration is a Serre fibration. We return to the cate- 
gorical model structure in Section 8.7; we will use the results from Chapter 5 to give 
several equivalent characterizations of the maps between oo-categories which are 
weak equivalences in the Joyal model structure. In particular, we will see that they 
can be described in a categorical way, as ‘functors’ which are essentially surjective 
and fully faithful in the appropriate sense. In the final section 8.8, we describe the 
covariant model structure on the slice category sSets/V, for some fixed base sim- 
plicial set V. This structure serves as a model for the homotopy theory of V-indexed 
diagrams of simplicial sets, in a sense to be made precise in Section 14.8. 


8.1 The Categorical Model Structure on Simplicial Sets 


In this section we will prove that the category of simplicial sets carries a model 
structure for which the cofibrations are the monomorphisms and the fibrant objects 
are precisely the inner Kan complexes, i.e., the co-categories. (Recall from Propo- 
sition 7.34 that this determines the model structure uniquely.) This model structure 
is known as the categorical model structure or the Joyal model structure. The proof 
of the existence of this model structure relies on the properties of inner Kan com- 
plexes and inner anodyne maps already established in Chapter 5. In particular, we 
will again use the small object argument which gave a factorization of an arbitrary 
morphism into a monomorphism followed by a map having the right lifting property 
with respect to monomorphisms. Similarly, it will provide a factorization of a map 
into a trivial cofibration followed by a fibration in the sense of this model structure 
about to be defined. But in order to be able to use this argument, we need to find a 
set of generating trivial cofibrations of which the saturation is precisely the class of 
all trivial cofibrations. Given what we have done already in Chapter 5, this will turn 
out to be the main difficulty of the proof. 

Let us first define the weak equivalences in the categorical model structure. We 
use the functor T: sSets — Cat, left adjoint to the nerve, discussed in Section 2.4. 


Definition 8.1 A map A — B between simplicial sets is a categorical weak equiva- 
lence if for any co-category X, the induced map 


1(X?) > 1(X4) 


is an equivalence of categories. 
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Recall from 5.38 that if X is an co-category, then so are XË and X^, so the 
description of t applied to co-categories discussed in Lemma 5.6 applies here. 


Theorem 8.2 The category of simplicial sets carries a model structure in which the 
cofibrations are precisely the monomorphisms and the weak equivalences are the 
categorical weak equivalences. Its fibrant objects are precisely the c0-categories. 


We will refer to the fibrations in this model structure (i.e., the maps having the 
right lifting property with respect to all trivial cofibrations) as categorical fibrations. 


Remark 8.3 This model structure has the property that every object is cofibrant, so 
it is left proper (cf. Remark 7.42). As in any model structure, the fibrations are the 
maps having the right lifting property with respect to the trivial cofibrations. Notice 
that for a cofibration (i.e., monomorphism) A — B, the functor TX B > tX^ is 
an isofibration between categories (cf. Theorem 5.55 and Corollary 5.54), so that 
A — B is a trivial cofibration if and only if, for every co-category X, the map 
tX® — 7X4 is a trivial fibration between categories in the model structure of 
Example (a) at the end of Section 7.1. It does not seem possible to give a more 
explicit and workable description of the fibrations in the model category of the 
theorem, but for fibrations between fibrant objects more can be said. We will come 
back to this point in Proposition 8.16 below. 


Let us now turn to the proof of Theorem 8.2. We begin with a few easy lemmas. 


Lemma 8.4 (a) If X — Y is a J-homotopy equivalence between ov-categories, then 
TX — TY is an equivalence of categories. 

(b) In particular, if X — Y is a map between ov-categories which has the right lifting 
property with respect to all monomorphisms, then TX — TY is an equivalence 
of categories. 


Proof (a) This is clear from the fact that tJ is the groupoid with two objects and 
an isomorphism between them. Indeed, since Tt preserves products, it follows that 
applying T to J-homotopic maps between ovo-categories gives naturally isomorphic 
functors. 

(b) If f : X — Y has the right lifting property with respect to all monomorphisms, 
then it is a J-homotopy equivalence, as one sees by lifting successively in the 
following two squares: 


s7mU(sf,idx ) 


ae oes ihc Samer 2 
ae y eae 


l l Loa y 


Y, Ix x  — a- vy 


- 
- 
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Lemma 8.5 Any J-homotopy equivalence between simplicial sets is a categorical 
equivalence. 


Proof Suppose f : A S B : g are maps of simplicial sets, h : Jx A — Aisa 
J-homotopy between gf and id4, and k : J xX B — Bis a J-homotopy between fg 
and idg. Then for any other simplicial set X, the induced maps 


g“ : x4 s xB : f 
are also J-homotopic. Indeed, a homotopy h* : J x X4 — X^ between f*g* and 
the identity is constructed as the adjoint of the composition 


JXX^xA z= X^ x(J xA) 5 4x AS xX, 


Another homotopy k* is constructed similarly. The result follows by Lemma 8.4(a).Ș 


Corollary 8.6 Any map between simplicial sets having the right lifting property with 
respect to monomorphisms is a categorical equivalence. 


Proof As in the proof of Lemma 8.4(b), any map with this lifting property is in 
particular a J-homotopy equivalence. m 


Lemma 8.7 Any inner anodyne map between simplicial sets is a trivial cofibration. 


Proof If A > B is inner anodyne and X is an œ-category, then XË — X^ has the 
right lifting property with respect to all monomorphisms by Corollary 5.39(ii), so 
the conclusion follows from Lemma 8.4. m 


Corollary 8.8 For X a simplicial set, the map X — A[0] is a categorical fibration 
if and only if X is an œ-category. 


Proof If the stated map has the right lifting property with respect to trivial cofi- 
brations, then Lemma 8.7 implies that X is an oo-category. Conversely, if X is an 
co-category and A — B a trivial cofibration, then 


TXB + 1X4 


is a trivial fibration of categories and in particular surjective on objects. Thus any 
map A — X admits an extension to B. m 


Lemma 8.9 A monomorphism A —> B between ov-categories is a trivial cofibration 
if and only if it is a strong J-deformation retract. 


Proof The fact that a strong J-deformation retract is a categorical equivalence is 
immediate from Lemma 8.5. Conversely, suppose i : A — B is a trivial cofibration 
between cv-categories. Then 


=i: tA® + tA^ 
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is a trivial fibration between categories, as we noted in Remark 8.3, hence is surjective 
on objects. So we find a map r: B — A with ri = id,. But 


ih =i": tB? > tB^ 


is also a trivial fibration between categories and i} (idg) = i}(ir), so idg and ir 
are isomorphic objects of t(B”) by an isomorphism lying in the fibre of i, over 
i. This means that there is a map h : J > B® with ho = idg and hı = ir, for 
which i, oh: J > BA is J-homotopic relative to the endpoints of J to the constant 
map J — B4 with value i (see Corollary 5.57). Write H: J x J > B4 for such a 
homotopy, so (not to confuse the two coordinates of J x J) 


H(0,-)=i,0h, H(1,-) = H(-,1) = H(-,0) = const;. 


We can now modify h by picking a lift L in the diagram 


V —2->» kB?) 


[4 


JxJ = k(B4), 


where V = (J x ðJ) U ({0} x J) and G(0, —) = h, G(-, 0) = idg, and G(-, 1) = ir. 
Such a lift indeed exists because k(B?) — k(B4) is a Kan fibration by Theorem 
5.55 and the morphism V — J is anodyne. Then / := L(1,—) is a homotopy from 
idg to ir with i} (l) = H(1,—) = const;, meaning / is a homotopy relative to A, as 
required. m 


The small object argument allows us to functorially replace any simplicial set A 
by an œ-category A. To be precise, define A’ to be the pushout 


H A*[n] —> A 


l | 


L[ Aln] —— A’, 


where the coproduct ranges over all 0 < k < n and all maps A‘[n] — A. Then form 
a countable sequence 
Ag > Aj > Ar > °°: 


by Ag = A and Anyi = (Any and let A= lim An be its colimit. The following 
properties are clear from the construction: 


Lemma 8.10 (a) The map A > A is inner anodyne and Ais an co-category. More- 
over, the construction of Ais functorial and preserves monomorphisms. 

(b) If A is countable, then so is A. 

(c) IfBEC Ais countable, then there is a countable U C A such that B C Ū cA. 


This leads to the following observation: 
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Corollary 8.11 A monomorphism i : A — B is a categorical equivalence if and 
only if it fits into a diagram 

A— > A’ 

vs 

B — B’ 
where u and v are inner anodyne maps into œ-categories A’ and B’ respectively, 


and j is a strong J-deformation retract. 


Proof Immediate from Lemmas 8.7, 8.9, and 8.10. m 


Corollary 8.12 The class of trivial cofibrations is saturated, i.e., it is closed under 
pushouts, retracts, and (possibly transfinite) composition. 


Proof If A — Bisaretract of C > D, then tX® — tX^isaretractof tX? > XC, 
so the class is clearly closed under retracts. Similarly, a transfinite composition of 
trivial cofibrations 


Ao > Aj > Ag+: DAE: 
with colimit A gives, for any c0-category X, a tower 
TX“ — 7X4! E — rX%¢ r E 


of trivial fibrations between categories with limit 7X“. Then each projection rx“ > 
TX4é is again a trivial fibration (as already observed in Example (a) at the end of 
Section 7.1). This proves that each Ag — A is a trivial cofibration. Finally, consider 
a pushout 


A —> C 


-= 


in which u is a trivial cofibration. By Corollary 8.11 we can complete this into a 
diagram 


where A — A and B —> B are inner anodyne and wu : A —> Bisa strong J- 
deformation retract, while C’ and D’ are constructed as pushouts of the top and 
bottom faces. Then the front face is also a pushout. The map C’ — D’ is a pushout of 
a strong deformation retract and hence itself a trivial cofibration. The maps C — C’ 
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and D — D’ are pushouts of inner anodynes, therefore also trivial cofibrations. It 
follows (by two-out-of-three for the weak equivalences in Cat) that C — D is also 
a trivial cofibration. Oo 


Lemma 8.13 Consider a strong deformation retract consisting of maps u : A —> B, 
r:B— A with ru = id, and a homotopy h: J x B — B from ur to idg relative to 
A. Then for any countable U C A and V C B, there are countable U’ and V’ with 
U CU’ C AandV CV’ CB, such that U’ = w\(V’), r maps V’ into U’, and 
h restricts to a map J x V’ — V’. So in particular, U’ is a strong J-deformation 
retract of V”. 


Proof We will construct a sequence of countable simplicial subsets 


U = Uo C UI CU (E CA 
V= CY, CW Cc CB 


such that 
u(Un) G Va+1> r(Vn) c Un+1, h(t x Va) c Vn+1- 


Start with U = Up and V = Vo. Now pick V; C B to be a countable simplicial subset 
containing u(Uo) and h(J x Vo). Next, let U; = r(V1). Now repeat this with Up and Vo 
replaced by U,, and V,,. Having done this for all n > 0, let U’ = U,U, and V’ = Un Vn. 
Then u(U’) C V’ and r(V’) c U’ (and hence u7!(V’) = U’) and h restricts to a map 
Jx V => V’. m 


Lemma 8.14 Let u: A —> B be a trivial cofibration and let U C A and V C B be 
countable simplicial subsets. Then there are countable U’ and V’ with U C U’ CA 
and V © V’ C B such that U’ = w`!(V’) and u restricts to a trivial cofibration 
U’ => V’, 


Proof The map u: A — B fits into a diagram 


A > 

B B 
as in Corollary 8.11. By repeated application of Lemmas 8.10 and 8.13, we can now 
construct two sequences of maps between countable subobjects 


U = Uo C UI CU C ers CA 
V=% cV CW Cor cB 


and 
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such that the strong deformation retraction between A and B restricts to strong 
deformation retracts between U,, and V,,, and such that 


U, (e Un (e Un V, (e Vn (e Vix 


Moreover, we can arrange that #'(V,) = Un and a (Vp) = = U, as in Lemmas 
8. 10 and | 8.13. Let U’ = U,U, and V’ UV,. Then U’ =u nUn = = U,U,, and 
v= Un V, = = Un Vn, SO Ū' isa strong deformation retract of V’. Thus, we have found 
a diagram of subsets of the first square of this proof as follows, 


U — 0’ 
v— V 
with horizontal inner anodyne maps and the map on the right part of a strong 


deformation retract. In particular U’ — V’ is a trivial cofibration, proving the 
lemma. Oo 


Corollary 8.15 Any trivial cofibration is the transfinite composition of pushouts of 
trivial cofibrations between countable simplicial sets. 


Proof Let A — B be a trivial cofibration. Identifying A with its image we may 
assume that A C B and the map is the inclusion. Consider the set Æ of all non- 
degenerate simplices in B which do not belong to A, and fix a well-ordering on E. 
By induction, we will construct a sequence 


Ag © Ay © Ap C++: C Ag € Agyy Ol 


of subobjects of B, such that each inclusion Ag C B is a trivial cofibration, such that 
each Ag — Ag, is the pushout of a trivial cofibration between countable simplicial 
sets, and such that UAz = B. Let Ag = A. If Az have been constructed for all ¢ < € 
and € is a limit ordinal, we let Ag = UzczAz. If é = ¢ + 1 and Az = B then we are 
done. If not, let b € B be the first element in E which does not belong to Az, let 
Vp C B be the simplicial subset generated by b, and let Up = Az N Vp. By Lemma 
8.14 there are larger but still countable subsets U, C Az and V; C B such that 
Az — B restricts to a trivial cofibration U; — Vy, and moreover V; N Ag = Uj. 
Now define A;,, as the pushout in the following square: 


8.1 The Categorical Model Structure on Simplicial Sets 311 
Ul ——> Ay 
poo] 
Vi —> Aga. 


Then the pushout map A; — A;,, is again a trivial cofibration. Moreover, Az.) can 
be identified with the subset Az U V; of B because V; N Ag = U;. This completes 
the inductive step and the proof. m 


We are now ready to prove the existence of the model structure of Theorem 8.2. 
The characterization of the fibrant objects will be given immediately after that. 


Proof (of Theorem 8.2) Axiom (M1) is clear, as well as (M2) and (M3), which 
follow directly from the corresponding facts for categories. The small object argu- 
ment provides two factorizations of each map f: X — Y, once into a cofibration 
u: X — Z followed by a map p: Z — Y having the right lifting property with 
respect to all cofibrations, and once into a trivial cofibration v: X — W followed 
by a map q: W — Z having the right lifting property with respect to all trivial 
cofibrations (and thus, by definition, a fibration). Indeed, applying the small object 
argument here is possible because the cofibrations form the saturation of the set of 
boundary inclusions 
{dA[n] > A[n]|n = 0}, 


while the trivial cofibrations are generated by the set of those between countable 
simplicial sets (Corollary 8.15). Since the map p: Z — Y above is a weak equiva- 
lence by Corollary 8.6, this proves the factorization axiom (M5). It remains to check 
the lifting axiom (M4). So consider a square 

A — > X 

i |r 

—> Y, 
where i is a cofibration and f is a fibration. If i is also a weak equivalence then 
a lift B — X exists by definition of the fibrations. If f is a weak equivalence, the 
existence of a lifting is shown by the following standard retract argument: factor f 
as a cofibration u : X — Z followed by a map p : Z — Y having the right lifting 
property with respect to cofibrations. Then u is a weak equivalence because f and 


p are, and p has the right lifting property with respect to i. Then two liftings in the 
squares 


Ag x — x 
A A 
bb tk 
Bo >Y z—Psy 


compose to give the required lift B — X. (Alternatively, notice that the square on 
the right exhibits f as a retract of p, hence the name of the argument.) This proves 
the theorem. Oo 
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We conclude this section by giving the promised characterizations of fibrant 
objects and of fibrations between them. 


Proposition 8.16 Let f: X — Y be an inner fibration between ovo-categories. Then 
the following properties are equivalent: 


(1) The map f is a fibration in the Joyal model structure. 

(2) The map f has J-path lifting, i.e., it has the right lifting property with respect to 
{0} > J. 

(3) The functor tX — TY is an isofibration. 

(4) For every monomorphism of simplicial sets A — B, the map f has the right 
lifting property with respect to 


(J x A)U({0} x B)—> J XB. 


(5) The map f has the right lifting property with respect to any strong J-deformation 
retract. 


Before we prove Proposition 8.16, we observe the following. 


Corollary 8.17 The fibrant objects in the Joyal model structure are precisely the 
co-categories. A map X — Y between ~-categories is a fibration if and only if it is 
an inner fibration with J-path lifting. 


Proof The first sentence is precisely Corollary 8.8. The second is immediate from 
Proposition 8.16. m 


Proof (of Proposition 8.16) The equivalence between (2) and (3) is part of Corollary 
5.54. We will show (2) > (4) > (5) => (1) > (2). 

(2) = (4): The map f has the right lifting property with respect to (J x A) U 
({0} x B) > J x B if and only if 


XP aay eX" 


has the right lifting property with respect to {0} — J and for this it suffices that the 
induced map on maximal Kan complexes 


K(X?) > KYA) xka) K(X?) 


has this lifting property. This is Theorem 5.56. 
(4) => (5): Leti : A — B be part of a strong J-deformation retract, with retraction 
r : B — A and homotopy h : J X B —> B (rel A) between ir and idg. Given a square 


A — xX 
bod 


po 3 Y, 
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we can attempt to construct a lift by considering the map y = ar. This might not 
make the lower triangle involving 6 commute. As usual (by now), this can be fixed 
by lifting in the diagram 


amy 


(J x A) U ({0} x B) —z xX 


poe | 


IxB — >Y 


and replacing y by kı. 

(5) = (1): We prove that f : X — Y has the right lifting property with respect 
to any trivial cofibration u : A — B. Indeed, by Corollary 8.11 the map u fits into a 
square 


with i and J inner anodyne and w a strong deformation retract between co-categories. 
Now given any square as in the back of 


z 
>) 
< 


we can complete this into a commutative diagram as indicated because X and Y are 
co-categories and f is an inner fibration. One then finds a diagonal filling in the 
right-hand face by assumption (5), which composes with B > Bto give the required 
lift in the back face. 

(1) => (2): Clearly {0} — J is a trivial cofibration; it is a /-deformation retract. 
So X — Y has the right lifting property with respect to it. m 


8.2 The Kan—Quillen Model Structure on Simplicial Sets 


In the previous section we established a model structure on the category of simplicial 
sets for which the cofibrations are the monomorphisms and the fibrant objects are 
exactly the co-categories. We defined a map A —> B to be a categorical equivalence if 
for every co-category X, the map TX? — 1X4 is an equivalence of categories. The 
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proof was based on some good properties of this functor t : sSets — Cat, as well 
as the fact that every simplicial set admits an inner anodyne map into an co-category 
in a “size-controlled’ way. 

We will not attempt to axiomatize the general pattern of this proof, but we do 
point out that exactly the same proof works in several other contexts. The first of 
these is very similar to the one in the previous section; we will now construct a 
model structure with (again) the monomorphisms as cofibrations, but now with Kan 
complexes as the fibrant objects. Thus, we adapt Definition 8.1 as follows. 


Definition 8.18 A map A —> B is a weak homotopy equivalence if for every Kan 
complex K, the induced map TK? — tK^ is an equivalence of categories. 


Notice that the simplicial sets K? and K^ occurring in this definition are again 
Kan complexes (cf. Corollary 5.38), so that the categories tK? and TK“ are in fact 
groupoids (cf. Lemma 5.48). If A > B is a monomorphism, then KË — K^ isa Kan 
fibration and TK? — tK^ is a fibration between groupoids (cf. Corollary 5.39 and 
Lemma 5.48 again). Thus, A — B is a trivial cofibration if and only if TK? —> tK^ 
is a trivial fibration between groupoids for every Kan complex K. 

The analogue of Theorem 8.2 can now be stated as follows. 


Theorem 8.19 The category of simplicial sets admits a model structure in which 
the cofibrations are the monomorphisms and the weak equivalences are the weak 
homotopy equivalences just defined. Its fibrations are precisely the Kan fibrations; 
in particular, the fibrant objects are the Kan complexes. 


We will refer to the model structure of Theorem 8.19 as the Kan—Quillen model 
structure. Notice that since any Kan complex is in particular an co-category, ev- 
ery categorical equivalence is also a weak homotopy equivalence. Thus, when we 
compare the Joyal model structure to the Kan—Quillen model structure, we see that 
they have the same cofibrations (and hence the same trivial fibrations), but that the 
Kan-Quillen model structure has more weak equivalences and hence fewer fibrant 
objects. We will come back to this pattern at the end of Section 8.3. Note also that 
as in Remark 8.3, the model structure of the theorem is left proper because every 
object is cofibrant. We will see later that it is in fact also right proper, unlike the 
categorical model structure. Observe that the direct analogue of Theorem 8.2 would 
state that the fibrations between Kan complexes in the Kan—Quillen model structure 
are precisely the Kan fibrations. This is correct, but the statement of Theorem 8.19 
is stronger: the fibrations between arbitrary objects are precisely the Kan fibrations. 


Corollary 8.20 A map of simplicial sets is a trivial cofibration in the Kan—Quillen 
model structure if and only if it is anodyne. In particular, the horn inclusions 
A‘[n] > A[n] with 0 < k < n form a set of generating trivial cofibrations in this 
model structure. 


Proof A map is a trivial cofibration if and only if it has the left lifting property with 
respect to fibrations, giving the first sentence. The second sentence follows from 
Corollary 5.21. m 
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Before we set to work and prove the theorem, let us point out again that in the 
context of Kan complexes and Kan fibrations, we might as well replace the ‘interval’ 
J by the much smaller representable simplicial set A[1]. Indeed, for any simplicial set 
A, the maps ig, i1: A — A[1] x A are anodyne (so in particular trivial cofibrations). 
Hence the projection A[1] x A — A is a weak equivalence by two-out-of-three. In 
particular, for any simplicial set A, the diagram 


AUAS>A[I]xA>A 


is a weak cylinder object in this model structure, so suffices to define the homotopy 
relation on morphisms. Therefore, in mimicking the strategy of the previous section, 
we will use A[1] rather than J. 

We will now list the variations of the lemmas and propositions from the previ- 
ous section, which can all be proved in exactly the same way and are sometimes 
consequences of the statements of the previous section. 


Lemma 8.21 (a) IfX — Y is a A[1]-homotopy equivalence between Kan complexes, 
then TX — TY is an equivalence of groupoids. 

(b) In particular, if X — Y is a map between Kan complexes having the right lifting 
property with respect to all monomorphisms, then tX — TY is an equivalence 
of groupoids. 


The proof of this lemma is identical to that of Lemma 8.4. But in fact, since 
every A[1]-homotopy equivalence between Kan complexes can be extended to a 
J-homotopy equivalence (as a consequence of Lemma 5.22), part (a) of this lemma 
is in fact a consequence of part (a) of Lemma 8.4. The same applies to (b). 


Lemma 8.22 Any A[1]-homotopy equivalence is a weak homotopy equivalence. 
Lemma 8.23 Any anodyne map is a weak homotopy equivalence. 


Lemma 8.24 A monomorphism between Kan complexes is a trivial cofibration if 
and only if it is a strong A[1]-deformation retract (and also if and only if it is a 
strong J-deformation retract). 


Using the small object argument as in the previous section, but now with respect 
to the set of all horn inclusions (rather than just inner horn inclusions), one finds an 
assignment A +> A satisfying the following: 


Lemma 8.25 (a) The map A > A is anodyne and A is a Kan complex. Moreover, 
the construction of Ais functorial and preserves monomorphisms. 

(b) If A is countable, then so is A. 

(c)IfBEC Ais countable, then there is a countable U C A such that B C Ū cA. 


Remark 8.26 In the current context there is an alternative to the abstract construction 
of A used above. Kan’s Ex®-functor gives an explicit method of replacing a simplicial 
set up to weak equivalence by a Kan complex. It is defined by iterating the functor 
Ex, which is right adjoint to barycentric subdivision. Since we will not need its 
construction, we omit further details. 
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Corollary 8.27 A monomorphism i: A — B is a weak homotopy equivalence if and 
only if it fits into a diagram 

A—+>X 

oo 

B — Y 
where u and v are anodyne maps into Kan complexes X and Y respectively, and j is 
a strong A[1]-deformation retract. 


The statements of Corollary 8.12 and Lemmas 8.13 and 8.14 carry over verbatim. 
Again we obtain: 


Corollary 8.28 Any trivial cofibration (i.e., monomorphism which is also a weak ho- 
motopy equivalence) is the transfinite composition of pushouts of trivial cofibrations 
between countable simplicial sets. 


The proof of Theorem 8.19, except the last statement about fibrations, now pro- 
ceeds exactly as the proof of Theorem 8.2 in Section 8.1. 

We now turn to a discussion of the fibrations in the Kan—Quillen model structure. 
First, we state the analogue of Proposition 8.16, which can be proved in exactly the 
same way. 


Proposition 8.29 Let f : X — Y be an inner fibration between Kan complexes. 
Then the following properties are equivalent: 


(1) The map f is a fibration in the Kan—Quillen model structure. 

(2) The map f has path lifting, i.e., it has the right lifting property with respect to 
{0} > A[]]. 

(3) The functor tX — TY is an isofibration. 

(4) For every monomorphism of simplicial sets A — B, the map f has the right 
lifting property with respect to 


(A[1] x A) U ({0} x B) > A[1] x B. 


(5) The map f has the right lifting property with respect to any strong A[1]- 
deformation retract. 


In the previous section we deduced from the analogue of this proposition a char- 
acterization of the categorical fibrations between cv-categories. Here we establish 
the following, which completes the proof of Theorem 8.19: 


Proposition 8.30 The fibrations in the Kan—Quillen model structure are precisely 
the Kan fibrations. 


Proof Lemma 8.23 implies that every fibration is a Kan fibration. For the converse, 
recall from Section 5.8 that every Kan fibration can be factored as a trivial fibra- 
tion followed by a minimal fibration. Trivial fibrations are of course, in particular, 
fibrations. Moreover, fibrations in any model structure are closed under pullback. 
Therefore, by appealing to Proposition 8.29, Lemma 8.31 below completes the 
proof. m 
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Lemma 8.31 Any minimal fibration is the pullback of a minimal fibration between 
Kan complexes. 


Proof Let M — X be a minimal fibration. By Corollary 5.76, it is locally trivial. 
Moreover, working with one connected component of X at a time, we may assume 
that X is connected. So we can fix a minimal Kan complex F representing the fibre 
of M > X. 

Now consider for an arbitrary map a: AŽ [n] — X from a horn the pushout 


It suffices to extend M — X to a minimal Kan fibration N — Y which fits into a 
pullback 


M —> N 


; 


X —> Y. 


Indeed, we can the iterate this process (in the style of the small object argument) 
and obtain a minimal fibration fitting in a pullback diagram of the form above where 
X — Y is an anodyne map into a Kan complex Y. To find such an extension N —> Y, 
note that since M — X is locally trivial, the pullback along œ is isomorphic to a 
product, as in 


Až[n] x F —— a*M —> M 


| E. 


A‘ [n] Af [n] —“> X. 


Now form the pushout as on the top face of the cube 


AK[n| x F SM 


A*[n] > 


/ 
L 


Then there is a unique map N — Y as indicated which makes the cubical diagram 
commute. We claim that this map is again a minimal fibration. Indeed, for a diagram 
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— > N 
— Y, 


the map £ either lands in X C Y orit factors through A[n] — Y. But then the existence 
of a lift A[m] — N (and its uniqueness properties as required for a minimal fibration) 
follow immediately from the fact that all three vertical maps other than N — Y are 
already known to be minimal fibrations. We leave it to the reader to check that the 
right-hand face of the cube is a pullback square. m 


Atim] — 


Alm] ——> 


8.3 Quillen Adjunctions and Derived Functors 


Now that we have presented a number of examples of model categories, it seems 
a good time for a brief intermezzo on ‘morphisms’ between model categories. The 
relevant notion is that of a Quillen pair of adjoint functors, briefly Quillen pair or 
Quillen adjunction, which derives its importance from the fact that it induces a pair 
of adjoint functors between the associated homotopy categories (Section 7.5). We 
will also discuss the notion of Quillen equivalence, the latter being an appropriate 
definition of ‘equivalence between homotopy theories’ which we promised in the 
introduction to this chapter. 


Definition 8.32 Let € and D be model categories. A Quillen adjunction or Quillen 
pair between them is a pair of adjoint functors (left adjoint on the left) 


f:e Z> D: f* 


with the property that f; preserves cofibrations and f* preserves fibrations. We will 
refer to fi as a left Quillen functor and f* as a right Quillen functor. 


Remark 8.33 (a) Because f; and f* are adjoint, there are various equivalent ways to 
phrase this last condition. Indeed, f* preserves fibrations if and only if fi preserves 
trivial cofibrations. Dually, f; preserves cofibrations if and only f* preserves trivial 
fibrations. 

(b) Since f* preserves trivial fibrations, it follows from Brown’s lemma that it 
preserves weak equivalences between fibrant objects (cf. Proposition 7.38). Dually, 
ji preserves weak equivalences between cofibrant objects. 

(c) If € is a cofibrantly generated model category, the classes of cofibrations and 
trivial cofibrations are the saturations of sets of generating cofibrations and trivial 
cofibrations, respectively. Since any left adjoint preserves the constructions involved 
in the process of saturation (pushouts, colimits of sequences, retracts), it suffices to 
check that fı sends generating (trivial) cofibrations in € to (trivial) cofibrations in D 
in order for f; to be a left Quillen functor. 
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Before constructing the adjunction between homotopy categories induced by a 
Quillen pair, we will describe when a functor G: € — D between model categories 
induces a corresponding functor Ho(€) — Ho(D) between homotopy categories, 
usually called a derived functor of G. Theorem 7.31 says that it is sufficient for G 
to preserve weak equivalences, but in cases of practical interest this is often not the 
case. We will identify convenient conditions which guarantee that a derived functor 
of G exists. The most common of these is that G is part of a Quillen pair, as defined 
above. 

We will use the notation 7z¢: € — Ho(€) for the functor introduced in Section 
Teal 


Definition 8.34 Let G: € — D be a functor between model categories and write 
G=npoG: € > Ho(D). 


(i) A left derived functor of G is a functor LG : Ho(€) — Ho(D) equipped with a 
natural transformation B 
e€: LG oqe > G 


which is universal in the following sense: for any H: Ho(€) — Ho(D) and any 
natural transformation v: H o ne = G, there is a unique natural transformation 
pu: H => LG with v = e(u o neg). 

(ii) Dually, a right derived functor of G is a functor RG : Ho(€) —> Ho(D) equipped 
with a natural transformation 


€:G>RGone. 
which is universal in the evident sense dual to (i). 


Remark 8.35 The universal properties stated in the definition above are exactly those 
of Kan extensions. More precisely, a left derived functor LG is precisely a right Kan 
extension of G along ng, whereas a right derived functor is a left Kan extension of 
G along ne. In particular, left and right derived functors (if they exist) are unique 
up to natural isomorphism. We will therefore often speak of the left/right derived 
functor of a given G, when it exists. 


Lemma 8.36 If G preserves cofibrations and trivial cofibrations between cofibrant 
objects, then a left derived functor of G exists. 


Proof We begin by constructing a suitable functor g: € — Ho(D) that sends weak 
equivalences to isomorphisms. For every X € €, choose a cofibrant replacement 


Xe a X 
and define g(X) = G(X,). For a morphism a: X — Y one finds a corresponding 
ae: Xe — Ye as before, simply by lifting œ o gx: Xe — Y along the trivial fibration 
qy. The choice of a, is unique up to left homotopy. Define g(a) = G(@,). To see that 
g is a well-defined functor, it suffices to check that it sends two left homotopic maps 
with domain Xe to the same morphism in Ho(D). Since G preserves cofibrations and 
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weak equivalences between cofibrant objects (the latter by the dual of Proposition 
7.38), it sends a weak cylinder object for X¿ to a weak cylinder object for G(X,). In 
particular, it will send left homotopic maps out of Xe to left homotopic maps out of 
G(X-). 

Observe that g sends weak equivalences to isomorphisms, again because G pre- 
serves weak equivalences between cofibrant objects. Theorem 7.31 implies that (up 
to natural isomorphism) g must then factor as a composition of functors 


E€ , Ho(€) > Ho(D). 


We will denote the second one by LG. 

To complete the proof, we should supply a universal natural transformation € 
from LG o n¢ to G, or equivalently a natural transformation g = G. Recall that 
G(X) = (G(X)<) f, for some choice of cofibrant and fibrant approximation in D. Lift 
in the diagram 


0 >> G(X). >=> (G(X)c)¢ 


-a 
id 4 l 
G(Xe) Gay G(X) 
to find a map ex: g(X) = G(X.) —> (G(X),)+¢. This gives a well-defined natural 
transformation after composing with nz: € — Ho(€), since the choice of lift is 


unique up to homotopy. It is straightforward to verify that € is universal, using that 
any composition of functors 


€ Z5 Ho(€) > Ho(D) 


sends the map gx: Xe — X to an isomorphism in Ho(D). Oo 


Corollary 8.37 If fi: € — D is a left Quillen functor, then it admits a left derived 
functor Lf. Similarly, a right Quillen functor f* admits a right derived functor Rf*. 


Remark 8.38 By the proof of Lemma 8.36, the value of Lf, o 7¢ on a morphism 
a: X — Y is the image of fi(@e): Fi(X-) > fi(¥) in Ho(D), for any choice 
of cofibrant replacement œc of a. In practice one often has a functorial cofibrant 
replacement Q: € — €E, equipped with a natural transformation Q — ide which 
is a trivial fibration when evaluated at any object of €. (Indeed, many authors even 
require the existence of functorial factorizations in the axioms for a model structure, 
although we, following Quillen, have not done this.) For example, factorizations 
constructed using the small object argument can be made functorial. One can then 
consider the functor 
fio Q: €>, 


and the composite 775 o fio Q is then naturally isomorphic to L f, o ņe . Incidentally, in 
the presence of functorial factorizations the statement of Lemma 8.36 only needs that 
fi sends trivial cofibrations between cofibrant objects to weak equivalences. Indeed, 
it will then preserve weak equivalences between cofibrant objects by Brown’s lemma, 
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so that np o f, oQ is a functor sending weak equivalences to isomorphisms. Theorem 
7.31 then guarantees that this composite factors through a functor defined on Ho(€), 
namely the left derived functor Lf. 


Remark 8.39 It sometimes happens that all objects in € are cofibrant, for example in 
the Joyal and Kan—Quillen model structures on the category of simplicial sets. In that 
case fi preserves weak equivalences between arbitrary objects and one can simply 
take L f(X) to be the image in Ho(D) of f,(X), i.e., one does not have to ‘derive’ fi 
at all. The dual remark applies when all objects of D are fibrant. An example is the 
model structure on Top we discussed in the previous chapter. 


Lemma 8.40 If (fi, f*) is a Quillen pair, then (Lfi, Rf*) is an adjoint pair of functors 
between homotopy categories. 
Proof If ņ: ide — f* f, is the unit of the adjoint pair (fi, f*), then one constructs a 


unit for the pair (Lfi, Rf*) as follows. For X an object of Ho(€) (i.e., a fibrant and 
cofibrant object of €), one considers 


1X ng Pig ay 
X — FAX — FAX), 


where ifcx) is a fibrant replacement of fi(X). Now note that the right-hand side 
computes the value of R f*. Since the choice of iy(x) is unique up to homotopy, this 
gives a well-defined natural map in Ho(€). Similarly one constructs a counit and one 
easily verifies the triangle identities. m 


Remark 8.41 The unit and counit for the adjoint pair (L fi, Rf*) are often called the 
derived unit and derived counit respectively. 


The following ‘recognition lemma’ for Quillen adjunctions is often useful: 


Lemma 8.42 Let fi: € — D be a functor between model categories which admits 
a right adjoint f*. If f, preserves cofibrations and f* preserves fibrations between 
fibrant objects, then (fi, f*) is a Quillen adjunction. 


This lemma follows immediately from the following statement, which we record 
for future reference: 


Lemma 8.43 A cofibration i: A — B in a model category € is a trivial cofibration 
if and only if it has the left lifting property with respect to fibrations between fibrant 
objects. 


Proof The only nontrivial direction of the statement is where we assume that i has 
the stated lifting property. Choose a fibrant replacement B — By and factor the 
composite A > B — By as a trivial cofibration A — Ap followed by a fibration 
Af — By to get a commutative square as follows: 
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A lift l exists by our assumption on i. Since the horizontal maps are weak equiva- 
lences, the diagram shows that the image of / in the homotopy category Ho(€) has 
both a right and a left inverse. But then it must be an isomorphism in Ho(€), so that 
lis a weak equivalence. By two-out-of-three it follows that every map in the square 
is a weak equivalence, including i. m 


Definition 8.44 A Quillen adjunction (fi, f*) between model categories € and D is 
a Quillen equivalence if the pair (Lf, Rf*) is an adjoint equivalence between the 
homotopy categories € and D. 


Remark 8.45 The notion of Quillen equivalence is not symmetric (since it depends 
on the direction of the left adjoint). Thus, we say that two model categories € and D 
are Quillen equivalent if there exists a zig-zag 


Es eee SD 


of left Quillen functors, each of which is part of a Quillen equivalence. More loosely, 
one might say that € and D ‘model the same homotopy theory’. 


We record several characterizations of Quillen equivalences: 


Lemma 8.46 For a left Quillen functor fi: € — D with right adjoint f*, the follow- 
ing are equivalent: 


(1) The pair (fi, f*) is a Quillen equivalence. 

(2) For any cofibrant X € € there exists a fibrant replacement ix) : f(X) > fi(X)¢ 
such that the composite X — f* f(X) > f*(fi(X)s) is a weak equivalence, and 
for any fibrant Y € D there exists a cofibrant replacement qfy) : f*(Y)c > 
f Y) such that the composite AAF Y J)e) > fif Y) — Y is a weak equivalence. 

(3) For any cofibrant X € € and fibrant Y € D, any map a: f(X) — Y is a weak 
equivalence if and only if its adjoint @: X — f*(Y) is a weak equivalence. 


Proof Condition (2) implies that the derived unit and counit are equivalences and 
therefore implies (1). Conversely, (1) implies (2) when X (resp. Y) is additionally 
assumed to be fibrant (resp. cofibrant). But this is no loss of generality, since for 
general X one can always choose a fibrant replacement X — Xp and consider the 
following commuting square: 


X —> FAO) 


Dod 


Xp — F (Pp) 


The bottom horizontal map gives the derived unit at X+ and is thus a weak equivalence 
by assumption. The map fi(X) — fi(X;) is a weak equivalence because f, preserves 
trivial cofibrations. Since f* preserves weak equivalences between fibrants, the right 
vertical map in the square is a weak equivalence. Therefore all maps in the diagram 
are weak equivalences. The argument for Y is similar but dual. 
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Condition (3) implies that for objects X € Ho(€) and Y € Ho(D), any map 
a: Lfi(X) — Y is an isomorphism if and only if its adjoint X —> Rf*(Y) is an 
isomorphism. Unit and counit of the pair (Li, Rf*), being adjoint to identity maps, 
are therefore isomorphisms and (Lf, Rf*) is an adjoint equivalence. Finally, we 
need to argue that (2) implies (3). So suppose X is cofibrant, Y is fibrant, and 
a: fi(X) — Y is an equivalence. Choose a fibrant replacement of fi(X) and pick a 
lift 6 in the following diagram: 


AX) — Y. 


A 
Par 


FX) 


Then £ is a weak equivalence of fibrant objects, so that f*(8) is a weak equivalence 
as well. The map @ is the composition of the maps 


X > PAO FARA —™ fw). 


The composition of the first two maps is a weak equivalence by assumption, so that 
the total composition @ is a weak equivalence as well. The converse direction, from 
@ to a, is proved analogously. m 


Example 8.47 (a) Let i*: Gpd — Cat denote the inclusion of the category of 
(small) groupoids into the category of (small) categories. It has both adjoints; the 
right adjoint i, maps a small category C to its maximal subgroupoid i,C of all 
isomorphisms in C, whereas the left adjoint i, maps C to the category iC = C[C7!] 
obtained by inverting all morphisms in C. (Another way to describe this groupoid 
is as the fundamental groupoid 7ı(BC, ob(C)) of the classifying space of C with 
vertices the set ob(C) of objects of C.) Clearly i* preserves weak equivalences, 
fibrations, and cofibrations. So both (i,i*) and (i*,i,.) are Quillen pairs. In both 
model categories, all objects are fibrant as well as cofibrant. Thus Ho(Gpd) has the 
same objects as Gpd and natural isomorphism classes of functors as morphisms. A 
similar description applies to Ho(Cat). 
(b) Consider the adjoint pair of functors 


|- | : sSets z> Top : Sing 


given by geometric realization and the singular complex. We already observed that 
the functor Sing maps Serre fibrations to Kan fibrations (e.g. in Example 5.15, as 
well as in Section 7.2). Also, the geometric realization of any boundary inclusion 
ðA[n] — A[n] is a cofibration of topological spaces. Hence the functor | - | preserves 
cofibrations and the adjoint pair above is a Quillen adjunction when we equip sSets 
with the Kan—Quillen model structure. Every simplicial set is cofibrant and every 
topological space is fibrant, so the functors | - | and Sing are ‘already derived’. In 
particular, they preserve weak equivalences between arbitrary objects. Moreover, the 
unit and counit maps 


324 8 Model Structures on the Category of Simplicial Sets 
A —> Sing|A| and |Sing(X)| —> X 


for a simplicial set A and topological space X also represent the derived unit and 
counit maps. We will prove later in this chapter that these two maps are weak 
equivalences. In other words, we will prove that this Quillen pair is a Quillen 
equivalence (see Theorem 8.65). 

(c) Consider the adjoint pair 


T : sSets = Cat: N. 


The nerve functor N sends fibrations of categories, i.e. isofibrations, to fibrations 
in the Joyal model structure. It also preserves trivial fibrations (and in fact all weak 
equivalences), so the pair above is a Quillen adjunction. All objects in Cat are 
fibrant and all objects in the Joyal model structure on sSets are cofibrant, so these 
two functors t and N are already derived. Thus for a small category C and simplicial 
set A, the derived unit and counit are represented by the ordinary unit and counit 
maps 
A—Nr(A) and TNC >C. 


The counit map is an isomorphism, so the full embedding N : Cat — sSets remains 
fully faithful when viewed as a functor Ho(Cat) — Ho(sSets.at), where the subscript 
cat indicates the categorical (or Joyal) model structure. Also, the fact that t is already 
derived implies that it sends categorical equivalences between arbitrary simplicial 
sets to equivalences of categories. 

(d) Let us write the two model categories of simplicial sets we have constructed 
so far as sSetsca (as above) and sSetsxg. These have the same cofibrations, while 
sSetsxg has more weak equivalences (and consequently fewer fibrations). The iden- 
tity functor on sSets is of course adjoint to itself. In order not to confuse the left and 
right adjoint notationally, we write this as a pair 


id; : SSetsca: Z— sSetsxq : id’. 


It is clear that this is a Quillen pair. The functor id; is already derived (because 
every object is cofibrant), but id* is not. For a simplicial set A, the derived unit 
A — Rid*(id,A) is represented by an anodyne map A —> A into a Kan complex 
A. For a fibrant object in sSetsxg, i.e. for a Kan complex K, the derived counit 
map Lid,Rid*(K) — K is represented by the identity map. Thus, at the level of 
homotopy categories, Ho(sSetsxg) is a full subcategory of Ho(sSets,at) for which 
the inclusion has a left adjoint. After this example we will discuss this situation a bit 
more generally; it is an instance of left Bousfield localization, a concept which will 
feature often in this book. 

(e) Left Quillen functors between model categories can be composed. Thus, from 
the previous examples one can construct the left Quillen functor 


iy oT : SSetScat — Gpd, 
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and several other such composites. 
(f) The composed adjoint pair 
sSets a Cat z3 Gpd 
N i 

is in fact also a Quillen pair for the Kan—Quillen model structure on sSets (although 
t itself is not a left Quillen functor from sSetsxg to Cat). Indeed, one way to see 
this is simply to check that the nerve functor sends a fibration of groupoids to a 
Kan fibration. Another way to look at it is to observe that the composed left Quillen 
functor sSetscat — Gpd of example (e) above factors through sSetsxg, as in the 
following diagram of left Quillen functors: 


sSetscat —_—> Cat 


je | 


sSetskqg ---> Gpd. 


This is the case simply because the nerve of a groupoid is a Kan complex (and we do 
not have to consider fibrations of groupoids). Indeed, to check that the factorization 
exists, it suffices to prove that iir sends a weak homotopy equivalence A — B 
between simplicial sets to a weak equivalence of groupoids. For each Kan complex 
K, the induced map [B, K] — [A, K] is a bijection. In particular, this applies to 
K = NG, for G any groupoid. By adjunction the map [tB, G] — [TA, G] is also an 
isomorphism, so that the Yoneda lemma applied to the category Ho(Gpd) implies 
that TA — TB is a weak equivalence of groupoids. 
(g) More generally, the same argument shows that a Quillen pair 


fi : SSetscat Z? E: f* 


into a model category € factors through id; : sSetscar —> sSetsgo precisely when 
f* sends fibrant objects of € to Kan complexes. This is an instance of the general 
theory of Bousfield localizations. A first discussion follows right after this example, 
a more thorough treatment is given in Chapter 11. 

(h) The construction of model structures via transfer always gives Quillen pairs. 
More precisely, suppose € is a cofibrantly generated model category and 


fi 
E ERA 


is an adjunction which meets the conditions for transfer (see Theorem 7.44). If we 
equip A with the transferred model structure, then this adjoint pair becomes a Quillen 
pair, essentially by construction. 

(i) Any morphism y: X — Y in a model category € gives a Quillen adjunction 
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yr: E/X z>? E/Y : g” 


between the respective slice categories. Here y is the functor that composes a 
morphism A — X with y and ọ* is the functor that takes the pullback along y. It 
follows immediately from the definitions that y preserves cofibrations and trivial 
cofibrations, making it a left Quillen functor. If ọ is a trivial fibration in €, then the 
pair above is in fact a Quillen equivalence. To see this, note that for a cofibrant object 
A — X, the derived unit may be described by the first arrow in the top row of the 
following diagram: 


A —> X xy A —»A 


E 


By two-out-of-three, that arrow is a weak equivalence. For a fibrant object B —> Y, 
the derived counit may be computed as the top horizontal arrow in the following 
square, which is a trivial fibration: 


X xy B ——» B 
Y. 


oe as 


Now Brown’s Lemma 7.37 also implies that whenever y is a weak equivalence be- 
tween fibrant objects in €, the associated Quillen adjunction between slice categories 
is a Quillen equivalence. 

(j) The previous example can be sharpened a bit if € is a right proper model 
category. Indeed, if y: X — Y is a weak equivalence between arbitrary objects, the 
adjunction 


pı: E/X z>? EY : g* 


is a Quillen equivalence. To see this, pick a cofibrant object A —> X of €/X and 
factor the composite map A — Y as a weak equivalence A — A’ followed by a 
fibration A’ — Y. The derived unit may be described by the arrow A —> X xy A’ in 
the following diagram: 
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The top horizontal arrow is a weak equivalence by right properness, hence also the 
arrow A — X xy A’ by two-out-of-three. For a fibrant object B — Y of €/Y, the 
fact that the derived counit is a weak equivalence follows directly from the following 
pullback square: 


X xy B — B 


E 


X — Y. 


(k) The following variation on (i) will also be useful. Suppose that 
fi: € zZ? Fofr” 


is a Quillen pair between model categories € and F. Let Y be an object of F. Then 
the adjoint pair above induces another Quillen pair 


Fi: EIFY E FNY.: F 


The functor F just applies f* to a morphism, whereas f(X — f*Y) forms the 
composition 
fiX > AY > Y. 


If Y is fibrant and the original pair (fi, f*) is a Quillen equivalence, then we claim 
that this new pair (Gan F) is also a Quillen equivalence. First of all, fı detects weak 
equivalences between cofibrant objects, so that the same is true of fi It follows 
that the derived functor Lf, detects isomorphisms. It then suffices to check that the 
derived counit f 
Lf Rf 3 idyo(s) 

is an isomorphism. Indeed, the derived unit is then an isomorphism by virtue of the 
commutative triangle 


LARS Lf, 


Lf ee 


Lf, Lf). 


To analyse the derived counit, consider a fibration Z — Y in F and a cofibrant 
replacement W —> f*Z in £. Then the derived counit is described by the adjoint map 
SiW — Z over Y. But at the same time this is just the derived counit of the original 
adjunction (fi, f*) evaluated at the fibrant object Z, hence a weak equivalence by 
assumption. 
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Remark 8.48 As a sort of converse to part (h) of the previous, it is possible to 
recognize when a Quillen adjunction arises from transfer in the following manner. 
Suppose we start with a Quillen pair fi : € @ A: f* between model categories. If, 
ignoring that A has a model structure already, the conditions for transfer are met, 
this defines a new model category A with the same underlying category A, and a 
diagram of Quillen pairs (in which we only draw the left Quillen functors): 


ais 4 


E 
JA 


Arr 


Here id, and its right adjoint are both the identity functor, which is left Quillen 
when viewed as a functor Ay — A. The vertical functor is of course also fi, but we 
have relabelled it to make the distinction in codomain. If f* preserves and detects 
weak equivalences and trivial fibrations (as g* does, by definition of transfer), then 
the weak equivalences and trivial fibrations in A and in Ay coincide and hence so do 
the cofibrations, being the maps having the left lifting property with respect to the 
trivial fibrations. Since any two of the three classes in a model structure determine 
the third, it follows that Ay is identical to A. In particular, the (trivial) cofibrations 
in A are generated by the images under f, of (trivial) cofibrations in £. 


We end this section with a brief discussion of left Bousfield localization, to which 
we will return in more detail in Section 11.3. Let € be a model category. We will 
frequently encounter the situation, already illustrated by Example 8.47(d) above, 
where there is another model structure on € with the same cofibrations, but with a 
larger class of weak equivalences (and hence a smaller class of fibrations). Let us 
refer to this larger class of weak equivalences as the local weak equivalences and the 
corresponding class of fibrations as the local fibrations. So every weak equivalence 
is a local weak equivalence and every local fibration is a fibration. Write Etoc for this 
second model structure on €. Then the identity functor defines a Quillen pair 


id): € z>? Eloc : id*. 
The induced adjoint pair 
Lid, : Ho(€) == Ho(Ejoc) : Rid* 


has the property that the counit Lid;Rid*(E) — E is an isomorphism, for any E € £. 
Indeed, for a locally fibrant and cofibrant object E, we have Rid*(E) = id*E = E 
and Lid\(E) = E as well. For a fibrant and cofibrant object E in €, the unit E — 
Rid*Lid,(£) is a fibrant replacement of E in Ejoc, i.e., a local weak equivalence 
E — Exo into a locally fibrant object. In particular, the right adjoint functor Rid* 
is fully faithful, so that we can regard Ho(€j9-) as a full subcategory of Ho(€). The 
left adjoint Lid) is a localization at the class of local weak equivalences in the sense 
of Definition 7.30. Indeed, it sends every local weak equivalence to an isomorphism 
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in Ho(Ejoc). It is universal with this property as a consequence of the fact that the 
derived unit is a local weak equivalence, as just discussed. We will refer to Eoc as a 
left Bousfield localization of €. We will come back to this concept in more detail in 
Chapter 11; for now we record some first properties. 

Although €jo, has more weak equivalences than €, it is important to realize that 
the weak equivalences between fibrant objects have not changed. For easy reference, 
we formulate this explicitly: 


Lemma 8.49 For a left Bousfield localization Eioc of € as above, every local weak 
equivalence between locally fibrant objects is already a weak equivalence. 


Proof By Brown’s lemma, in the form of Proposition 7.38, it suffices to show that 
every trivial fibration between fibrant objects in joc is also a trivial fibration between 
fibrant objects in €. But € and Ej, have the same cofibrations, hence the same trivial 
fibrations. m 


In fact, we can deduce that also the fibrations between fibrant objects do not 
change: 


Lemma 8.50 A map f: X — Y between locally fibrant objects is a fibration in € if 
and only if it is a local fibration, i.e., a fibration in Eoc. 


Proof Clearly every local fibration is in particular a fibration (since Eioc has more 
trivial cofibrations than €). Conversely, assume that f is a fibration between locally 
fibrant objects. Consider a lifting problem 


A —> X 
A 
al 
B—+Y 
in which i is a cofibration and a local weak equivalence. Factor u as a local trivial 


cofibration j: A — A’ followed by a local fibration p: A’ — X. Then A’ is a locally 
fibrant object. Push out j along i to obtain a larger diagram 


Aa as 
yoo. g 
B —> P —> Y. 
Now factor P — Y as a local trivial cofibration k: P — B’ followed by a local 


fibration q: B’ — Y. Then B’ is also locally fibrant and composing the maps 
A’ > P > B’ gives a further diagram 
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In this diagram, the middle vertical map is a local trivial cofibration between locally 
fibrant objects. But then it is also a trivial cofibration in €, by Lemma 8.49 above. 
Hence a lift in the square on the right exists. Precomposing this lift with the map 
B — P’ gives a lift in the original square. m 


Recall from Example 8.47(i) above that any morphism f: X — Y in a model 
category € induces a Quillen pair fı : €/X @ €/Y : f* and that this Quillen pair is 
a Quillen equivalence whenever f is a weak equivalence between fibrant objects or 
a trivial fibration between arbitrary objects. Since not every fibrant object is locally 
fibrant, the following assertion is slightly stronger. It is again an easy application of 
Brown’s lemma: 


Proposition 8.51 Let Ejoc be a left Bousfield localization of €. Then any weak 
equivalence f: X — Y between fibrant objects in € induces a Quillen equivalence 


fi : Eloc/X z? Eloc/Y : f 


Proof Exactly as in Example 8.47(i) above, we can use Brown’s lemma to reduce 
this to the case where f is a trivial fibration in €. But then f is also a trivial fibration 
in Ej), and we are back in the situation of Example 8.47(i). Oo 


8.4 Homotopy Groups of Simplicial Sets 


Throughout this section we will work with the Kan—Quillen model structure on 
simplicial sets, so that ‘weak equivalence’ and ‘fibration’ will always mean weak 
homotopy equivalence and Kan fibration respectively. The aim of this section is to 
prove Theorem 8.58, which states that a map of simplicial sets is a weak homotopy 
equivalence if and only if it induces an isomorphism on homotopy groups (at all 
possible basepoints). 

A pointed simplicial set is a pair (X, xo) where X is a simplicial set and x9 € Xo 
a vertex in X (‘the basepoint’). A morphism between pointed simplicial sets f : 
(X, xo) — (Y, yo) is a map f: X — Y between simplicial sets with f(xo) = yo. We 
shall often leave the basepoint implicit and delete it from the notation when it is clear 
from the context. We sometimes refer to morphisms between pointed simplicial sets 
as pointed maps. The category of pointed simplicial sets will be denoted sSets,.. 

This category is a slice category, namely sSets,. = A[0]/sSets, so it carries a 
model structure induced by the Kan—Quillen model structure on sSets, with the 
same weak equivalences, fibrations, and cofibrations, cf. Example (d)(ii) of Section 
Fl: 

In this section we will write 


S” = A[n]/A{n] 


8.4 Homotopy Groups of Simplicial Sets 331 


for the simplicial n-sphere. Its geometric realization is homeomorphic to the usual 
topological n-sphere. This simplicial set $” is naturally pointed, its basepoint being 
the image of the boundary dA[n] which has been collapsed to a single vertex. For 
any pointed simplicial set (X, xo) we then define 


Tn (X, Xo) = Homyppo(ssets,)(S”s (X, xo)) 


to be the set of morphisms in the homotopy category of sSets,.. Thus, this set does 
not change if we replace $” and (X, xg) by weakly equivalent objects. Moreover, this 
set is the set of homotopy classes in sSets,. (the pointed homotopy classes of maps) 
whenever X is a Kan complex. Explicitly, for a pointed Kan complex (X, xo) one has 


Ty(X, Xo) = [S”, (X, xo)] 
= [(A[n], dA[n]), (X, xo)] 


where the first set of brackets denotes homotopy classes of pointed maps and the 
second those of maps of pairs. A pair of simplicial sets (M, A) consists of a simplicial 
set M and a simplicial subset A C M. A map of pairs f : (M, A) —> (N, B) is a 
morphism f : M — N for which f(A) C B. We call such a morphism a weak 
equivalence if both f : M — N and its restriction f : A — B are weak equivalence 
in the Kan—Quillen model structure. For greater flexibility, it is important to observe 
that in the description above, we can replace the pair (A[n], 0A[n]) by any weakly 
equivalent pair, as expressed in the following lemma. 


Lemma 8.52 Let f : (M, A) > (N, B) be a weak equivalence of pairs. Then for any 
pointed Kan complex (X, xo), the map 


f° : I(N, B), (X, xo)] > [(M, A), (X, xo)] 
defined by precomposition with f is a bijection. 


Proof The easiest way to understand this lemma is to interpret f as a weak equiv- 
alence between cofibrant objects in the projective model structure on the arrow 
category Ar(sSets), see Example 7.47 below. The homotopy classes of maps above 
are then simply sets of homomorphisms in the corresponding homotopy category. o 


As a consequence of the lemma, there is also a ‘cubical’ description of the set 
Tn(X, xo), which we state explicitly as follows. 
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Proposition 8.53 For a pointed Kan complex (X, xo), there is a natural bijection 
Tn(X, xo) = [(A[1]", (AL1]")), (X, xo)], 


where 
n 


A(A[1]") = U Afi]'"! x dA[1] x AL] 
i=l 
is the boundary of the cube. 


For n = 0, 1, the two descriptions of 2,,(X, xo) coincide, of course. For n > 1, the 
proposition is a consequence of Lemma 8.52 together with the following observation. 


Lemma 8.54 The pairs (A[n], 0A[n]) and (A[1]", 0(A[1]")) are weakly equivalent. 
More precisely, there exists a zig-zag of weak equivalences 


(A[n], dA[n]) > - — (A[1]", ACA). 


Remark 8.55 The geometric realizations of these two pairs are obviously home- 
omorphic, so the lemma would be evident if we knew that geometric realization 
detects weak equivalences. However, we are still on our way to establishing this 
relation between the homotopy theories of simplicial sets and topological spaces, 
so that we are forced to give the rather elaborate combinatorial proof below. The 
reader is encouraged to work out some low-dimensional cases for himself using some 
pictures. 


Proof It will be convenient to use the notation 
(M, A) A (N, B) :=(MxXN,Mx BUAXN). 
Then 


(A[L]", 0(AL1]")) = (ALL, AA) A (ALL, (ALL) 
= (A[1], 2A) A+++ A ART”, oA), 
with n factors occurring on the right. We now establish a zig-zag as in the statement 


of the lemma by induction on n. For n = 0,1 there is nothing to prove. So let us 
prove for n > 1 that there is a zig-zag of weak equivalences 


(A[n], 0A[n]) > - — (A[1], AAM A (A[n — 1], OA[n — 1)). 
We can write A[1] x A[n — 1] = ued A; where A; C A[1] x A[n — 1] is (the image 
of) the ith shuffle 
a; : A[n] > A[1] x Afa — 1] 
characterized by its effect on vertices by 


. (0, j) forj <i, 
ai(j) = . ie SY 
(,j-1) for j >i. 
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Also write 
B := &(A[1] x A[n — 1]) = (AAP) x Afr — 1]) U(A[1] x Ajn — 1). 


For the copy A; € A[1] x A[n — 1] of the n-simplex, we will use some notation as 
for the standard n-simplex and write 


Oj;Ai j=0,...,n 
for its jth face and similarly 


AKA; = U Oj Ai and OA; = U 0; Aj. 
j#k j 


We will also have occasion to use the notation A” A; for the union of all the faces 
ð; A; except those with j € E. Notice that 


BN Ao = A! Ao, 
BNA; = Att1A, O<i<n-1, 
BO An- = A"! Ani, 


and 
Oj41 Ai = O14 Ai+1, 
while fori < j, 


Ain Aj; = 41 Ai N+ NOFA; 
= +1 A; Nee NO; Aj. 


Now observe that 0A,_; E BU An-2, so there are maps 


(A[n], 0A[n]) > (A[1] x Afr = 1], B U An-2 U An-3 U +- Ao) 


inci 


(A[1] x A[n — 1], B). 
The map @n-1 : A[n] > A[1] x A[n — 1] is obviously a weak homotopy equivalence 
(since both domain and codomain are A[1]-homotopy equivalent to A[0]), so it now 
suffices to prove that the inclusions 


ðAn-1 > BUA USO Ao 8 


are both weak homotopy equivalences. 
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The case of u. It follows from the identities above that 
BU An-2 U <+- U Ag = An-1 U An-2 U ++- U Ag. 
We show by downward induction on i (starting at i = n — 2) that each inclusion 
OAn-1 > OAn-1 U An-2 U+- U A; 


is a trivial cofibration. The conclusion then follows by setting i = 0. For the first step 
i = n — 2, consider the pushout 


OAn-1 N An-2 ——> An-2 


l l 


OAn-1 —_> OAn-1 U An-2 


and observe that ðAn-1 N An-2 = On-1An-1 = A[n — 2] is contractible. Thus, the 
top horizontal map is a trivial cofibration (the codomain is contractible as well) and 
hence so is the bottom one. For the induction step, consider the pushout 


(OAn-1 U An-2 U ++: U Aig) O A; —————> A; 


| l 


OAn-1 U An-2 U+ ++ U Aig). ———> OAn-1 U An-2 U+ U Ai 
and observe that 
(3An-1 U An-2 U+ ++ U Aisi) N A; = Op, Ai = Ôi+1Åi+1 


is again contractible, showing that both horizontal maps in the pushout are trivial 
cofibrations, as before. 
The case of v. We show that each of the maps 


B — B U Aọ > B U Ao U Aj > e — BU Ao U+ U An- 


is a weak equivalence. The first is a pushout of BN Ap —> Ag and BN Ap = A! Ao so 
this is an anodyne map, hence a trivial cofibration. For 0 < i < n — 1, the map 


BUAoU-:-UAj-1 > BUAg U---U A; 


is a pushout of 
(BU Ap U---U Aj-1) N A; — Aj. 


The object on the left can be rewritten as A‘*'A;, which is weakly contractible. So 
the latter map is anodyne again, and hence so is its pushout. This completes the 
proof. (Notice that this argument fails for i = n — 1, as it should.) m 
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Let us return to the cubical description of the sets z,,(X, xo) for a pointed Kan 
complex (X, xo) as in Proposition 8.53. For n = 0, the set o(X, xo) is the set of 
connected components of X. This is the quotient of the set Xo of vertices of X by 
the equivalence relation x ~ y if and only if there is a l-simplex @ € X with 
ao = dja = x and q, = doa = y. Forn = 1, the set 2; (X, xo) is the set of morphisms 
from xo to itself in the category TX. This category is a groupoid if X is a Kan 
complex and hence 7\(X, xo) is a group. For n > 1, we can form the loop space 
Q(X, xo) as the pullback 


Q(X, xo) ————> xl 


l | 


A[0] ——> XxX = x@Al1], 


Here the bottom map is given by the pair (xo, xo). The restriction map on the right is a 
Kan fibration by Corollary 5.39, so Q(X, xo) is a Kan complex. Now the isomorphism 


Tl X, Xo) = Tn—1 Q(X, xo) 


is immediate from the cubical description of these homotopy groups. For n > 1, the 
group mn (X, xo) is abelian, as one shows exactly as in topology. Moreover, with the 
cubical description of Proposition 8.53 one can mimic one proof of the long exact 
sequence of a Serre fibration between topological spaces and obtain the following. 


Proposition 8.56 Let p : E — B be a Kan fibration between pointed Kan complexes, 
with fibre F over the basepoint of B. Then there is an induced long exact sequence 
of homotopy groups 


ô 
© —> NnF > nE > uB > m-1F >... 


Proof As in Section 7.2 we only describe the morphism ô and leave the remaining 
details to the reader. Let [a] € 2,B be an element represented by a : A[1]” — B 
mapping 0(A[1]’) to the basepoint bo of B. Let 


U = A[1] x (A[1]"™) U ({0} x ALLY"), 


where of course {0} denotes the image of ô; : A[0] — A[1]. By Corollary 5.28 the 
map U —> A[1]" is left anodyne, so in particular a trivial cofibration. Hence we can 
find a lift in 


where ey denotes the constant map with value the basepoint eọ in E. Then the 
restriction of 8 to {1} x A[1]"~! defines a map A[1]""! — E sending the boundary 
to the basepoint, which represents d[@]. One has to check that the map ô is well- 
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defined, that it is a group homomorphism (forn > 2), and that it renders the sequence 
exact. All this is completely analogous to the topological case of a Serre fibration, 
but is a good exercise in lifting properties of Kan fibrations for those readers less 
familiar with these. m 


Lemma 8.57 Let M be a minimal Kan complex and let xọ € M be any basepoint. If 
TM = {0} for every n = 0, then M is isomorphic to A[0]. 


Proof Since roM = {0}, the simplicial set M is connected. But a connected minimal 
Kan complex has only one vertex, i.e., Mo = {xo}. Suppose that for a given n > 0 
we have proved that M% consists of a single element for all k < n. The set M, is non- 
empty because it contains a degenerate simplex coming from M,,_,. If x, y € Mn are 
two n-simplices, then they are constant (with the same value) on 0A[n], so represent 
elements of 2,(M, xo). The assumption that this homotopy group is trivial implies 
that x and y are homotopic relative to the boundary dA[n]. Because M is minimal, 
we must have x = y. The lemma now follows by induction on n. Oo 


We are now ready to state the main result of this section: 


Theorem 8.58 Let f : X — Y be a map between simplicial sets. Then f is a 
weak homotopy equivalence if and only if it induces an isomorphism n,(X, xo) > 
Tn (Y, f(xo)) for every basepoint x9 € Xo and every n > 0. 


Remark 8.59 It suffices to check the condition of the theorem for one basepoint xo 
in every path component of Xo. Indeed, if x9 and x; are distinct vertices connected 
by a path a: A[1] — X, then 


(X, xo) > (X, im(@)) — (X, xı) 


are weak equivalences in Ar(sSets) and one finds an isomorphism 7,,(X, xo) = 
Tr(X, xı). 


Proof The ‘only if’ part of the theorem is clear from the definitions. For the converse, 
first notice that we may choose a trivial cofibration Y — Y’ with Y’ a Kan complex, 
and by factoring the resulting composite X — Y — Y’ as a trivial cofibration 
followed by a fibration we obtain a square 


x— [sry 


Fat 


x yy" 


where the vertical maps are trivial cofibrations and the bottom horizontal map f’ is a 
Kan fibration between Kan complexes. Moreover, f’ will still satisfy the hypotheses 
of the theorem. Thus, it suffices to prove the theorem for f’. Factor it as a trivial 
fibration p : X’ — Z followed by a minimal fibration q : Z — Y’. Then p certainly 
induces isomorphisms in homotopy groups and hence so does q. This reduces the 
problem to proving the theorem for a minimal fibration between Kan complexes. 
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From the assumption that q : no(Z) = z0(Y’), we find that Z — Y’ must be 
surjective on vertices. Choose any basepoint yo € Y and another one zg € Z with 
q(zo) = yo. Let M be the fibre over yo. Then from the long exact sequence associated 
to q we find that z,,(M, zo) is trivial for all n > 0. By Lemma 8.57, M is a point. 
Now local triviality of q implies that for any simplex a : A[n] — Y in the same path 
component as yo, one has a pullback square 


A[n] x M —> Z 


ee: 
Ala] —“—> Y. 
Since M = A[0], the vertical map on the left is an isomorphism. Since yo and œ 


were arbitrary, the map q itself must be an isomorphism, so in particular a weak 
homotopy equivalence. m 


8.5 Geometric Realizations and Fibrations 


In this short section we will prove the following important fact, first observed by 
Quillen. It will be a crucial tool in the proof of the Quillen equivalence between the 
category of simplicial sets (with the Kan—Quillen model structure) and the category 
of topological spaces, which we will give in the next section. 


Theorem 8.60 The geometric realization of a Kan fibration is a Serre fibration. 


Every Kan fibration can be decomposed as a trivial fibration followed by a minimal 
fibration and minimal fibrations are locally trivial. Since locally trivial fibre bundles 
of topological spaces are Serre fibrations, the theorem follows from the following 
two statements. 


Proposition 8.61 The geometric realization of a trivial fibration between simplicial 
sets is a trivial Serre fibration between topological spaces. 


Proposition 8.62 The geometric realization of a minimal fibration is a locally trivial 
fibre bundle. 


Let us once more make explicit the two meanings of the phrase ‘locally trivial’ 
used above. A map f : X — Y between simplicial sets is locally trivial if for every 
n-simplex a : A[n] — X the pullback of f along «œ is isomorphic to a projection, as 
in 


338 8 Model Structures on the Category of Simplicial Sets 


On the other hand, a map between topological spaces p : A — B is locally trivial 
if every point a € A admits a neighbourhood U for which the restriction of p to 
p 'U — U is homeomorphic over U to a projection, as in the pullback 


Ux p'{a} —O A 


l i 


U ——*—> B. 


Proof (of Proposition 8.61) Let f: X — Y be a trivial fibration of simplicial sets. 
We claim that f is a retract of the projection Y x X — Y. Then |f| is a retract of the 
projection |Y| x |X| — |Y |, because geometric realization preserves products. So in 
particular, |f| will be a retract of a Serre fibration, hence itself a Serre fibration. To 
prove the claim, consider the square 


x x 
A 

sia) Ps |r 

YxX —>Y 


The left-hand vertical map is a monomorphism (so a cofibration), hence a lift as 
indicated exists. This lift exhibits f as a retract of mı : Y x X > Y. m 


The proof of Proposition 8.62 is a bit delicate, since we have to carefully build 
up open neighbourhoods and trivializations over these. Let us introduce some ter- 
minology for a map p : A — B between topological spaces. A trivialization (with 
fibre F) over a subset U C A is a homeomorphism over U of the form 


UxF —— 5; p! 


ae a 


Lemma 8.63 Let U C V C A be open subsets and let œ : UX F — B and 
B:VXF —> B be two trivializations with fibre F. If the inclusion U — V admits 
a retraction, then a extends to a trivialization over V. In other words, B can be 
modified so as to agree with a on U. 


Proof Consider the diagram 


and write 6: U — Aut(F) for the map 
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—1 
O(a)(x) = mB ala, x), 


where Aut(F) is the set of homeomorphisms of F onto itself. Then @ extends to a 
map Tt: V > Aut(F) since U — V is assumed to be a retract. Now let y : Vx F — B 
be the map defined by y(a, x) = B(a, T(a)(x)). Then y is the required trivialization 
over V which extends a. m 


For the next lemma, recall that the geometric realization |X| of a simplicial set X 
is a CW-complex, whose CW-decomposition 


|x| c [x] c x2 Cises 


corresponds to the skeletal filtration 
skoX C sk) X C sk X C.. 


of X, meaning 
Isk, X| = |X|. 


Each point € € |X| can be uniquely written as € = x ®t, where x € Xn is a non- 
degenerate n-simplex and t € A” is an interior point. Thus € € |X| — |X|@~). For 
such a point &, the following lemma and its proof tell us how to build up specific 
neighbourhoods of £. 


Lemma 8.64 Let £ € |X| be a point in the geometric realization of a simplicial set X 

and assume ë € |X|" —|X|"~). Then £ has arbitrarily small closed neighbourhoods 

V C |X| with the following properties for Vin := V A |X|": 

—Vn = @ form <n, 

— V, is homeomorphic to an n-dimensional disk, 

— Vn is a deformation retract of Vm+1 for m = n; in particular, each Vpn is contractible 
form=>n. 


Proof To start, write £ = x & t as above and let V, be the image of a small closed 
ball around t € int(A”) under the map ¢ : A” — |X|”, which is an open embedding 
on the interior of A”. We will extend this neighbourhood V, to Vis) © |X [ep as 
follows. Consider a non-degenerate n + 1-simplex z € Xn+1 and the corresponding 
map 2: A"t! — |x|), Then 


Va (2) := 2-'(V_) OA"! 


is a (possibly empty) disjoint union of copies of V,, each lying on a face of A”*!, 
Let b be the barycentre of A”*! and write 


Vasi(z) = {tb + (1 — tja |a € V,(z) 0O<t <€} 


for some small ¢ > 0 (which we can keep fixed if we are not concerned with the size 
of V). Said more informally, V,,,;(z) is a union of strips, one for each component 
of V,,(z), lying in the triangle whose base is that component and whose apex is the 
barycentre b. 
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Now let V,,4; be the union of all the images of the V,,,1(z) where z ranges over 
the non-degenerate simplices in X: 


Vasi = |) 8(Vner(z)) E XP. 


z 


Then Visi N |X |) = V, and V, © V,+1 obviously has the properties stated in the 
lemma. We can now proceed in exactly the same way to construct the entire sequence 
Va C Vast © Vaa2 C +++ and let V = Up Va. o 


Proof (of Proposition 8.62) Let f: X — Y be a locally trivial map of simplicial 
sets. By working on one connected component of Y (and hence of |Y |) at a time, we 
may assume that Y is connected and we can fix a single model F for the fibre. Then 
by the assumption of local triviality, for each non-degenerate m-simplex z in Y there 
is a pullback square of simplicial sets 


T 


A[m] x F —> X 


We will slightly abuse notation and also write r; for the geometric realization of the 
trivialization in the diagram above: 


Tz: A" x |F| > |X|. 


Consider a point £ € |Y |, say € = x 8t € |Y|™® —|¥|“~, and pick a neighbourhood 
V of it as in Lemma 8.64. We will construct a trivialization of |X| — |Y| over V. 
This V is the union of Va C Vp+1 E ++- and it suffices to construct a compatible 
sequence of trivializations 


Qm: Vm X |F| > |X| 


of |X| — |Y | over each of the V,,,, with m > n. First, V, is the image of a small ball in 
the interior of A” under £: A” — |Y |", which is a homeomorphism onto its image, 
and we can take a, to be the restriction of Tx to this small ball. Next, suppose that 
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Q@m has been constructed, defining a homeomorphism 
-1 
Vm X |F| > ISV (Vm) E X 


over Vm. Then for each non-degenerate m + 1-simplex z € Y, a» restricts and pulls 
back to a trivialization over Vjn(z) © 0A*!. We can extend this trivialization over 
Vin(z) to one over Vm+1(z) by applying Lemma 8.64 (for the trivialization over Vm(z) 
induced by a@,,, and the one over V,,,+1(z) given by Tz). Since the images of the Vjn41(z) 
for varying z only intersect in V,,, these together give a well-defined trivialization 
over Vm+1. This completes the induction. o 


8.6 The Equivalence Between Simplicial Sets and Topological 
Spaces 


In modern homotopy theory, the word ‘space’ is often used as a synonym for ‘sim- 
plicial set’. The reason for this lies in the following theorem, which this short section 
aims to prove. 


Theorem 8.65 The geometric realization and singular complex functors 
|- | : Sets z> Top : Sing 


form a Quillen equivalence between the category of simplicial sets with the Kan- 
Quillen model structure and the category of topological spaces with the model 
structure of Section 7.3. 


Thus, the theorem asserts in particular that the stated Quillen adjunction induces 
an equivalence of homotopy categories 


Ho(sSetsxg) Z—* Ho(Top). 


Since every simplicial set is cofibrant and every topological space is fibrant, the 
functors involved are ‘already derived’, so another way to state this equivalence is to 
assert that 


(1) for each Kan complex K, the unit 7 : K — Sing(|K|) is weak homotopy 
equivalence of simplicial sets; and 

(2) for each topological space X, the counit |Sing(X)| — X is a weak homotopy 
equivalence of topological spaces. 


Now clearly, for a topological space X and a basepoint xp € X, the homotopy groups 
of X coincide with the simplicial homotopy groups of Sing(X), 


T(X, x0) > An(Sing(X), xo). 
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Thus, it follows from Theorem 8.58 that a map X — Y of topological spaces is a 
weak homotopy equivalence if and only if Sing(X) — Sing(Y) is one. One says that 
the functor Sing detects weak equivalences. As a consequence, the triangle identities 


I7x | 7sing(X) 


|K| ——> Sing(|K]) Sing(X) ——> Sing|Sing(X)| 
NS {en =. [smew 
|K| Sing(X) 


imply that it now suffices to prove that the unit 7 : K — Sing(|K|) is a weak 
homotopy equivalence for each Kan complex K. Indeed, then the second triangle 
shows that for each topological space X the map Sing(ex) is a weak equivalence as 
well, so that the same is true of £y itself. The following lemma shows that 7 indeed 
induces isomorphisms in homotopy groups for any vertex xo of K: 


ttn(K, xo) => mn (|K|,X0) = zn (Sing(|K]), xo). 


Hence it completes the proof of Theorem 8.65. 


Lemma 8.66 For any Kan complex K, any vertex xọ € Ko, and any n = 0, the natural 
map na(K, xo) > n,(|K], xo) from simplicial to topological homotopy groups (or 
pointed sets if n = 0) is an isomorphism. 


Proof First note that |K | is connected whenever K is and that |-| preserves coproducts, 
so the assertion is clear for n = 0. Proceeding by induction, suppose we have proved 
the lemma for m < n and all K. Consider the Kan fibration 


ev = (evo, ev1) : KAH — KAN = K x K 


and write PK = P(K, xo) for the pullback 


PK ——— KM! 


LO 


K = A[0] x K —> K xK. 
xoXid 


Then PK — K is a Kan fibration with fibre Q(K, x9). Moreover, PK is itself a 
contractible Kan complex because it is also the pullback of a trivial fibration 


PK —> K^ 


| {ev 


Ajo) —> K. 


By Theorem 8.60, |PK| — |K] is a Serre fibration with fibre |Q(K, xọ)|. Since 
PK is a contractible Kan complex, |PK| is a contractible space, and the long exact 
sequences of these two fibrations give isomorphisms which we can compare by the 


8.7 Categorical Weak Equivalences Between oo-Categories 343 


natural map in the lemma, as in 


Mn(K, xo) — Tn-(Q(K, xo)) 


{ { 


Tn(|K |, x0) ——> An-1(\O(K, x0))). 


Here we used that the map of the lemma is also compatible with the boundary 6 
in the long exact sequence. Since the map on the right is an isomorphism by the 
induction hypothesis, so is the map on the left. m 


We conclude this section with the following consequence: 


Proposition 8.67 The Kan—Quillen model structure on the category of simplicial 
sets is right proper, i.e., the pullback of any weak homotopy equivalence along a 
fibration is again a weak homotopy equivalence. 


Proof The left adjoint of a Quillen equivalence detects weak equivalences between 
cofibrant objects; since every object is cofibrant in the Kan—Quillen model structure, 
the geometric realization functor detects arbitrary weak equivalences. By Proposition 
2.6 it preserves pullbacks and by Theorem 8.60 it sends Kan fibrations to Serre 
fibrations. The conclusion of the proposition now follows from the fact that the 
model category Top is right proper, cf. Remark 7.14 or Corollary 7.41. m 


8.7 Categorical Weak Equivalences Between co-Categories 


The Kan—Quillen model structure on the category of simplicial sets is in many 
ways easier to work with than the Joyal model structure. For example, one has an 
explicit description of the fibrations and consequently an explicit set of generating 
trivial cofibrations. Moreover, the Quillen equivalence to topological spaces helps 
to transfer results (and intuition!) from the homotopy theory of topological spaces 
to the Kan—Quillen model structure. 

In this section we will return to the Joyal model structure and describe its weak 
equivalences between fibrant objects in various ways. These descriptions and their 
proofs will make use of Kan complexes and of our knowledge of weak homotopy 
equivalences. The main result will be the characterization (Theorem 8.74 below) 
of the categorical equivalences between ov-categories as those maps which are 
essentially surjective and fully faithful, just like for ordinary categories. We begin 
with the following easy consequences of previous results. For a small category C, 
we write mC for the set of isomorphism classes of objects of C. Alternatively, it is 
the set of connected components of the maximal groupoid contained in C. 
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Lemma 8.68 For a simplicial set A and an o-category X, there is a natural bijection 
[A, X] = mor(X). 


Here the left-hand side denotes the set of morphisms A — X in the homotopy 
category Ho(sSetscat). In different words, it is the set of homotopy classes of maps 
A — X with respect to the categorical model structure. 


Proof Observe that the maps 0J x A — Jx A — A exhibit J x A as a cylinder object 
for A. Thus, two maps f,g: A — X are homotopic with respect to the categorical 
model structure if and only if they are J-homotopic. By Theorem 5.55, this is the case 
if and only if f and g are equivalent objects of the co-category X“. By definition, 
this means that f and g are isomorphic objects of the category t(X^). m 


Proposition 8.69 For a map X — Y between œ-categories, the following properties 
are equivalent: 


(1) The map X — Y is a categorical equivalence. 

(2) The map X — Y is a J-homotopy equivalence. 

(3) For each simplicial set A, the map X^ — Y^ is a categorical equivalence. 

(4) For each simplicial set A, the map k(X“) — k(Y ^) is weak homotopy equivalence 
between Kan complexes. 

(5) For each simplicial set A, the map t(X4) — 1(YA4) is an equivalence of cate- 
gories. 


Proof In any model structure, the weak equivalences between fibrant-cofibrant ob- 
jects are the same as the homotopy equivalences, by Proposition 7.27. As we observed 
in the proof of Lemma 8.68 above, we may identify such homotopy equivalences 
with J-homotopy equivalences, showing that (1) and (2) are equivalent. Moreover, 
if X — Y is a J-homotopy equivalence, the same is true for the maps of (3) and 
(4). Indeed, for (4) one observes that for a homotopy inverse Y A _, X^ to the map 
of (3), the image of the Kan complex k(Y¥“) must be contained in the maximal Kan 
complex k(X A). That (3) implies (5) follows from the fact that r sends categorical 
equivalences between simplicial sets to equivalences of categories, which we al- 
ready observed in Example 8.47(c). Finally, if either (4) or (5) holds, then Lemma 
8.68 and the Yoneda lemma imply that X — Y represents an isomorphism in the 
homotopy category Ho(sSets,,;). Indeed, we may identify homotopy classes of maps 
A — X with isomorphism classes of objects in the category t(X4), or connected 
components of k(X4). But then X — Y is a categorical equivalence (cf. Remark 
7.32). o 


Lemma 8.70 Suppose that for every n > 0, condition (4) of Proposition 8.69 holds 
if A is the simplex A[n]. Then (4) holds for every simplicial set A. 


Proof We can factor a general f: X — Y between co-categories as a trivial cofibra- 
tion followed by a categorical fibration. Property (4) holds for any trivial cofibration 
between oo-categories, so that without loss of generality we may assume that f is 
a categorical fibration. Then k(X) — k(Y) is in fact a trivial fibration, by applying 
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condition (4) with A = A[0]. By a skeletal induction we will prove that (4) holds for 
any simplicial set A of dimension n (meaning A = sk,,A), for any n > 0. If A is of 
dimension 0 (i.e. discrete), observe that XÂ — Y4 is just a product of copies of f 
indexed by the vertices of A. In particular, it gives a trivial fibration k(X4) > k(Y4). 
For n > 0, we have a pushout 


LJ Afa] —} skn-14 


J l 


L] A[n] ——— A 


with the coproduct ranging over the non-degenerate n-simplices of A. Write ON — N 
for the vertical map on the left and consider the cube 


k(x“) ————_—_—-> kX) 


“a. | 


a) ——— > ar”) 


| 


k(XSkn-14) y xe) 


Ns N 


k(YSkn-14) 5 k(voN) 


in which the front and back faces are pullbacks. The three maps from back to front 
corresponding to sk,_;A, ON, and N are weak homotopy equivalences; the first two 
by the inductive hypothesis, the third one by assumption. Since the vertical maps are 
fibrations, it follows by (the duals of) Lemma 7.51 and Corollary 7.50 that the fourth 
map corresponding to A itself is also a weak homotopy equivalence, completing the 
induction. 

For a general simplicial set A, writing A = U,sk,A shows that k(X4) > k(¥4) is 
the inverse limit of the trivial fibrations k(X**»4) — k(¥%*"4), hence itself a trivial 
fibration. Oo 


Corollary 8.71 Let f: X — Y be a map between œ-categories. Then f is a cate- 
gorical weak equivalence if and only if k(X4!"1) = k(v4""]) and k(X) > k(Y) are 
both weak homotopy equivalences of Kan complexes. 


Proof Since the inclusion Sp[n] — A[n] of the spine of the n-simplex is inner 
anodyne, the map X4!”1 — xS?l”l is a trivial fibration, and similarly for Y. Now 


k(x) = kXAL) xog KXAN) xog + KKK KOKA) 


and similarly for Y. Moreover, since the two evaluation maps k(X4!!!) —> k(X) 
are Kan fibrations, these pullbacks are homotopy pullbacks (cf. Lemma 7.51). So 
k(xl"l) — k(y^) is a weak homotopy equivalence if and only if k(XSPI"l) > 
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k(ySPl"l) is a weak homotopy equivalence, which by the above description is the 
case if and only if k(X4Ul) — K(v4ll) and k(X) —> k(Y) are weak homotopy 
equivalences. m 


Definition 8.72 (a) For an œ-category X and two vertices x and y of X, the space 
of morphisms X(x, y) from x to y is the pullback 


X(x, y) ———> xl] 


(x,y) 


A(o] —~—> xl] = XxX. 


(b) A map f: X — Y between ov-categories is fully faithful if for any two 
vertices x and y of X, the induced map X(x, y) > Y( f(x), f(y)) is a weak homotopy 
equivalence. 

(c) A map f: X — Y between co-categories is essentially surjective if tf: TX —> 
TY is an essentially surjective functor. 


Remark 8.73 Notice that since 0A[1] — A[1] is bijective on vertices, the right-hand 
square in 


X(x, y) —> 4A) —— x^ 


l l l 


A[O] 5 k(Xĉ^AN]) 5 yA] 


is a pullback (since the equivalences in X4l! are precisely the pointwise equivalences, 
see Theorem 5.55). It follows that the left-hand square is a pullback as well. Since 
the middle vertical map is Kan fibration, each X(x, y) is a Kan complex. Also notice 
that it easily follows from Corollary 5.57 that 


(tX)(x, y) = moX(x, y). 


Theorem 8.74 A map f: X — Y between o-categories is a categorical weak 
equivalence if and only if it is fully faithful and essentially surjective. 


Proof The implication from left to right is clear from Proposition 8.69. For the other 
implication, suppose f is essentially surjective and fully faithful. We will verify 
the conditions of Corollary 8.71. First we will prove that k(X) — k(Y) induces 
isomorphisms in homotopy groups 7, k(X) = 2,k(Y) for alln > 0 and all choices of 
basepoint. Since (tX)(x, y) = oX (x, y), and similarly for Y, we find first of all that 
TX — TY is an equivalence of categories. But the maximal subgroupoid of TX is 
precisely tk(X), and similarly for Y, so that m9k(X) — aok(Y) must be a bijection. 
Indeed, the set of components mpk(X) is the same as the set of components of the 
groupoid Tk(X), and similarly for Y. To show that 2,(k(X), x) > ay,(k(Y), f(x)) is 
also an isomorphism for all n > 1 and x € Xo, observe that Q(k(X), f(x)) c XAH 
consists precisely of the loops at x which are equivalences in X. In other words, the 
front and back faces of the cube 
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Q(k(X), x) > > Q(X, x) 


KY), f(x) > > QY, f(x) 


| 


(tk(X))(x, x) > | — (TX)(x, x) 


(TRY) F(a), SA) > YN), FC) 


are pullbacks. Notice that the bottom face is a square of sets, so the horizontal inclu- 
sions to the right in the top face are inclusions of a set of connected components. If 
X — Y is fully faithful, then Q(X, x) > Q(Y, f(x)) is a weak homotopy equivalence 
and hence so is Q(k(X), x) —> Q(K(Y), f(x)). This proves that k(X) — k(Y) is indeed 
a weak homotopy equivalence. 

It remains to be proved that k(X4!]) — k(¥4!1)) is a weak homotopy equivalence 
as well. The vertical arrows in the square 


k(xAt]}) —— kyl!) 


1 l 


k(X) x k(X) —> kY) x k(Y) 


are fibrations. The bottom horizontal map is a weak homotopy equivalence, as we 
just saw. For any point (x, y) € k(X) x k(X), the corresponding map of fibres of the 
vertical maps (over (x, y) and (f(x), f(y))) is the map 


X(x, y) > YS), fO) 


which is a weak homotopy equivalence by assumption. It follows (by the long exact 
sequence of a fibration) that the top horizontal map in the square is a weak homotopy 
equivalence, as desired. m 


8.8 The Covariant Model Structure 


Let V be a simplicial set. Then the Joyal and Kan—Quillen model structures induce 
corresponding model structures on the slice category sSets/V, by defining a map 


xX —— >Y 


ar 
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of simplicial sets over V to be a fibration, cofibration, or weak equivalence precisely 
if X — Y itself is one of these in the corresponding model structure on the category 
sSets. With respect to the Joyal model structure, this leads to a model structure on 
sSets/V in which the fibrant objects are the categorical fibrations X — V. Working 
with respect to the Kan—Quillen model structure gives a model structure with fibrant 
objects the Kan fibrations X — V. The purpose of this section is to discuss a 
third model structure on sSets/V of which the fibrant objects are the left fibrations 
X — V. This model structure generally does not arise from slicing a model structure 
on the category sSets over V. The relevance of the covariant model structure will 
become clear later, when we exhibit a Quillen equivalence to the homotopy theory 
of ‘diagrams of spaces on V’ (see Section 14.8). 

To avoid too much duplication of arguments, we postpone most proofs until 
Section 9.5, where we treat the corresponding model structure for dendroidal sets. 
All results of that section imply their simplicial counterparts after observing that for 
a simplicial set V, the slice category dSets/i,V can be identified with the category 
sSets/V. For two objects f: A — V and g: X — V of the latter category, we define 
a mapping object 

homy (A, X) 


as follows: it is the simplicial set whose n-simplices are maps A[n] x A — X for 
which the diagram 


a9 


A[n] x A —> X 
f 


ER 


commutes. In other words, homy (A, X) is the pullback 


< 


homy(A, X) ——> X4 


Lb 


Aig) — vA. 


If X — V is a left fibration, then the simplicial set homy(A, X) is in fact a Kan 
complex (cf. Remark 9.60). We will refer to the model structure of the following 
theorem as the covariant model structure over V. As explained above, it is a special 
case of the corresponding Theorem 9.59. 


Theorem 8.75 Let V be a simplicial set. The category sSets/V carries a left proper 
cofibrantly generated model structure with the following properties: 


(a) The cofibrations are the monomorphisms over V. 

(b) The fibrant objects are the left fibrations X —> V. 

(c) The fibrations between fibrant objects are the left fibrations. 

(d) A map A —> B between simplicial sets over V is a weak equivalence if and only 
if for any left fibration X — V, the map 
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homy(B, X) — homy(A, X) 
is a weak homotopy equivalence of Kan complexes. 


The weak equivalences between fibrant objects in the covariant model structure 
can be conveniently characterized as the fibrewise weak homotopy equivalences. 
Indeed, the following is the specialization of Theorem 9.63 to the context of simplicial 
sets: 


Theorem 8.76 Consider a map 
X —— Y 
V 


between left fibrations X — V and Y — V of simplicial sets. Then the following are 
equivalent: 


(1) The map f is a weak equivalence in the covariant model structure over V. 
(2) The map f is a fibrewise homotopy equivalence over V. 
(3) For any map of simplicial sets A — V, the map 


homy(A, X) — homy(A, Y) 


is a weak homotopy equivalence of Kan complexes. 
(4) For every vertex v € Vo, the map X, — Y, between fibres over v is a weak 
homotopy equivalence of Kan complexes. 


Although the covariant model structure on sSets/V generally need not arise as a 
‘sliced’ model structure from one on the category sSets, we do note the following 
special case: 


Proposition 8.77 If V is a Kan complex, then the covariant model structure on 
sSets/V coincides with the Kan—Quillen model structure. In other words, the fibrant 
objects of the covariant model structure are the Kan fibrations X — V. 


Proof Corollary 5.50 implies that a left fibration over a Kan complex X —> V is in 
fact a Kan fibration. Oo 


We conclude this section by proving several useful facts about the class of left 
anodyne morphisms, which play an important role in the covariant model structure. 
We begin by observing that they are in particular trivial cofibrations with respect to 
this model structure: 


Lemma 8.78 Consider maps of simplicial sets X 5 Y > Vand suppose that i is 
left anodyne. Then i is a trivial cofibration in the covariant model structure over V. 
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Proof By Lemma 8.43 it suffices to check that i has the left lifting property with 
respect to fibrations between fibrant objects. The conclusion now follows from 
Theorem 8.75(c), stating that the fibrations between fibrant objects are precisely the 
left fibrations. Oo 


Conversely, left anodynes can often be recognized by virtue of the following: 


Lemma 8.79 Consider maps of simplicial sets X 4y £ V. Suppose that f is a left 
fibration and i is a trivial cofibration in the covariant model structure over V. Then 
i is left anodyne. 


Proof Factor i as a left anodyne u: X — Z followed by a left fibration p: Z > Y. 
Then p is a fibration between fibrant objects in the covariant model structure over 
V, by items (b) and (c) of Theorem 8.75. Hence there exists a lift as indicated in the 
following diagram: 


r= z 
z AT 


This lift exhibits 7 as a retract of u, so that 7 is left anodyne. o 


Corollary 8.80 The class of left E en has the right cancellation 


property among monomorphisms: if A > BS Care monomorphisms such that i 
and ji are left anodyne, then j is left anodyne as well. 


Proof Lemma 8.78 implies that i and ji are trivial cofibrations in the covariant 
model structure over C. By two-out-of-three for weak equivalences, j must then be 
a trivial cofibration as well. When thought of as a map in sSets/C, its codomain is 
the identity map of C, which is in particular fibrant in the covariant model structure 
over C. Therefore Lemma 8.79 implies that j is left anodyne. m 


Left anodyne morphisms often arise from ‘left deformation retracts’, as in the 
following: 


Lemma 8.81 Consider a monomorphism of simplicial sets i: A — B and a left 
deformation retract of it, i.e., a map r: B — A with ri = ida and a homotopy 
h: A[1] x B > B relative to A from ir to idg. In other words, h satisfies 


hloj}xp =ir,  Alajxe =ida, hlajixa = 1° Ta, 
with na: A[1] x A > A the projection. Then i is left anodyne. 


Remark 8.82 As will be clear from the proof, the direction of the homotopy from 
the map ir and fo the identity idg is essential. 


Proof The pushout-product of i with the inclusion {0} — A[1] gives a map 


A[1] x A Ui0}xA {0} x B— A[1] x B 
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which is left anodyne by Lemma 6.29 (or rather just its simplicial version, which is 
much easier to prove). Now the diagram 


fos AeA Oe 
B (xis. ATI] x B h > B 
exhibits 7 as a retract of the left anodyne map in the middle. m 


A typical application of the previous lemma is the following. Recall that for a 
simplicial set X and vertex x € Xo, we defined the slice Xy; to be the simplicial set 
whose n-simplices are the (n + 1)-simplices of X with initial vertex equal to x. This 
slice has a distinguished vertex idx: A[0] — Xx; corresponding to the degenerate 
l-simplex at x. 


Lemma 8.83 Let X be a simplicial set and x € Xo a vertex. Then the inclusion 
id, 
A[O] 25 Xx; is left anodyne. 
Proof There is a unique retraction r: X,; — A[0]. We will now define a homotopy 
h: Al] X Xx; > Xx 


making A[0] a left deformation retract of X,/. An n-simplex a of A[1] x Xx; is a pair 
(t, f) consisting of a map T: A[n] — A[1] and a map f : A[0] x A[n] — X mapping 
the first vertex A[0] to x. Label that first vertex —1 and label the vertices of A[n] by 
0, ..., n as usual. Then define a map of simplicial sets y+: A[O0]*A[n] — A[0]*A[n] 


by letting its action on vertices be as follows: y-(—1) = —1 and fori > 0, 
: -1 if7@)=0 
pli) = 4. : . : 
i if t(i) = 1 
Then A(t, f) = f o y; defines the desired homotopy. o 


Historical Notes 


The notions of Quillen adjunction and Quillen equivalence originate in [123], al- 
though of course with different terminology. In that book it was already proved 
that the categories of simplicial sets and of topological spaces both carry a model 
structure, and that the geometric realization and singular complex provide a Quillen 
equivalence between these. Our proof of this Quillen equivalence largely follows 
[61]. The fact that the geometric realization of a Kan fibration is a Serre fibration 
was proved by Quillen. 
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The categorical model structure on simplicial sets was established by Joyal. 
Although most of the technical results needed to establish this model structure 
already occur in [92], the first published account of many aspects of the Joyal model 
structure is Lurie’s book [105]. The results on equivalences between oo-categories 
of Section 8.7 and on the covariant model structure in Section 8.8 appear both in 
[105] and in [90]. 

The Kan—Quillen model structure on simplicial sets is one of the most central 
ones in the literature. Most proofs of its existence follow Quillen in using geometric 
realization. Our presentation is anachronistic in that it presents the categorical model 
structure first and deduces the Kan—Quillen model structure from it. Rather than 
relying on Smith’s general theory of combinatorial model categories or Cisinski’s 
theory of model structures on presheaf categories (as is done by Joyal and Lurie), we 
build the categorical model structure by hand in a rather direct fashion. The crucial 
step that replaces these general theories here is the ‘ladder argument’ appearing in 
Lemma 8.14. We have chosen this direct approach in order to be self-contained 
and because it applies in the context of dendroidal sets as well, as we will see in 
the next chapter. Similarly, we will use this argument in our treatment of Bousfield 
localization later on. 
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Chapter 9 gests 


Three Model Structures on the Category of 
Dendroidal Sets 


In this chapter we will construct several model structures on the category of den- 
droidal sets. For the different model structures, the fibrant objects and fibrations 
will be the different types of dendroidal Kan complexes and dendroidal fibrations 
introduced in Chapter 6. For example, we will construct the operadic model struc- 
ture, for which the fibrant objects will be the oo-operads and the fibrations between 
fibrant objects will be the J-fibrations, so that this model structures describes the 
homotopy theory of co-operads. Later, we will prove that this model structure is 
Quillen equivalent to a model structure on simplicial or topological operads. It is 
in this precise sense that dendroidal sets form a combinatorial model for the theory 
of topological operads. The other model structures that we will construct, namely 
the covariant and Picard model structures, will be shown to model E..-spaces and 
infinite loop spaces, respectively. 

The construction of these dendroidal model structures extends what we did in 
the previous chapter for simplicial sets in two ways. First of all, for the Joyal model 
structure we used a method of proof which we will adapt to apply to dendroidal sets 
as well. Secondly, under the equivalence of categories between sSets and the slice 
category dSets/7, one recovers the model structures on simplicial sets presented in 
the previous chapter. In particular, in this way the operadic model structure reduces 
to the Joyal model structure and the Picard model structure reduces to the Kan- 
Quillen one. Slicing the dendroidal covariant model structure over a simplicial set 
will provide proofs of the results we only outlined for the simplicial case in Section 
8.8. 

We will begin the chapter with the construction of a generic model structure on 
dendroidal sets defined in terms of a set A of cofibrations satisfying some conditions. 
The operadic and Picard model structures will then be constructed as special cases of 
this generic one in Sections 9.2 and 9.7, respectively. A full treatment of the covariant 
model structure in Section 9.5 requires a relative version of the generic construction, 
which we will explain in Section 9.4. Recall the functor i, embedding the category 
sSets into the category dSets. Throughout this chapter we will often omit it from 
our notation to avoid cluttering, simply regarding the category of simplicial sets as 
a subcategory of that of dendroidal sets. 
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9.1 The A-Model Structure for Dendroidal Sets 


In this section we will present a general type of model structure on the category 
dSets of dendroidal sets, depending on a chosen set A of normal monomorphisms. 
We will then discuss particular choices for the set A in later sections. To carry out 
the necessary constructions, the set A should satisfy the following condition: 


Definition 9.1 A set A of normal monomorphisms between normal dendroidal sets 
is called admissible if for any morphism A — B in A and any n > 0, the pushout- 
product map 

A[n] 8 AU dA[n] 8 B > A[n] 8 B 


also belongs to A. 


Note that the pushout-product map of the definition is again a normal monomor- 
phism, by Corollary 4.21. Recall that for two dendroidal sets A and X, we write 
hom(A, X) for the simplicial set defined by 


hom(A, X),, = dSets(A[] @ A, X). 


Definition 9.2 A dendroidal set X is called A-local if the following two conditions 
are satisfied: 


(1) For any normal monomorphism A — B between dendroidal sets, the map 
hom(B, X) — hom(A, X) 


is a categorical fibration of simplicial sets. 
(2) Moreover, it is a trivial fibration whenever A — B belongs to A. 


Notice in particular that the first condition implies that hom(B, X) is an oo- 
category for any A-local object X and any normal dendroidal set B. One can of 
course express the property of being A-local in terms of lifting properties. Using the 
characterization of categorical fibrations between oo-categories given in Corollary 
8.17, the definition of being A-local translates into the following two lemmas, which 
do not require any further proof. 


Lemma 9.3 A dendroidal set X is A-local if and only if it has the extension property 
with respect to the following three sets of maps: 


(i) The maps 
AK [n] 8 Q(T] U A[n] 9 AQ[T] > A[n] 9 Q[T], 


for any tree T in Q and any0 < k <n. 
(ii) The maps 
{0} 8 Q[T] UJ ® AİT] — J 8 Q[T], 


for any tree T in Q and {0} — J the inclusion of the first vertex. 
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(iii) The maps 
dA[n] 8 BU A[n] 8 A > Ajn] 8 B, 


for any A— Bin Aandn 2 0. 


Remark 9.4 In (iii) of the lemma, it would suffice to write only the case n = 0. 
Indeed, admissibility of A then guarantees that this includes all the maps described 
in (iii). 


Writing A for the saturation of A and using admissibility of A, we can reformulate 
Lemma 9.3 as follows: 


Lemma 9.5 A dendroidal set X is A-local if and only if it has the extension property 
with respect to the following three classes of maps: 


(i) The maps 
MEBUN®A->NOB, 


for any normal monomorphism A — B of dendroidal sets and any inner anodyne 
map M — N of simplicial sets. 
(ii) The maps 
{0 ®BUJQ@A> JOB, 


for any normal monomorphism A — B of dendroidal sets. 
(iii) The maps 
M®EBUN®A->NBB, 


for any monomorphism M — N of simplicial sets and any A — B in the 
saturation A of A. 


Note that all of the maps occurring in (i)—(iii) of the lemma are normal monomor- 
phisms by Corollary 4.21. Recall from Section 3.7 that a normalization of a den- 
droidal set A is a map p: A’ — A with the property that A’ is normal and p 
is a trivial fibration (i.e., has the right lifting property with respect to all normal 
monomorphisms). We extend this terminology to morphisms and refer to a commu- 
tative square 


A 


A+R 
as a normalization of f if each of the vertical maps is a normalization. Notice that 
by choosing a normalization A’ — A of A first and then factoring the composition 
A’ — A —> B as anormal monomorphism followed by a trivial fibration, we find 


that any map f : A — B admits a normalization, and even one in which f’: A’ — B’ 
is anormal monomorphism. 
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Lemma 9.6 Normalizations are unique up to J-homotopy equivalence. More pre- 
cisely, 


(a) If gy}: Ay — A and p2: A2 — A are normalizations of A, then there exists a 
J-homotopy equivalence A, — Az over A. 

(b) If fi: Ai — By and f: A — Bo are two normalizations of a morphism 
f: A —> B, then there is a diagram 


A; —> Bı 


Load 


A: —> By 


which commutes up to J-homotopy, in which the vertical maps are J-homotopy 
equivalences over A and over B, respectively. 


Proof For (a), choose lifts k and / in the diagrams 


A2 Aj 
k 7 LA 
Aj a l A2 La | 


which exist by virtue of the fact that Aj, A2 are normal and the vertical maps are 
trivial fibrations. To see that /k is J-homotopic to the identity of A, (fibrewise over 
A), choose a lift in the diagram 


Ik,id 
aJa, ES A 
vol 
| a Ja 


Je A4, Z5 A. 


Such a lift exists because the left vertical map is a normal monomorphism and g; is 
a trivial fibration. The same argument applies to the composition kl. 

For (b) one constructs J-homotopy equivalences ką: Ay —> Az over A and 
kp: Bı — Bn over B by applying item (a). To see that the resulting square commutes 
up to J-homotopy, pick a lift in the square 


ðJ @ A ae B> 
JA; ares 


This completes the proof. Oo 


The following definition is the crucial ingredient in defining the A-model struc- 
ture. 
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Definition 9.7 A morphism A — B is an A-weak equivalence if it has a normaliza- 
tion A’ — B’ with the property that for any A-local object X, the map 


hom(B’, X) > hom(A’, X) 
is a categorical equivalence between oo-categories. 


Remark 9.8 (i) The first thing to observe is that Lemma 9.6 implies that this def- 
inition is independent of the chosen normalization, because any J-homotopy, say 
h : J & A —> B, induces a J-homotopy 


J x hom(B, X) — hom(A, X) 
by transposing the map 
h* : hom(B, X) > hom(J @ A, X) = hom(A, X)” 


given by composition with A. 

(ii) If the normalization A’ — B’ is chosen to be a normal monomorphism 
(which, as already remarked, is always possible), then hom(B’, X) — hom(A’, X) 
is a categorical fibration between co-categories. Hence it is in fact a trivial fibration 
whenever A — B is an A-weak equivalence. 

(iii) In Section 8.7 we presented various characterizations of the categorical 
equivalences between oo-categories, which of course each lead to an alternative 
formulation of Definition 9.7 above. In particular, A — B is an A-weak equivalence 
if and only if for each A-local object X, the map 


thom(B’, X) > thom(A’, X) 


is an equivalence of categories, a formulation which parallels Definition 8.1. Indeed, 
to check that 
hom(B’, X) > hom(A’, X) 


is a categorical equivalence, Proposition 8.69 guarantees that it suffices to check that 
for any simplicial set S, the functor 


t(hom(B’, X)°) > r(hom(A’, X)°) 

is an equivalence of categories. This map may be identified with the map 
t(hom(B’, X°)) > r(hom(A’, X*)) 

and X5 is another A-local object whenever X is A-local. 


We are now ready to formulate a general existence theorem for model structures 
on dendroidal sets, as announced at the start of this section. 
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Theorem 9.9 Let A be an admissible set of normal monomorphisms between den- 
droidal sets. There exists a model structure on the category dSets in which the 
cofibrations are the normal monomorphisms, the weak equivalences are the A-weak 
equivalences, and the fibrant objects are precisely the A-local objects. This model 
structure is left proper. 


Anticipating the proof of this theorem, we will refer to a map which is both 
a normal monomorphism and an A-weak equivalence as an A-trivial cofibration, 
and to a map having the right lifting property with respect to all these A-trivial 
cofibrations as an A-fibration. 

The theorem asserts that each admissible set of monomorphisms between normal 
dendroidal sets gives a model structure. If A C B are two such sets, then clearly every 
B-local object is also A-local, and hence any A-weak equivalence is also a B-weak 
equivalence. Thus, writing dSets 4 for the category of dendroidal sets equipped with 
the model structure given by A, and similarly for B, we obtain a Quillen pair 


id, : dSets, Z— dSetss : id’, 


where id; and id* are both the identity functor on the underlying category. The 
cofibrations are the same in the two model categories. This is therefore an example 
of a left Bousfield localization, as discussed at the end of Section 8.3. The induced 
adjunction between homotopy categories 


Lid; : Ho(dSets,) z? Ho(dSetsz) : Rid“ 


has the property that the counit Lid)Rid*(X) — X is an isomorphism for each object 
X. This makes Ho(dSets- ) into a reflective subcategory of Ho(dSets 4). 

The proof of Theorem 9.9 follows much the same pattern as that of Theorem 
8.2, although some further technicalities arise because in the category of dendroidal 
sets (unlike for simplicial sets) we have to distinguish between monomorphisms 
and normal monomorphisms. To avoid unnecessary notational complications and to 
emphasize some analogies with the arguments of Chapter 8, we will assume that the 
domains and codomains of morphisms in the admissible set A are finite dendroidal 
sets (meaning they have finitely many non-degenerate dendrices). We refer to Remark 
9.31 below for an explanation of how to avoid this assumption. 


Lemma 9.10 The class of A-weak equivalences satisfies the two-out-of-three prop- 
erty for a composable pair of morphisms. Moreover, this class is closed under 
transfinite composition. 


f ae ; ; 
Proof If A — B > C is a composable pair of morphisms, one can choose normal- 
izations fitting into a commutative diagram 
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It is then clear from the two-out-of-three property for weak equivalences between 
co-categories that if two out of f, g, and g f are A-weak equivalences, then so is the 
third. For transfinite composition, let 


A, > Ap > A3 >» 


be a sequence of A-weak equivalences and write A% for the colimit. We claim that 
each A; — A. is again an A-weak equivalence. To see this, choose successive 
normalizations as in 


A —S er ee ee 


E a 


A\ > Ao > A3 a 


for which each A; — Aj, is anormal monomorphism. Write Aj, for the colimit of 
the top row, which is a normalization of A. by the fact that a filtered colimit of trivial 
fibrations is another trivial fibration. Then for any A-local object X, one obtains a 


tower of trivial fibrations of oo-categories 
hom(A{, X) — hom(Aj, X) = --- 


with inverse limit hom(A{,, X). Hence each projection hom(Aj,, X) — hom(A’, X) 
is again a trivial fibration. This shows that each A; —> A. is an A-weak equivalence. 
The same argument applies to a longer sequence indexed by an arbitrary ordinal. o 


In Definition 3.34 we defined a trivial fibration of dendroidal sets to be a map 
which has the right lifting property with respect to normal monomorphisms. We 
warn the reader that at this point we have not yet proved that this is equivalent to 
being an A-fibration and an A-weak equivalence (although this will turn out to be 
the case). We will use this terminology in the following lemma: 


Lemma 9.11 (i) Any J-homotopy equivalence of dendroidal sets is an A-weak 
equivalence. 

(ii) Suppose f: X — Y is a trivial fibration between normal dendroidal sets. Then 
f is a J-homotopy equivalence. 

(iii) Any trivial fibration between dendroidal sets is an A-weak equivalence. 


Proof (i) Suppose f: A — B is a J-homotopy equivalence, given by a homotopy 
inverse g: B — A and homotopies h: J ® A — A and k: J @ B — B between the 
composites gf and fg and the two identities, respectively. Choose normalizations 
as in the commutative diagram 
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Then a lift in 
’ 9’ idg 
OJ Q BI SS) p 


I 64 
7 OB ko(id@q) B 
and a similar one for A’ show that f’ and g’ are part of a J-homotopy equivalence. 
But then so are 
hom(B’, X) > hom(A’, X) — hom(B’, X) 


for any X, showing that f is a weak equivalence. 

(ii) Suppose f: X — Y has the right lifting property with respect to normal 
monomorphisms. If Y is normal, then a lift in the square on the left shows that f has 
a section s: 


(sf,id)Us7 
ð — X aJo XUJoYy ET x 
i y l y 
Y Y Jox -= y 


If X is normal as well, then the monomorphism s: Y — X is necessarily normal. 
The left-hand vertical map of the square on the right is the pushout-product of 
ðJ — J with s, hence also a normal monomorphism. A lift in that square shows 
that s f is homotopic to the identity (fibrewise over Y). Here m denotes the projection 
M & Z —> Z, which exists for any simplicial set M and any dendroidal set Z. 

(iii) Suppose f: X — Y is a trivial fibration. Let Y’ — Y be a normalization of 
Y and let X’ — X xy Y’ be one of the pullback. Then all morphisms in the diagram 


X ——3 X xy Y — > Y 


a ee 


xX —— Y 


are trivial fibrations. In particular, this shows that X — Y has a normalization which 
is a trivial fibration. The statement now follows from (i) and (ii). o 


Lemma 9.12 (i) Any A-trivial cofibration between normal A-local objects is a 
strong J-deformation retract. 

Gi) Any A-weak equivalence between normal A-local objects is a J-homotopy equiv- 
alence. 


Proof (i)Letu: A > B be an A-trivial cofibration between normal A-local objects. 
Then 
hom(B, A) — hom(A, A) 


is a trivial fibration of simplicial sets, hence a surjection on vertices. So we find a 
retraction r: B — A with ru = ida. Next, 
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hom(B, B) — hom(A, B) 


is a trivial fibration as well. A lift in 


oJ aa hom(B, B) 


const, 


J —> hom(A, B) 


gives the necessary homotopy. 
(ii) Any map A — C of dendroidal sets can be factored as a normal monomot- 


phism followed by a trivial fibration, say as A +, B 2 C. Since C is A-local, so is 
B. Also, the fact that A is normal implies that B is normal. By Lemma 9.11, p is a J- 
homotopy equivalence and an A-weak equivalence. Lemma 9.10 then implies that u 
is also an A-weak equivalence. Then (i) implies that u is a J-homotopy equivalence. 
We conclude that the composite pu is a J-homotopy equivalence as well. m 


Lemma 9.13 The class of A-trivial cofibrations is saturated, i.e., it is closed under 
pushouts, transfinite composition, and retracts. 


Proof As in the proof of Corollary 8.12, the cases of retracts and transfinite compo- 
sitions are straightforward. We focus on pushouts. Consider a pushout square 


in which u is an A-trivial cofibration. Then u is in particular a normal monomor- 
phism, hence so is v. Let D’ — D be a normalization of D. Pulling back this map to 
all the other objects in the square gives a cube in which the bottom face is a pushout 
and all vertical faces are pullbacks: 


A’ ` C’ 


NS, OLS, 
| 


It follows that the top face is again a pushout. Moreover, all of the vertical maps are 
trivial fibrations and the objects in the top face are normal (since they admit maps 
to D’). Hence every vertical map is a normalization. Upon mapping into a A-local 
object X, the top face gives a pullback diagram 
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hom(D’, X) ——> hom(B’, X) 


; l 


hom(C’, X) ——> hom(A’, X) 


in which the right-hand vertical map is a trivial fibration of simplicial sets by 
assumption. But then so is the left-hand vertical map, showing that v is an A-weak 
equivalence. m 


In exactly the same way, one proves the following lemma. 


Lemma 9.14 The pushout of an A-weak equivalence along anormal monomorphism 
is again an A-weak equivalence. 


Proof Consider a pushout square as in the previous proof, but now with a normal 
monomorphism A — B and an A-weak equivalence A — C. Construct normaliza- 
tions in the same way, resulting in the final pullback square of that proof, now with 
the property that the map hom(C’, X) — hom(A’, X) is a weak equivalence between 
co-categories and hom(B’, X) — hom(A’, X) is a categorical fibration. It follows 
from Proposition 7.40 that hom(D’, X) — hom(B’, X) is again a weak equivalence 
between co-categories. We conclude that B — D is an A-weak equivalence. m 


Lemma 9.15 The classes (i)-(iii) listed in Lemmas 9.3 and 9.5 consist of A-trivial 
cofibrations. 


Proof We will prove that each of the maps in Lemma 9.5 is an A-trivial cofibration 
under the assumption that all the objects involved are normal (so that there is no 
need for normalization). This will in particular include the maps of Lemma 9.3. 
But since the classes of maps occurring in Lemma 9.5 are in the saturations of the 
corresponding classes of Lemma 9.3, this will also imply the general case. 

If U — V is one of the maps in Lemma 9.5, with U and V normal, we need to 
prove for any A-local object X that hom(V, X) — hom(U, X) is a trivial fibration of 
simplicial sets. In other words, it suffices to prove that it has the right lifting property 
with respect to each monomorphism K — L of simplicial sets or, equivalently, that 
the pushout-product map 


LOEUUKƏV >L8QV 


is again in one of the classes (i)—(iii) of Lemma 9.5. This follows from the symmetry 
and partial (!) associativity properties of the tensor product. Indeed, if L and M are 
simplicial sets and A is a dendroidal set, then 


L@(M@®A)=M @(L®@A), 


as discussed in Section 4.4. This implies that for U — V in each of the classes 
(i)—-(iii), the pushout-product map above is in the same class. For example, if U — V 
is of the form M ® BUN ®A — N @B, then the relevant pushout-product map is 
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M ®(L®B)UN@(L@®AUK @B)-N @(L@B), 


which is of the same form, but with B replaced by L ® B and A replaced by 
L & AU K @B. The other two cases are similar. For (iii) one uses admissibility of 
A. Oo 


Definition 9.16 A map of dendroidal sets is A-anodyne if it lies in the saturation of 
the classes (i)—(iii) of Lemma 9.5 (or equivalently of Lemma 9.3). 


With this definition we can rephrase (the proof of) Lemma 9.15 by saying that if 
U — V is A-anodyne, then so is the pushout-product 


LOUUKƏV >L8QV 


for any monomorphism K — L of simplicial sets. Also, Lemmas 9.13 and 9.15 
together show that any A-anodyne map is an A-weak equivalence. 

We now wish to prove that any A-trivial cofibration lies in the saturation of the 
set of A-trivial cofibrations between countable dendroidal sets, in the case where 
A consists of morphisms between finite dendroidal sets, as we will assume from 
now on. (See Remark 9.31 for the general case.) The proof is mostly analogous to 
the one for simplicial sets in Chapter 8, leading via Lemmas 8.10, 8.13, and 8.14 
to Corollary 8.15 there. However, the need for normalizations makes the argument 
here a little more involved. 

We use the small object argument with respect to the maps of Lemma 9.3 to 
produce, for any dendroidal set A, a map 


A>A 


which is A-anodyne and such that A is A-local. This assignment is functorial and 
has the following properties, which are clear from the construction: 


Lemma 9.17 (a) The functor A œ> A preserves normal monomorphisms. 
(b) If Ais countable, then so is A. IfB £ A is countable, then there exists a countable 
U C A such that B CU C AandUNA=U. 


Corollary 9.18 A normal monomorphism i : A — B between normal dendroidal 
sets is an A-weak equivalence if and only if it fits into a diagram 


A—> A’ 


bf 
B—— B’ 

where u and v are A-anodyne maps into A-local objects A’ and B’ respectively, and 

j is a strong J-deformation retract. 


Proof Since A-anodyne maps and J-homotopy equivalences are A-weak equiva- 
lences, a diagram as in the corollary will show that i is an A-weak equivalence. For 
the converse, suppose i is an A-weak equivalence. Consider the following diagram, 
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in which the square is a pushout: 


Z 
Sd 


The map A > Pisan A-trivial cofibration by Lemma 9.13. Since P > P is A- 
anodyne, the composite A — P is an A-trivial cofibration between normal A-local 
objects. Lemma 9.12 then guarantees that it is a strong J-deformation retract. m 


The statement of the following lemma and its proof are the same as for simplicial 
sets, cf. Lemma 8.13. 


Lemma 9.19 Consider a strong deformation retract of dendroidal sets consisting of 
maps u : A— B, r : B —> A with ru = id, and a homotopy h : J x B — B from ur 
to idg relative to A. Then for any countable U C A and V C B, there are countable 
U’ and V' with U C U’ C Aand V CV’ C B, such that U’ = w™!(V”, r maps 
V’ into U’, and h restricts to a map J X V’ — V’. So in particular, U’ is a strong 
J-deformation retract of V”. 


Lemma 9.20 Each dendroidal set X admits a normalization X’ — X with countable 
fibres. In particular, if X is countable then we may take X’ countable as well. 


Proof Upon inspection of the small object argument, one sees that it suffices to prove 
that if p: X — Y is a map with countable fibres, then so is the map p’: X’ —> Y 
obtained as the pushout 


L QIT] —> x 


l | 


UQT] — xX’ 
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while a = {a;} and b = {b;}. Let y : Q[S] — Y represent a non-degenerate 
element of Y(S). It suffices to show that there are only countably many ‘new’ non- 
degenerate elements x € X’(S) with p’(x) = y, new in the sense of not belonging to 
X(S) € X’(S). Any such x must arise as a composition 


for some i. Since x is assumed non-degenerate as well as new, the morphism p must 
be injective as well as surjective (respectively), hence an isomorphism. Since Aut(T) 
is finite, it thus suffices to count the x’s for which y is the identity. But then a; = y 
and for a given y there are only countable many b; which fit into a commutative 
square 


3AT] — x 


E 


QT] > Y, 


showing there are only countable many of the x’s we were trying to count. m 


Remark 9.21 There is a more appealing construction of a normalization with count- 
able fibres, namely the projection X x w*P — X, where P is the simplicial Barratt- 
Eccles operad with P(n) = EX, (cf. Section 2.7.6). Indeed, the map w*P — 1 is 
a trivial fibration of dendroidal sets. Although easily shown by hand, this will also 
become clear when we discuss the fact that w* is a right Quillen functor with respect 
to a suitable model structure on the category of simplicial operads (cf. Section 14.6). 


Lemma 9.22 Letu: A — B be an A-trivial cofibration between dendroidal sets and 
let U C AandV C B be countable dendroidal subsets. Then there are countable U’ 
and V’ with U CU’ C Aand V C V' C B such that U’ = u“!(V’) and u restricts to 
an A-trivial cofibration U’ > V’. 


Proof First of all, if u: A — B is a map between normal dendroidal sets, the proof 
is exactly the same as that of Lemma 8.14, now using Corollary 9.18, Lemma 9.17, 
and Lemma 9.19. Let us explain how to reduce the general case to the case where 
A and B are normal. Consider a map u: A — B as in the statement of the lemma. 
Let q: B’ — B be a normalization with countable fibres (as in Lemma 9.20) and 
construct the pullback 


Then p is a normalization of A with countable fibres. Now take U C A and V C Bas 
in the lemma. Set U’ = p7'U and V’ = q`!V. Then U’ and V’ are again countable. 
By the case of A and B normal, there are countable U’ C Uj and V’ C Vy such that 
u’: A’ — B’ restricts to an A-weak equivalence U; — V, and (u’)'V, = Uj. Let 
Uı = p(U{) and V; = q(V,). Then u-'V, = U,. Now repeat the argument with U and 
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V replaced by U; and V;. Continuing in this way, we build a ladder of dendroidal 
sets 


U > Uj > U2 phe >A 
V > Vi SV doves > B 


for which the normalizations, obtained by restricting q: B’ — B, interpolate A-weak 
equivalences U; — V; as in 


U —> U —> he —> U —> pU —> e o M 


L J tL g ] | 


vV —> V —> aN >V > qV pt > B’ 


Then lim p7!U; > lim q`!V; is a normalization of lim U; — lim. V;. It is an 
—_1 g —_1 . w g g . 1 = 
A-weak equivalence because it coincides with lim, U; > lim, V’ and each U; — V’ 
I t 


is an A-trivial cofibration. This proves the lemma. m 


Corollary 9.23 Any A-trivial cofibration is a transfinite composition of pushouts of 
A-trivial cofibrations between countable dendroidal sets. 


Proof The proof is the same as that of Corollary 8.15, with an appeal to Lemma 
8.14 replaced by one to Lemma 9.22. m 


With all these preparations out of the way, we are now ready to prove Theorem 9.9 
stated in the beginning of this section. As mentioned earlier, we restrict our attention 
to the case where the domains of the morphisms in A are finite dendroidal sets. 
Although the general case can be proved in exactly the same way, all our examples 
satisfy this assumption. See also Remark 9.31 below. 


Proof (of Theorem 9.9) The proof follows the same pattern as that of Theorem 8.2. 
Axiom (M1) (existence of limits and colimits) is clear and axiom (M2) (two-out- 
of-three) was verified in Lemma 9.10. Axiom (M3) (retracts) is clear from the fact 
that if A is a retract of B then it has a normalization A’ — A which is a retract of a 
normalization of B’, as in the diagram 


A’ ---> B’ — A’ 


Ss of 


A —— B — A, 


in which the square on the right is a pullback. For the factorization axiom (M5), note 
that the small object argument provides the following two factorizations of a mor- 


phism f: X — Y. The first one as X +, z 2, Y where i is a normal monomorphism 
while p has the right lifting property with respect to all normal monomorphisms, 
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the second as X 4 W & Y where j is an A-trivial cofibration and q has the right 
lifting property with respect to all A-trivial cofibrations between countable objects, 
and hence by Corollary 9.23 with respect to all A-trivial cofibrations. In these fac- 
torizations, g is an A-fibration by definition and p is a fibration as well as a weak 
equivalence by Lemma 9.11. This proves that (M5) holds. Finally, for the lifting 
axiom (M4), consider a square 


> 


X 

> p 
Y 

in which j is a cofibration (i.e., a normal monomorphism) and f is a fibration. If 
j is also an A-weak equivalence, then a lift exists by definition of the A-fibrations. 
If f is also an A-weak equivalence, one factors f as f = pi with p a trivial 
fibration and i an A-trivial cofibration and uses the same retract argument we have 
already applied several times, for example at the end of the proof of Theorem 8.2, 
to see that f is a retract of p. Hence f has the right lifting property with respect to 
normal monomorphisms. The fact that the A-model structure is left proper is Lemma 
9.14. We will characterize the A-fibrant objects (and A-fibrations between them) in 
Proposition 9.25 below. m 


— 
—> 


& 


To characterize the A-fibrant objects, we will need the following preliminary 
observation. 


Lemma 9.24 A map X — Y of dendroidal sets is a fibration in the A-model structure 
if and only if it has the right lifting property with respect to all trivial cofibrations 
between normal objects. 


Proof Let e: E — 1 be a normalization of the terminal object in dendroidal sets. 
Then for any X, the map E x X — X is a trivial fibration. Soa map X — Y is an A- 
weak equivalence if and only if Ex X — E xY is. Moreover, since any representable 
object Q[7] is normal, it admits a map to E. So X — Y has the right lifting property 
with respect to a boundary inclusion ôT — T if and only if E x X — E xY has. 
Thus in the Quillen pair 


e, : dSets/E Z— dSets : e*, 


where e* is the product with £, the functor e* preserves and detects weak equivalences 
and trivial fibrations. Remark 8.48 then implies that the model structure on dSets 
agrees with the model structure transferred along this adjunction from the slice 
category dSets/£. In particular, a map f of dendroidal sets is a fibration if and only 
if e* f is a fibration. The lemma follows, because the normal objects are precisely 
the objects admitting a map to E. Oo 


Proposition 9.25 Let f : X — Y be a map between A-local objects. Then f is an A- 
fibration if and only if it has the right lifting property with respect to all A-anodyne 
maps. 
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Before we prove the proposition, we observe the following. 


Corollary 9.26 The fibrant objects in the A-model structure are precisely the A- 
local objects. 


Proof Any fibrant object is A-local by Lemma 9.15. Conversely, if X is A-local, 
Proposition 9.25 guarantees that the map X — 1 to the terminal object is an A- 
fibration. o 


Proof (of Proposition 9.25) Any fibration has the right lifting property with respect 
to A-anodynes by Lemma 9.15. For the converse, let p: X — Y be a map between 
A-local objects having the right lifting property with respect to A-anodyne maps. 
Consider a lifting problem of the form 


=e 
7 
7 P 
g 


sy 


l 


wi > 


where i is an A-trivial cofibration. By Lemma 9.24 above it suffices to consider the 
case where A and B are normal objects. Then as in Corollary 9.18 we may form a 
square 

A —> A’ 


by 
B — B’, 


where u and v are A-anodyne and j is part of a strong deformation retract between 
normal A-local objects, with retraction r : B’ — A’ and homotopy h : J & B’ > B’ 
between jr and idg.. Now first extend g to a map g’ : B’ — Y, which is possible 
since v is A-anodyne, and next lift f to f’ as in 


u T ar P 
r 


using the assumption on p. Then k = f’r: B’ — X is a map with kj = f’rj = f’, 
but it is not quite a lift in 

—= 

sot 

Wb 

B sy 
because pk = pf’r = g’jr is only homotopic to g’ (relative to A’). To fix this, choose 
a lift in 
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kuf’ 72 


{0} @ B’U J @ A’ —————_ X 


| a 
ae P 
2a + 


Jor — şr sy 
using that the left-hand vertical map is A-anodyne. Then /;: B’ > Y has hj = f’ 
and pl; = g'hı = g’',solıv: B — X is the required lift in the original lifting problem. 
Indeed, lvi = lju = f’u = f and phv = g’v = g. This proves the proposition. O 


Proposition 9.25 also gives the following useful criterion for recognizing left 
Quillen functors out of the A-model structure: 


Lemma 9.27 Suppose € is a model category and f: dSets — € is a left adjoint 
functor. If f, preserves cofibrations and sends every A-anodyne map to a trivial 
cofibration in €, then f, is left Quillen. 


Proof By Lemma 8.42 it suffices to check that the right adjoint f* preserves fibra- 
tions between fibrant objects. The assumption of the lemma guarantees that f* sends 
every fibration to a map having the right lifting property with respect to A-anodynes; 
the desired conclusion then follows from Proposition 9.25. m 


Another useful consequence of Proposition 9.25 is that the A-model structure on 
the category of dendroidal sets is compatible with the Joyal model structure on the 
category of simplicial sets, in the sense of Proposition 9.28 below. Roughly speaking, 
it says that the A-model is ‘enriched’ over the Joyal model structure; this statement is 
imprecise though, because the simplicial mapping objects hom(-, —) do not provide 
an actual enrichment of dSets over sSets because of the subtle associativity properties 
of the tensor product of dendroidal sets. 


Proposition 9.28 For a monomorphism i: M —> N of simplicial sets and a normal 
monomorphism of dendroidal sets j: A — B, the pushout-product 


N®AUM®B-N@B 


is a normal monomorphism, which is moreover an A-weak equivalence whenever i 
is a categorical equivalence or j is an A-weak equivalence. 
Dually, ifp: X — Y is an A-fibration, then the induced map 


hom(B, X) — hom(B, Y) Xhomca,y) hom(A, X) 


is a categorical fibration of simplicial sets, which is a trivial fibration whenever j or 
p is an A-weak equivalence. 


The proof of the proposition depends on the following, which is an easy conse- 
quence of the definition of A-anodynes: 
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Lemma 9.29 For i and j (normal) monomorphisms as in the statement of Proposition 
9.28, the pushout-product 


N®AUM®B-NOB 


is A-anodyne whenever one of the following three conditions is satisfied: 


(1) The map j is A-anodyne. 
(2) The map i is inner anodyne. 
(3) The map i is the inclusion {0} —> J. 


Proof We covered case (1) in the proof of Lemma 9.15 (cf. the remarks immediately 
after Definition 9.16). The argument for the other two cases is entirely analogous, 
simply rewriting the relevant pushout-products in one of the forms (i)—(iii) of Lemma 
95. o 


Corollary 9.30 [f p: X — Y is a map of dendroidal sets which has the right lifting 
property with respect to A-anodynes and j: A — B is a normal monomorphism 
between dendroidal sets, then the map 


hom(B, X) — hom(B, Y) Xhoma,y) hom(A, X) 


is an inner fibration with J-path lifting. If X and Y are A-local and j is an A-weak 
equivalence, then this map is even a trivial fibration. 


Proof Everything but the last sentence follows by adjunction from cases (2) and (3) 
of Lemma 9.29. For the last part, consider the diagram 


hom(B, X) ——> hom(B, Y) Xhom(4,y) hom(A, X) 


| 


hom(A, X). 


The slanted map is a categorical equivalence by definition of the A-weak equiva- 
lences. The vertical map is a pullback of the trivial fibration hom(B, Y) — hom(A, Y) 
and hence itself a trivial fibration. By two-out-of-three it follows that the horizontal 
map is a categorical equivalence between oo-categories. Since we already know that 
it is a categorical fibration, it must therefore be a trivial fibration. oO 


Proof (of Proposition 9.28) The second half follows from the first by the adjunction 
between — @ A and hom(A, —). For the pushout-product, we have already proved 
(and used many times) that the map is a normal monomorphism (cf. Proposition 
4.21). Now suppose that i is also a categorical equivalence or j is also an A-weak 
equivalence. To show that the pushout-product is an A-trivial cofibration, it suffices 
to check that it has the left lifting property with respect to A-fibrations between 
A-fibrant objects by virtue of Lemma 8.43. By Proposition 9.25, such fibrations are 
precisely the maps between A-local objects with the right lifting property against 
A-anodyne maps. Let p: X — Y be such a map and consider the lifting problem 
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N®AUM®B——YX 


Lo 


N 8 B ———-> Y. 


By adjunction, it is equivalent to a lifting problem 


M —— hon(B, X) 


po] 


N= hom(B, Y) Xhom(4,y) hom(A, X). 


The right-hand map is a categorical fibration between co-categories by Corollary 
9.30. Hence a lift exists whenever i is a categorical trivial cofibration. On the other 
hand, if j: A — B is an A-weak equivalence, then the right-hand map is a trivial 
fibration (again by Corollary 9.30) and therefore a lift exists in that case as well. O 


Remark 9.31 We have constructed a model structure associated with an admissible 
set A of normal monomorphisms between finite dendroidal sets, by concluding that 
the A-trivial cofibrations are generated by the set of A-trivial cofibrations between 
countable objects. A similar argument works without the finiteness assumptions on 
the morphisms in A, but one should replace countability by the use of an inaccessible 
cardinal A exceeding the size of all the domains and codomains of the morphisms in 
A. In this book, this more general version will not play a role. 


9.2 The Operadic Model Structure 


In this section we introduce the model structure on the category of dendroidal sets 
that has as its fibrant objects the co-operads, called the operadic model structure. 
This is the analogue of the Joyal (or categorical) model structure from the previous 
chapter. We will see later that the resulting model category is Quillen equivalent to 
that of simplicial or topological operads. 

Recall from Chapter 6 the inner horn inclusions of trees, i.e., the inclusions of the 
form 

A‘[T] > Q[T] 


where T is a tree and e an inner edge of T. We will write J for the set of inner 
horn inclusions and J for its saturation, the class of inner anodyne maps. Recall 
that if M — N is a monomorphism between simplicial sets and A — B a normal 
monomorphism between dendroidal sets, then the pushout-product map 


M®EBUyMeAaN®A->NOB 


is again a normal monomorphism, which belongs to J if either A > Bor M > N 
is inner anodyne (cf. Corollary 6.26). 
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We also recall that the maps between dendroidal sets having the right lifting 
property with respect to J are called inner fibrations and that an co-operad is a den- 
droidal set for which the map X — | is an inner fibration. Then dual to our previous 
statement about the pushout-product map, if A — B is a normal monomorphism 
and X — Y is an inner fibration, then the map 


hom(B, X) — hom(A, X) Xnom(4,y) hom(B, Y) 


is an inner fibration between co-categories. It is a trivial fibration if A — B is inner 
anodyne. Finally, we recall that if in addition X — Y has J-path lifting then so does 
the map above (cf. Theorem 6.52), while the map X — 1 has J-path lifting for any 
co-operad X. All these properties come together in the following statement: 


Theorem 9.32 There exists a model structure on the category dSets of dendroidal 
sets with the following properties: 


(a) The cofibrations are the normal monomorphisms. 

(b) The fibrant objects are the c0-operads. 

(c) The fibrations between fibrant objects are the inner fibrations having J-path 
lifting. 

(d) A map A —> B between normal dendroidal sets is a weak equivalence if and only 
if for every co-operad X, the map 


hom(B, X) — hom(A, X) 


is a categorical equivalence between ov-categories. 
Moreover, this model structure is left proper and cofibrantly generated. 


Remark 9.33 As stated before, we will refer to this model structure as the operadic 
model structure. Similarly, we will refer to its weak equivalences and fibrations as 
operadic weak equivalences and operadic fibrations, respectively. 


Remark 9.34 As a special case of Proposition 9.28, the simplicial ‘tensoring’ of the 
category dSets makes the operadic model structure on dSets compatible with the 
categorical model structure on sSets. 


Proof We wish to apply Theorem 9.9 about the existence of A-model structures. 
For this, take for A any set of morphisms with J C A C J which is admissible. For 
example, we can take all maps A —> B in J for which A and B are finite (i.e., have 
finitely many non-degenerate dendrices). The A-anodynes may now be described 
in the following way. Corollary 6.26 implies that the maps of type (i) and (iii) in 
Lemma 9.3 are inner anodyne. Thus, the class of A-anodyne morphisms is the 
smallest saturated class containing the inner anodyne maps as well as the maps 


{0} @ Q(T] U J 8 Q(T] — J @ QT] 


for each tree T. By the results from Chapter 6 we recalled above, together with 
Proposition 9.25, the A-local objects are precisely the o0-operads and the fibrations 
between A-local objects are the inner fibrations having /-path lifting. Oo 
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We introduce the following terminology for the A-anodyne morphisms for the 
specific choice of A we introduced above: 


Definition 9.35 The class of J-anodyne morphisms of dendroidal sets is the smallest 
saturated class containing the inner horn inclusions of trees as well as the inclusion 
{0} > J. 


Remark 9.36 This definition looks like it describes a slightly smaller class of maps 
than the A-anodynes described in the proof of Theorem 9.32. However, the map 


j: {0} ® Q(T] U J 8 AQ(T] — J 8 Q(T] 
is also J-anodyne. To see this, construct a square 


{0} 8 Q[T] UJ 8 Q(T] —— x 


| | 


J 8 Q[T] = J 8 AT], 


by factoring j into a J-anodyne map u followed by a map p having the right lifting 
property with respect to /-anodynes, using the small object argument. Since J@Q[T] 
is an co-operad (it is the dendroidal nerve of an operad) and p is an inner fibration 
with J-path lifting, the dendroidal set X is also an co-operad. Then by Theorem 
9.32(c), p is a fibration between fibrant objects. Since j is a trivial cofibration, there 
exists a lift in the square. Such a lift exhibits j as a retract of u, so that j is also 
J-anodyne. 


The operadic model structure can be related to several others already discussed: 


Proposition 9.37 The adjoint pair t : dSets 2 Op: N is a Quillen pair, where Op 
is equipped with the naive model structure (cf. the end of Section 7.1). Moreover, the 
functor t preserves weak equivalences between arbitrary objects. 


Proof It is clear from the definitions that N preserves fibrations while t preserves 
cofibrations, proving the first sentence of the proposition. Since T is a left Quillen 
functor, it preserves weak equivalences between cofibrant objects. For an arbitrary 
operadic equivalence f: X — Y between dendroidal sets we argue as follows. 
Take a normalization of the terminal object E — 1. Then the map of operads 
TE — t(1) = Com is an equivalence, as can be seen directly from the description 
of the homotopy operad TE of Lemma 6.7. Consider the square 


Exx B Exy 


X $ 


x— sy. 
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By our previous observation and the fact that r preserves products, t will send the 
vertical maps to equivalences. The top horizontal map is a weak equivalence between 
cofibrant objects and therefore also preserved by T. It follow by two-out-of-three that 
T(f) is an equivalence of operads. o 


Proposition 9.38 The adjoint pair i; : sSets @ dSets : i* is a Quillen pair be- 
tween the Joyal model structure and the operadic one. Moreover, i, detects weak 
equivalences between arbitrary objects. 


Proof All of these claims follow easily from the identification sSets ~ dSets/7, 
combined with the observation that the operadic model structure on the slice category 
dSets/7 agrees with the Joyal model structure on the category of simplicial sets. In 
these terms, the adjunction of the proposition can be thought of as the usual adjoint 
pair for a slice category: 

dSets/7 z> dSets. 


n 


Oo 


We will spend the rest of this section studying the operadic equivalences between 
co-operads, with the aim of characterizing them as the fully faithful and essentially 
surjective maps. This discussion parallels the one for simplicial sets in Section 8.7. 
We begin with the analogue of Proposition 8.69: 


Proposition 9.39 Foramap f : X — Y between œ-operads, the following properties 
are equivalent: 


(1) The map f is an operadic equivalence. 

(2) Any normalization f’ of f is a J-homotopy equivalence. 

(3) For any normal dendroidal set A, the map hom(A, X) — hom(A, Y) is a cate- 
gorical equivalence between œ-categories. 

(4) For any normal dendroidal set A, the map khom(A,X) — khom(A,Y) is a 
homotopy equivalence between Kan complexes. 

(5) For any normal dendroidal set A, the map thom(A, X) — thom(A,Y) is an 
equivalence of categories. 


Proof For a normal dendroidal set A, observe that 
AUAZ=A@dI—~ABIOA 


gives a cylinder object for A. Indeed, the first map is a normal monomorphism by 
Proposition 4.21 and the second map is an operadic equivalence, because it admits 
a section A = A ® {0} — A® J which is a trivial cofibration by Corollary 6.30 and 
the fact that {0} — J is left anodyne (see Proposition 5.22). As a consequence, we 
may identify left homotopies of maps out of A with J-homotopies. 

By definition, (1) is equivalent to the statement that any normalization f’: X’ > 
Y’ of f is an operadic equivalence between normal co-operads. Since weak equiva- 
lences between fibrant-cofibrant objects coincide with homotopy equivalences, the 
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remarks above imply that f’ is an operadic equivalence if and only if it is a J- 
homotopy equivalence, showing the equivalence between (1) and (2). To see that (2) 
implies (3), consider the square 


hom(A, X’) ——> hom(A, Y’) 


i { 


hom(A, X) ——> hom(A, Y). 


The vertical maps are trivial fibrations between oo-categories by Theorem 6.33, hence 
J-homotopy equivalences. Assuming (2), the top horizontal map is a J-homotopy 
equivalence. It follows that the same is true for the bottom horizontal map. A J- 
homotopy equivalence of oo-categories also gives a homotopy equivalent of their 
respective maximal Kan complexes, showing that (3) implies (4). Also, (3) implies 
(5) since T sends categorical equivalences between simplicial sets to equivalences 
of categories. Finally, both (4) and (5) imply that f induces a natural isomorphism 
between the functors represented by X and Y on the homotopy category Ho(dSets) 
(taken with respect to the operadic model structure). Indeed, as in Lemma 8.68 
we can identify the homotopy classes of maps A — X with the isomorphism 
classes of objects in the category thom(A, X), or with the connected components of 
khom(A, X). We conclude that f is an operadic equivalence. m 


Lemma 9.40 Consider a map f: X — Y between œ-operads. If condition (4) of 
Proposition 9.39 holds for all representable dendroidal sets Q(T], then it holds for 
all normal dendroidal sets A. 


Proof Without loss of generality we may assume f is an operadic fibration. Indeed, 
a general f may be factored as a trivial cofibration i followed by an operadic 
fibration p. Then i admits a normalization which is a trivial cofibration between 
normal co-operads, hence a J-homotopy equivalence. But then hom(A,/) is a J- 
homotopy equivalence between simplicial sets by the same argument as in the proof 
of Proposition 9.39 above. Hence it suffices to prove the proposition for the operadic 
fibration p. 

The proof proceeds by skeletal induction on the normal dendroidal set A. The 
base of the induction is the 0-skeleton skgA, which can be written as a coproduct [] 7 
indexed by the elements of A}. The map of (4) is then the corresponding product of 
maps of the form khom(7, X) — khom(7, Y), which are homotopy equivalences by 
assumption. For the induction step, consider a pushout square of the form 


Ls Q(T] —> A 


l | 


Us Q&[T] —> B 


and the associated cube of Kan complexes 
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khom(B, X) > [[s khom(7, X) 
khom(B, Y) > [[5 khom(T, Y) 
| 
khom(A, X) ———— | ———> [Is khom(07, X) 
Ss 
khom(A, Y) > [[; khom(07, Y). 


In this cube, the front and back faces are pullbacks and the vertical maps are Kan 
fibrations. Then those faces are homotopy pullbacks in the Kan—Quillen model 
structure by the dual of Lemma 7.51. The three maps from back to front other than 
khom(B, X) — khom(B, Y) are homotopy equivalences by the inductive hypothesis 
and the assumption of the lemma. Corollary 7.50 guarantees that the remaining map 
is also a homotopy equivalence. For a general normal dendroidal set A, writing 
A = U,sk,,A shows that khom(A, X) — khom(A, Y) is the inverse limit of the trivial 
fibrations khom(sk,,A, X) — khom(sk,,A, Y), hence itself a trivial fibration. m 


Corollary 9.41 Let f : X — Y be a map between œ-operads. Then f is an operadic 
equivalence if and only if k(i* X) — k(i*Y) and khom(C,, X) — khom(C,, Y), for 
each n > 0, are homotopy equivalences between Kan complexes. 


Proof The implication from left to right follows from Proposition 9.39, where we 
have identified hom(7, X) with i*X. For the converse, the preceding lemma shows 
that it suffices to prove that khom(T, X) — khom(7, Y) is a homotopy equivalence 
for each tree T. Consider the spine inclusion Sp[7] — T. This map is inner anodyne 
by Lemma 6.37, so the vertical maps in the square 


khom(T, X) ————> khom(T, Y) 


{ l 


khom(Sp[T], X) —> khom(Sp[T], Y) 


are trivial fibrations. It thus suffices to show that the lower map g is a homotopy 
equivalence. Observe that khom(Sp[T], X) can be written as a pullback of Kan 
complexes of the form khom(C,,, X) for all the vertices of T and khom(7, X) for all the 
inner edges of T. Moreover, since the evaluation maps khom(C,,, X) — khom(y, X) 
at the various edges of C,, are Kan fibrations (and similarly for Y), these pullbacks 
are homotopy pullbacks (cf. Lemma 7.51). Using the assumption of the corollary 
we conclude that g is a homotopy equivalence. Oo 


For an co-operad X, we sometimes refer to the elements of X} as the colours (or 
the objects) of X. Note that these coincide with the objects of the oo-category i*X, 
i.e., the elements of the set (i*X)o. 
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Definition 9.42 (a) For an œ-operad X and colours x1, ... Xn, y of X, the space of 
operations X(x1, . . ., Xn; y) from x1,..., Xn to y is the pullback 


X(x1,.-., Xn; yY) ——————> hom(C,, X) 


l | 


Ajo] E hom(3C,, X) = (XV, 
where the map on the bottom is given by x1,..., Xn for the leaves of Cn and y for the 


root edge of Cn. 
(b) A map f: X — Y between œ-operads is fully faithful if for any tuple of 
colours x1, . . ., Xn, y of X, the induced map 


X(X1,- ++ Xn Y) > VFO). f&n) FO) 


is a weak homotopy equivalence. 

(c) A map f: X — Y between œ-operads is essentially surjective if the map 
of underlying œ-categories i*X — i*Y is essentially surjective, or in other words 
if r(i* f): t(i*X) — qt(i*Y) is an essentially surjective functor between ordinary 
categories. 


Remark 9.43 As was the case with mapping spaces in co-categories, we observe 
that the simplicial sets X(x1,..., Xn; y) are in fact Kan complexes. Indeed, they fit 
into pullback squares 


X(X1,.--,Xn3 y) ——> khom(C,, X) 


l l 


Xn, y) 


Ajo] hs khom(ðC,, X), 


where the right-hand vertical map is a Kan fibration. Also, these mapping spaces are 
related to the sets of operations in the homotopy operad tX by natural isomorphisms 


(TX)(X1,.--,Xns Y) = WOX(X,~.--,Xn3 Y). 


Remark 9.44 Let y1, .. ., Ym, Z and x1,..., Xn, Yi, with 1 < i < m, be two sequences 
of colours in an co-operad X with common element y;. Write Cm 0; Cn for the tree 
obtained by grafting the n-corolla C,, onto the ith leaf of Ca. Then the maps 
Oj j 
OQ[Cu+m—1] > QCm 0 Ca & OC] Ui QCh] 


induce maps 


hom(Cysin-1X) — hom(Cy, 0; Cn) Š> hom(C,,, X) X; x hom(C,, X), 
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and j* is a trivial fibration, because j is inner anodyne. A section of this map then 
yields a map 


X (Yis <- +5 Ym} Z) X X (X1, < < <, Xn; yi) 


li 


X (kies Kii Yhes i Ym Kirra Aas Z)s 


unique up to homotopy. This can be thought of as a composition operation (up to 
homotopy) for the co-operad X. In particular, upon taking 7 of the Kan complexes 
involved, we retrieve the composition of the homotopy operad TX. 


The proof of the following is very similar to that of Theorem 8.74. 


Theorem 9.45 A map f: X — Y between œ-operads is an operadic equivalence if 
and only if it is fully faithful and essentially surjective. 


Proof If f is an operadic equivalence, then it follows easily from Proposition 9.39 
that f is indeed fully faithful and essentially surjective. Conversely, suppose f is 
fully faithful and essentially surjective. Then in particular i* f is an equivalence of 
oo-categories by Theorem 8.74, so that k(i* f): k(i* X) — k(i*Y) is a weak homotopy 
equivalence of Kan complexes. By Corollary 9.41, it now suffices to show that for 
eachn > 0 the maps khom(C,,, X) — khom(C,, Y) induced by f are weak homotopy 
equivalences. These maps fit into a square 


khom(C,, X) ———> khom(C,, Y) 


I l 


khom(0C,, X) ——> khom(ôC,, Y) 


in which the vertical arrows are Kan fibrations. The bottom map can be identified with 
the product k(i*X)"*! — k(i*Y)"*! and is therefore a weak homotopy equivalence. 
For any point (x),...x,,y) € k(i*X)"*!, the corresponding map of fibres of the 
vertical maps over (x1,..., Xn, Y) and (f(x1),..., f(%), f(y)) is the map 


X(x1, .. <> Xn; Y) = Y(f(xı), e > fn); FO), 


which is a weak homotopy equivalence by assumption. From the long exact sequence 
of homotopy groups of a Kan fibration we now conclude that the top horizontal arrow 
in the square must be a weak equivalence as well, completing the proof. m 


9.3 Open and Uncoloured Dendroidal Sets 


The goal of this section is to show how the operadic model structure induces similar 
model structures on the categories of open and of uncoloured dendroidal sets. The 
first of these two cases is very simple. Recall from Section 3.5.4 that the category 
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odSets of open dendroidal sets is the category of presheaves on the full subcategory 
Q° C Q consisting of open trees. This category can be identified with a slice category 
of the category of dendroidal sets itself, 


odSets ~ dSets/O, 


where O is the dendroidal set defined by 


* if T is open, 
Or = (9.1) 


Ø otherwise. 
Recall also the associated pair of adjoint functors 
o, : odSets Z—? dSets : o* 


with o, fully faithful, and the fact that under the equivalence 9.1 above the functor 
o, can be identified with the forgetful functor. Using the induced model structure 
on slice categories (cf. Example (d)(ii) at the end of Section 7.1), we immediately 
obtain the following consequence of Theorem 9.32: 


Corollary 9.46 The category odSets of open dendroidal sets carries a left proper 
cofibrantly generated model structure, in which the cofibrations are the normal 
monomorphisms and in which the weak equivalences are the operadic equivalences. 
The fibrant objects are the open ov-operads and the fibrations between fibrant objects 
are the inner fibrations with J-path lifting. 


Proof All the statements of the corollary are general facts about model structures 
on slice categories, except the one about fibrant objects. Indeed, by definition a 
fibrant object of dSets/O is an operadic fibration p: X — O. Note that for an open 
dendroidal set X the map p: X — O is unique, and that O itself is an ov-operad. 
Hence p is an inner fibration if and only if X is an co-operad. The fact that p has 
J-path lifting is trivial, because i*O = A[O]. Oo 


We have seen in Section 6.3 that the tensor product of open dendroidal sets behaves 
well with respect to inner anodyne morphisms. In fact, we have the following: 


Proposition 9.47 For normal monomorphisms u: A — B and v: C —> D between 
open dendroidal sets, the pushout-product 


B@eCUA®D—BeD 


is anormal monomorphism, which is moreover a trivial operadic cofibration when- 
ever u or v is. 


Proof The pushout-product is a normal monomorphism by Proposition 4.26. We 
claim that the pushout-product is J-anodyne whenever one of the two maps (say u) is 
J-anodyne (see Definition 9.35). By the usual arguments involving saturated classes 
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it suffices to check this when u is inner anodyne or u is the inclusion {0} — J. The 
case of inner anodynes is covered by Corollary 6.26. The case {0} — J is covered 
by Remark 9.36. 

To get the case of a general trivial operadic cofibration u from the case of J- 
anodynes treated above, we reason as in the proof of Proposition 9.28. Instead of 
the simplicial mapping objects hom(-, —) we now use the ‘inner hom’ Hom(-, —) 
of dendroidal sets, characterized by the property that Hom(A, —) is right adjoint to 
AQ- as a functor from the category dSets to itself. To show that the pushout-product 
of u and v is a trivial cofibration, it suffices to show that any lifting problem 


B@ECUA®D>BeD— zx 


| g le 


BoD ————_ 5 Y 


admits a solution, where p is an inner fibration with J-path lifting between co-operads. 
The right-hand vertical map in the adjoint lifting problem 


A ————> Hom(D, X) 


| a 
- 
ae 
= 
= 
ee 
A 
= 
2 


B <> Hom(D,Y) XHom(c,y) Hom(C, X) 


is still an inner fibration with J-path lifting between co-operads, as a consequence of 
the first part of this proof. Hence it is a categorical fibration and a lift exists by the 
assumption that u is a trivial cofibration. m 


As a consequence of Proposition 9.47, the tensor product functor 
A®-—: odSets — odSets 


preserves cofibrations and trivial cofibrations for the operadic model structure, when- 
ever A is a cofibrant (i.e., normal) dendroidal set. By Brown’s lemma, the functor 
A ® — therefore preserves weak equivalences between cofibrant objects. Conse- 
quently, the restriction of the tensor product functor 


— ®-: odSets x odSets — odSets 


to cofibrant objects respects weak equivalences. Therefore it descends to give a 
well-defined tensor product on the homotopy category: 


— ® —: Ho(odSets) x Ho(odSets) — Ho(odSets). 


Remark 9.48 Although the tensor product of dendroidal sets itself is not quite asso- 
ciative, this tensor product on the homotopy category does give rise to a symmetric 
monoidal structure. This follows from Proposition 6.32, which states that the rele- 
vant ‘associator maps’ for the tensor product, when evaluated on corollas, are inner 
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anodyne. The case of general normal dendroidal sets follows by first reducing to 
representables, using skeletal induction and the cube lemma, and then reducing from 
general trees to corollas using the spine. 


We now turn to the case of uncoloured dendroidal sets. Recall from Section 
3.5.6 that a dendroidal set X is uncoloured if X} is a single point. The uncoloured 
dendroidal sets form a full subcategory udSets of the category dSets, related by 
adjoint functors to the category dSets.. = 7/dSets of pointed dendroidal sets, of 
which the objects are pairs (X, xo) with xo € X} a chosen basepoint. These adjoint 
functors are denoted 


— ot 
dSets, <— udSets. 

~ 
The functor r* is simply the forgetful functor. Its left and right adjoints r, and r, can 
be described explicitly as in Section 3.5.6; r; collapses all of X} to a single point, 
whereas r, restricts to the basepoint, meaning it retains only those dendrices in Xr 
for which each edge has colour xo € X}. 

Uncoloured dendroidal sets relate to uncoloured operads just like dendroidal sets 

relate to operads. In particular, there is an adjoint pair of functors 


udSets — uOp, 


and a homotopy-coherent version for uncoloured simplicial operads 


udSets - usOp, 


w* 


which we will later show to be a Quillen equivalence. For now, we will show that 
the operadic model structure on dSets restricts to a model structure on udSets. 
Recall that the category dSets.. = 7/dSets of pointed dendroidal sets inherits a 
model structure from dSets, for which the forgetful functor dSets,. — dSets detects 
cofibrations, fibrations, and weak equivalences. Note also that an object (X, xq) is 
cofibrant if 7 —> X is a normal monomorphism, which is the case precisely if X 
itself is a normal dendroidal set. 


Theorem 9.49 The category udSets of uncoloured dendroidal sets carries a model 
structure in which a map X — Y is a cofibration (resp. a weak equivalence) if and 
only if its image under r* is a cofibration (resp. a weak equivalence) in dSets.., or 
equivalently in dSets. This model structure is cofibrantly generated and left proper. 
Moreover, the fibrant objects are precisely the uncoloured co-operads. In other words, 
r* preserves and detects fibrant objects. 
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Remark 9.50 The reader should be warned that r* does not preserve fibrations in 
general. Equivalently, r; does not preserve arbitrary trivial cofibrations. Indeed, the 
image of the trivial cofibration {0} — J under r, is the map of simplicial sets 
{0} — J/ðJ. The simplicial set J/ðJ is not weakly contractible (it has the weak 
homotopy type of the circle), so this map cannot be an operadic equivalence. 


Proof (of Theorem 9.49) We take the cofibrations and weak equivalences on udSets 
as in the statement of the theorem and define the fibrations to be the maps having 
the right lifting property with respect to trivial cofibrations. Let us verify the axioms 
for a model structure. Axioms (M1-3) are evident, as is one half of the lifting axiom 
(M4): for a square 


A —> X 


a 


in which i is a trivial cofibration and p is a fibration, a lift exists by definition of the 
fibrations. The other half, meaning the case where i is a cofibration and p is a fibration 
and a weak equivalence, follows by the retract argument. Let us briefly summarize it 
again. Factor p as q o u where u is anormal monomorphism and q has the right lifting 
property with respect to normal monomorphisms. (We will establish the existence 
of this factorization in the category of uncoloured dendroidal sets below.) Then q is 
a weak equivalence, so u is a trivial cofibration by two-out-of-three. The fact that p 
has the right lifting property with respect to u now implies that p is a retract of q, and 
therefore also has the right lifting property with respect to normal monomorphisms. 

It remains to verify the factorization axiom (M5). The factorization of an arbi- 
trary morphism into a normal monomorphism followed by a trivial fibration was 
already used above; to construct it for a general morphism f: X — Y of uncoloured 
dendroidal sets, first factor it as a normal monomorphism i followed by a trivial 
fibration p in the category dSets,. of pointed dendroidal sets, and subsequently apply 
the functor rą. Clearly r,X = X and r,Y = Y. Furthermore, r, preserves normal 
monomorphisms, so r,i is a normal monomorphism. To see that r,p is a trivial fi- 
bration, note that for any normal monomorphism u between uncoloured dendroidal 
sets, p has the right lifting property with respect to the normal monomorphism r*u. 
Consequently, 7,.p has the right lifting property with respect to u. 

To obtain the other factorization, into a trivial cofibration followed by a fibration, 
we use the small object argument again. To do this we need to know that the trivial 
cofibrations are generated, as a saturated class, by a set. As in Section 9.1 one may 
take the trivial cofibrations between countable uncoloured dendroidal sets as such a 
generating set. 

Finally, we will identify the fibrant objects as the uncoloured oo-operads. If X is 
an uncoloured oo-operad, then it is fibrant as a dendroidal set and thus has the right 
lifting property with respect to all trivial cofibrations; in particular, it has the right 
lifting property with respect to trivial cofibrations between uncoloured dendroidal 
sets and is therefore a fibrant object of udSets. Conversely, assume that X € udSets 
is fibrant. Observe that any inner horn inclusion A°[T] — T is bijective on edges, 
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from which it easily follows that the square 


AIT] — rA°(T] 


is a pushout and the vertical map on the right is a trivial cofibration of uncoloured 
dendroidal sets. Thus X has the right lifting property with respect to such a map. 
Consequently, r*X has the right lifting property with respect to the inner horn 
inclusion on the left and r*X is indeed an uncoloured co-operad. m 


> T 


9.4 The Relative A-Model Structure 


In this section we will discuss a variation on the general method from Section 9.1 
in order to construct relative versions of A-model structures on the slice category 
dSets/V of dendroidal sets over a fixed ‘base’ V. For two objects f: A — V and 
g: X — V of this category, the simplicial set 


homy (A, X) 


is defined as follows: its n-simplices are maps A[n] & A — X for which the diagram 


Ala] ® A —> X 
rh 
A — > V 


commutes. In other words, homy (A, X) is the pullback 


homy(A, X) ——> hom(A, X) 


| [= 


Alo] ——> hom(A, V). 
Then any map A — B of dendroidal sets over V induces a map of simplicial sets 
homy(B, X) — homy(A, X). 


Now let A be a set of normal monomorphisms between normal objects of the 
category dSets/V. As in Section 9.1, we call A admissible if for any A — B in A 
and any n > 0, the map 


A[n] 8 AU dA[n] ® B > Aln] 8 B 
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(with its evident map to V) again belongs to A. We define an object X — V over V 
to be A-local if it has the following two properties: 


(1) For any normal monomorphism A — B over V, the map 
homy(B, X) — homy(A, X). 


is a categorical fibration of simplicial sets. 
(2) Moreover, it is a trivial fibration whenever A — B belongs to A. 


Thus in particular, if A is a normal dendroidal set over V and X — V is A-local, then 
homy (A, X) is an oo-category. As in Section 9.1, we can reformulate the property of 
being A-local over V in terms of lifting properties: 


Lemma 9.51 An object X — V is A-local if its has the right lifting property with 
respect to the following maps over V: 


(i) The maps 
A*[n] 8 BU A[n] 8 A > Ajn] 8B, 


for any normal monomorphism A —> B over V and any 0 < k < n. 
(ii) The maps 
{10 ®BUJQ@A> JOB, 


for any normal monomorphism A — B over V. 
(iii) The maps 
dA[n] 8 BU A[n] 8 A > Ajn] 8 B, 


for any A —> B over V contained in the set A and any n > 0. 
The following terminology extends that of Section 9.1 to the relative case: 


Definition 9.52 A normal monomorphism A — B over V is A-anodyne (over V) if 
it lies in the saturation of the classes of maps (i)—(iii) above. 


So an object X — V is A-local if and only if it has the right lifting property with 
respect to all A-anodyne maps over V. 


Definition 9.53 A morphism A — B over V is an A-weak equivalence if it has a 
normalization A’ — B’ with the property that for any A-local object X — V, the 
map 

homy(B’, X) > homy(A’, X) 


is a categorical equivalence between oo-categories. 


Remark 9.54 The uniqueness of normalizations up to J-homotopy of Lemma 9.6 
implies that the choice of normalization in the above definition is irrelevant. 
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Theorem 9.55 Let A be an admissible set of normal monomorphisms over V. Then 
there exists a model structure on dSets/V with the following properties: 


(a) The cofibrations are the normal monomorphisms over V. 

(b) The weak equivalences are the A-weak equivalences just defined. 

(c) The fibrant objects are the A-local objects over V. 

(d) A map between A-local objects over V is a fibration if and only if it has the right 
lifting property with respect to A-anodyne maps over V. 


Moreover, this model structure is left proper and cofibrantly generated. 


We will refer to the fibrations in the model structure of the theorem as A-fibrations 
(over V, if necessary). 


Proof The proof proceeds along the same lines as that of Theorem 9.9. As we did 
then, we define a map in dSets/V to be a fibration precisely if it has the right lifting 
property with respect to all normal monomorphisms over V which are also A-weak 
equivalences. With these definitions in place, axioms (M1-3) are clearly satisfied. 
(For the two-out-of-three axiom (M2) one uses the evident version of Lemma 9.10 for 
maps over V.) The factorization axiom (M5) is proved by the small object argument. 
The factorization into a normal monomorphism followed by a map having the right 
lifting property with respect to normal monomorphisms proceeds as in Section 9.1, 
using the fact that the normal monomorphisms are generated as a saturated class 
by boundary inclusions of trees. Moreover, a map over V having the right lifting 
property with respect to all monomorphisms will have a normalization which is a J- 
homotopy equivalence over V, hence a weak equivalence, as in Lemma 9.11. For the 
other factorization into a trivial cofibration followed by a fibration, we assume again 
that for all maps A — B in A the dendroidal sets A and B are finite. (This assumption 
is unnecessary, but the general case requires a bit more set theory and induction over 
larger ordinals, cf. Remark 9.31). We can then use the small object argument again, 
taking as a set of generating trivial cofibrations the A-trivial cofibrations between 
countable dendroidal sets over V. The justification of this is identical to that in 
Section 9.1. 

Finally we should prove the lifting axiom (M4). Half of it is automatic from 
the definition of the fibrations, the other half is proved by the retract argument, of 
which we have seen several examples by now (cf. the proof of Theorem 9.49 in the 
previous section). The characterization of the fibrant objects and fibrations between 
them proceeds exactly as in Section 9.1. m 


We will see several examples of A-model structures relative to a base V in the 
remainder of this chapter. For now, we will limit ourselves to some remarks about 
various functors relating to change of base. 

Suppose A is an admissible set of normal monomorphisms over V. Then for any 
map f: V — W between dendroidal sets, we obtain a set fA of maps over W, 
simply by regarding each map A — B over V belonging to A as a map over W by 
composing with f. Then clearly fiA is again admissible. Let us denote the relative 
A-model structure on dSets/V by (dSets/V), and the relative fi A-model structure 
on dSets/W by (dSets/W) 4. There is an adjoint pair of functors 
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ff 


dSets/V = dSets/W 


given by composition with f and pullback along f. The functor f; is simplicial, in 
the sense that for any map of dendroidal sets A — V and any simplicial set M, the 
canonical map 

fi(M @ A) > M @ fi(A) 


is an isomorphism over W (indeed, it is essentially the identity map). It follows by 
adjunction that for every X — W the canonical map 


homy (fiA, X) — homy(A, f*X) 


is an isomorphism as well. In particular, X — W is f,A-local over W if and only 
if f*X — V is A-local over V. Using this observation, we easily conclude the 
following: 


Proposition 9.56 The adjoint pair 
Íi 
(dSets/V) 4 E2 (dSets/W) 4.4 


is a Quillen pair. Moreover, f* detects fibrant objects and fibrations between them. 


Proof Clearly f; preserves normal monomorphisms, hence cofibrations. Also, we 
just observed that an object X — W is fiA-local if and only if f*X — V is A-local. 
Thus, f* preserves and detects fibrant objects and for the same reason fibrations 
between fibrant objects. The fact that (fi, f*) is a Quillen pair now follows from 
Lemma 8.42. m 


This concludes our brief discussion of the pushforward of an admissible set of 
morphisms over V along a map f : V — W. Now let us consider the case where we 
pull back A along a map f: W — V, giving a set of maps f*A over W consisting of 
all pullbacks 


AXy W —— Bxy W 
W 
of maps A —> B in A. The f*A-local objects are defined in terms of the simplicial 
sets homy (f*A, X). Now note that since fi is simplicial, there is a natural map 
fi(A[n] ® fA) = Aln] @ AfA > Aln] @ A 
for each n > 0 and hence by adjunction a map 
A[n] 8 fA > f*(A[n] @ A) 


natural in n and in A. These maps together induce a natural map 
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homy (A, f.X) > homy(f*A, X). 


Proposition 9.57 For any map of dendroidal sets f: W — V and maps A > V, 
X — W, the natural map 


homy (A, f.X) — homy( "A, X) 


is an isomorphism. 


Proof An n-simplex of homy(f*A, X) is a map 
A[n] 8 (W xy A) > X 


over W, while an n-simplex of homy(A, f. X) is a map A[n] ® A — fX over V or, 
equivalently, a map f*(A[n] & A) > X over W. Consider the diagram 


A[n] ® (W xy A) —> A[n] 8 A 


{ l 


W xy A ————_> A 


l 


W —— V. 
By Corollary 4.17, the top square is a pullback and hence so is the rectangle. Thus 


A[n] ® (W xy A) = f*(A[n] 8 A), 


from which the proposition follows. m 


Having established the previous proposition, we can now proceed as for Proposi- 
tion 9.56 above and conclude the following by exactly the same argument: 


Proposition 9.58 Let A be an admissible set of morphisms over V and let f : W —> V 
be any map. Then f*A is again admissible and the adjoint pair 


pP 
(dSets/V) pa == (dSets/W).4 


is a Quillen pair. Moreover, f, detects fibrant objects and fibrations between fibrant 
objects. 


9.5 The Covariant Model Structure on Dendroidal Sets 


In this section we will discuss a special case of the relative A-model structure of 
the previous section, namely that of the covariant model structure on dSets/V for 
some fixed dendroidal set V. For the set J/V of inner horn inclusions over V there 
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is a relative operadic model structure on dSets/V. The covariant model structure 
over V is a localization of the relative operadic one, where besides the inner horn 
inclusions one also takes the inclusions of leaf horns into account. The use of this 
model structure will be that if V is an c0-operad, the covariant model structure on 
dSets/V describes the homotopy theory of V-algebras. We will come to this relation 
in Section 14.8. 

Recall that A*[T] — QJ[T] denotes the dendroidal subset of the representable 
dendroidal set Q(T], given by the union of all the faces of T except 0,7. In Section 
9.2 we focused on the case where x is an inner edge in T, so that A*[T] — Q[T] is 
an inner horn inclusion. Here we will include the case where x is a leaf vertex of 
T, so that ôT is the face of T obtained by chopping off the vertex x and the leaves 
immediately above it (if any). If T is a corolla with a unique vertex v, we interpret 
A*[T] as the disjoint union of the leaves of T or, more precisely, the disjoint union of 
copies of ņ indexed by the leaves of T. It will be convenient to use a concise notation 
for this, which we introduced before; we will write A(T) for the set of leaves of T 
and €[T] c Q[T] for the corresponding subobject of the dendroidal set represented 
by T. With this notation, the leaf horn of the n-corolla C, is the inclusion 


Cn] > QCrI. 


Let us denote the set of all horn inclusions A*[T] — Q[T] where x is either an inner 
edge or a leaf vertex by £. As in Definition 6.14, we call a normal monomorphism 
leaf anodyne if it belongs to the saturation £ of £. 

We recall from Corollary 6.30 that if M — N is a monomorphism between 
simplicial sets and A — B is a normal monomorphism between dendroidal sets, 
then the pushout-product map 


M®@BUuMeaN®A->NOB 


is a normal monomorphism, which is leaf anodyne whenever A — B or M > N 
is. (Recall that for simplicial sets, the notion of leaf anodyne map reduces to that of 
a left anodyne map.) We also recall that the maps between dendroidal sets having 
the right lifting property with respect to £ are called left fibrations. For a normal 
monomorphism A — B and an inner fibration X — Y, the map 


hom(B, X) — hom(A, X) Xnom(4,y) hom(B, Y) 


is an inner fibration of simplicial sets, which is a left fibration if X — Y is, and a 
trivial fibration if in addition the map A — B is leaf anodyne. This fact is dual to 
our previous statement about pushout-products. 

Theorem 9.55 now specializes to the following result: 


Theorem 9.59 Let V be a dendroidal set. The category dSets/V carries a left proper 
cofibrantly generated model structure with the following properties: 


(a) The cofibrations are the normal monomorphisms over V. 
(b) The fibrant objects are the left fibrations X —> V. 
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(c) The fibrations between fibrant objects are the left fibrations. 
(d) A map A — B between normal objects over V is a weak equivalence if for any 
left fibration X — V, the map 


homy(B, X) — homy(A, X) 
is a categorical equivalence of c0-categories. 


We will refer to the model structure of the theorem as the covariant model structure 
over V and denote the corresponding model category by (dSets/V) oy. 


Remark 9.60 The co-categories homy (B, X) and homy(A, X) featuring in item (d) 
of the theorem are in fact Kan complexes. Indeed, take 0 < k < n and consider a 
lifting problem as on the left, which is equivalent to the one depicted on the right: 


A‘ [n] —— homy(A, X) A‘[n]}@ A —> X 
Les La 
Alaz] ———+ A[0] Aln] @ A —> V 


The left vertical arrow in the square on the right is leaf anodyne by Corollary 6.30, 
so that a lift exists by the assumption that X — V is a left fibration. We conclude 
that homy(A, X) — A[0] is a left fibration. But then it is also a Kan fibration (cf. 
Corollary 5.51). 


Proof (of Theorem 9.59) Consider the set £/V of leaf horn inclusions over V, i.e. 
the commutative diagrams of the form 


| —— > AT 


a 


where x is an inner edge or a leaf vertex of the tree T. Let £/V be the saturation 
in the category dSets/V and let A be an admissible set with C/V C AC L/V. For 
example, A could consist of all the map A — Bin £/V between finite dendroidal sets. 
Then by Theorem 9.55 there is a left proper cofibrantly generated model structure 
on dSets/V in which the cofibrations are the normal monomorphisms over V. The 
A-local objects are those X — V which have the right lifting property with respect 
to the following three classes of maps over V: 


(i) The maps 
N®AUM®B-NBB, 
for any normal monomorphism A — B over V and any inner anodyne map 


M — N between simplicial sets. 
(ii) The maps 
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J®AU{0I}@B— JOB, 


for any normal monomorphism A —> B over V. 
(iii) The maps 
N®AUM®EB-NOB 


for any map A — Bin £/V and any monomorphism M — N between simplicial 
sets. 


But the classes (i) and (ii) are contained in (iii). For (ii), this follows from the fact that 
{0} — J is left anodyne (cf. Proposition 5.22). Also, (iii) is contained in fy V. This 
shows that the local objects are precisely the left fibrations. The rest of the theorem 
is now clear from Theorem 9.55. Oo 


Corollary 9.61 The covariant model structure on dSets/V is a left Bousfield local- 
ization of the relative operadic model structure on dSets/V. 


Proof The two model structures have the same cofibrations and the class of J- 
anodyne morphisms over V is (by definition) contained in the class of leaf anodyne 
morphisms over V. m 


Next, we observe the following statements concerning change of base: 


Proposition 9.62 (a) Let f: V — W be a map of dendroidal sets. Then f induces a 
Quillen pair 


fi: (dSets/V)coy ——* (dSets/W)coy : f*. 


(b) If f: V > W is a left fibration, then the covariant model structure (dSets/V) coy 
agrees with the slice model structure (dSets/W)coy/ f. 

(c) If f: V — Wis an operadic equivalence between œ-operads then the pair in (a) 
is a Quillen equivalence. 


Proof (a) This is a special case of Proposition 9.56. 
(b) The fibrant objects in the slice model structure on (dSets/W)coy/f are the 


commutative diagrams 
xX ————— Vv 
W 


in which g: X — V is a fibration in the covariant model structure on dSets/W. Since 
f is a left fibration, V — W is a fibrant object of (dSets/W) oy. Hence g is a fibration 
in the covariant model structure over W precisely if it is a left fibration, by Theorem 
9.59(c). It follows that (dSets/W)cov/ f and (dSets/V)coy have the same cofibrations 
and the same fibrant objects, so that the two model structures must coincide. 

(c) By Brown’s lemma it suffices to prove this if f: V — W is a trivial fibration 
in the operadic model structure. But then f is a trivial fibration in (dSets/W)coy as 
well, so that 


9.5 The Covariant Model Structure on Dendroidal Sets 391 


Íi 
(dSets/W)cov/ f — (dSets/W)coy 
F 


is a Quillen equivalence (cf. Example 8.47 (i)). The result follows by part (b). m 


The weak equivalences between fibrant objects in the covariant model structure 
can be characterized very efficiently as those maps which induce fibrewise weak 
homotopy equivalences, as in part (5) of the following: 


Theorem 9.63 Consider a map 
X = , Y 
V 
between left fibrations X — V and Y — V of dendroidal sets. Then the following 


are equivalent: 


(1) The map f is a weak equivalence in the covariant model structure over V. 
(2) Any normalization f’ of f is a fibrewise J-homotopy equivalence over V. 
(3) For any normal dendroidal set A over V, the map 


homy(A, X) — homy(A, Y) 


is a weak homotopy equivalence of Kan complexes. 
(4) For every colour v € V}, the map Xy, —> Y, between fibres over v is a weak 
homotopy equivalence of Kan complexes. 


In part (4), X, denotes the pullback 


Note that X, is indeed a Kan complex, because a left fibration over 7 = A[O] is 
automatically a Kan fibration (recall that we are suppressing the inclusion i, of 
simplicial sets into dendroidal sets from the notation). To prove the theorem it will 
be convenient to have the following characterization of left fibrations: 


Proposition 9.64 An inner fibration f : X — Y of dendroidal sets is a left fibration 
if and only if for any n = 0, the map 


hom(C,,, X) > hom(¢[C;,|, X) Xhom(£[Cn], Y) hom(C,, Y) 


is a trivial fibration of simplicial sets. 
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Proof If f is a left fibration, then the map of the lemma is a trivial fibration by 
Theorem 6.33. Conversely, suppose f is an inner fibration for which the map of the 
lemma is a trivial fibration for any n > 0. For a normal monomorphism A — B of 
dendroidal sets, consider the map 


hom(B, X) — hom(A, X) Xhomi4,y) hom(B, Y). 


It is an inner fibration between simplicial sets by Theorem 6.33. Consider the class 
€ of normal monomorphisms A — B for which this map is a trivial fibration. Then 
€ is saturated and closed under-two-out-three among normal monomorphisms. It 
contains the inner anodynes, again by Theorem 6.33, and the maps ¢[C,] > Q[Cn] 
by assumption. Then Proposition 6.41 guarantees that € contains all leaf anodyne 
maps. Since any trivial fibration is in particular surjective on vertices, it follows that 
X — Y has the right lifting property with respect to leaf anodyne maps, so that it is 
a left fibration. Oo 


Proof (of Theorem 9.63) The equivalence between statements (1)-(3) is proved ex- 
actly as for Proposition 9.39. Moreover, as in Corollary 9.41, f is a weak equivalence 
between left fibrations if and only if the following two statements are true: 


(3a) For any map 7 — X, the map 
homy (77, X) — homy(7, Y) 


is a weak homotopy equivalence between Kan complexes. 
(3b) For any n > 0 and any map Cn — X, the map 


homy(C,, X) — homy(C,, Y) 


is a weak homotopy equivalence between Kan complexes. 


But by Proposition 9.64, the vertical maps in the square 


homy (Cn, X) ———> homy(C,, Y) 


l { 


homy (¢[C;,],X) ——> homy(¢[Cy], Y) 


are trivial fibrations. Since homy(€[C,,], X) = homy(y, X)” and similarly for Y, (3b) 
follows from (3a). Furthermore (3a) is the same assertion as (4), because for a given 
map v: 7 — X, the simplicial set homy (7, X) is precisely the Kan complex X, (and 
similarly for Y). m 


Corollary 9.65 Consider a diagram 
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of dendroidal sets. If X — V and Y — V are left fibrations and the map of fibres 
X, > Y, is a weak homotopy equivalence of Kan complexes for each v € V,, then f 
is an operadic equivalence. 


Proof The map f is an equivalence in the covariant model structure over V by 
Theorem 9.63. It is then also a weak equivalence in the relative operadic model 
structure over V by Corollary 9.61 (the covariant model structure is a localization of 
the operadic one) and Lemma 8.49 (the local weak equivalences between fibrants are 
the usual weak equivalences). The forgetful functor (dSets/V) coy — (dSets) coy is left 
Quillen and therefore preserves weak equivalences between cofibrant objects; since 
it also preserves normalizations, it preserves weak equivalences between arbitrary 
objects. In particular, f is an operadic equivalence. m 


We have seen in Proposition 9.28 that the A-model structure is ‘enriched’ over 
the Joyal model structure in an appropriate sense. The same is true of the covariant 
model structure, but in fact we have the following stronger result in this particular 
case, replacing the Joyal model structure with the Kan—Quillen model structure. It 
can be seen as a strengthening of Remark 9.60, which states that homy(A, X) is a 
Kan complex whenever A is a normal dendroidal set over V and X — V is a left 
fibration. 


Proposition 9.66 For a monomorphism i: M — N of simplicial sets and a normal 
monomorphism of dendroidal sets j: A — B over V, the pushout-product 


N®AUM®EB-NOB 


is a normal monomorphism over V, which is moreover a covariant weak equiva- 
lence over V whenever i is a weak homotopy equivalence or j is a covariant weak 
equivalence over V. 

Dually, if p: X — Y is a fibration over V in the covariant model structure, then 
the induced map 


homy(B, X) — homy(B, Y) Xhomy (4,y) homy(A, X) 


is a Kan fibration of simplicial sets, which is a trivial fibration whenever j or p is a 
covariant weak equivalence over V. 


Proof For the first part, fix j: A — Band consider the class € of all monomorphisms 
i: M — N for which the pushout-product of i with j is a covariant trivial cofibration. 
This class is saturated, closed under two-out-of-three among monomorphisms, and 
contains the left anodyne maps of simplicial sets by Corollary 6.30. But then € 
contains all trivial cofibrations of simplicial sets in the Kan—Quillen model structure. 
Indeed, ifu: A — Bis sucha trivial cofibration, factor the unique map B — A[O] asa 
left anodyne B — C followed by a left fibration C — A[0]. Then C is a Kan complex 
(see Corollary 5.51). By two-out-of-three it suffices to show that the composite trivial 
cofibration A — C is in C. Factor it again as a left anodyne v: A — D followed by 
a left fibration q: D — C. Then q is in fact a Kan fibration by Corollary 5.50. Thus 
a lift in the square 
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A—»D 


3 
if a ja 
rá 


C C 


exists and exhibits the map A — C as a retract of v, completing the argument. 

For the other case, fix a monomorphism i of simplicial sets and consider the class 
C of normal monomorphisms j: A — B over V for which the pushout-product with 
i is a covariant trivial cofibration. It contains the leaf anodyne morphisms, again 
by Corollary 6.30, and satisfies the same closure properties as above. A completely 
analogous factorization and lifting argument shows that € must contain all the 
covariant trivial cofibrations over V. 

The second half of the proposition follows from the first by adjunction. m 


We conclude this section with an example. It concerns operads and their algebras 
in Sets, but the observation to be made (Proposition 9.67 below) lies at the basis of 
an equivalence of homotopy theories between (dSets/w*P) oy and a model category 
structure on simplicial P-algebras for a simplicial operad P. For a precise statement 
and proof we refer the reader to Section 14.8. 

Let P be an operad in Sets and write C for its set of colours. The nerve construction 
defines a functor on the category of P-algebras (in Sets) 


N(P, —): Algp > dSets/NP 


sending a P-algebra A to the left fibration N(P, A) — NP (cf. Example 6.10(d)). 
Recall that for a dendrex Q[T] — NP, a lift 


consists of a labelling of the edges of T by elements of A, compatible with the colours 
and operations that the given map Q[7] — NP assigns to the edges and vertices of 
T. Since such a labelling is completely determined by its values on the leaves of T, 
we find that the functor N(P, —) has a left adjoint 


Fp: dSets/NP — Algp 
determined on representables over NP by the formula 


a 
Fp(Q(T’] Č NP) = Freel A(T) 2È ©). 
Here the right-hand side is the free P-algebra generated by the leaves of T, where a 
leaf / is considered as a generator of colour &(/). We will often simply write Fp(T) 
or Fp(€) for this free algebra in what follows, if € or T is clear from the context. 
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We will prove the following proposition for a family of colours of P indexed by a 
set U. Such a family is a map y: U — C between sets or, equivalently, an object 


U-n=| [n> NP 
U 


in the category dSets/NP. 


Proposition 9.67 Suppose P is a Ł-free operad in Sets, so that NP is a normal 
dendroidal set. Let y be a family of colours of P as above. Then the unit map 


U-n > NP, Fe(y)) 


is a leaf anodyne map, so in particular a trivial cofibration in the covariant model 
structure over NP. 


Before embarking on the proof of the proposition, we observe that it easily implies 
the following more general statement: 


Corollary 9.68 Let P be a X-free operad in Sets and let {€,,: Q[T,] —> NP}ucu be 
a family of dendrices of NP indexed by a set U and write €: [yey Q[Ta] — NP 
for the induced map from the coproduct. Then the unit map 


€ > NOP, Fe(é)) 
is a trivial cofibration in the covariant model structure over NP. 


Proof Consider the diagram 


HTa] —> NE, Fe(L] [Tu] > NP)) 


[Q(T] —> NEP, Fe ST] > NP)) 
in which all coproducts are over U. Since Fp commutes with coproducts and 
FQ[T,] > NP) = Fe(é[T.] > NP) 


by definition, the right-hand map in the diagram is an isomorphism. The left-hand 
map is leaf anodyne and hence a trivial cofibration in the covariant model structure 
over NP. So the top map is a covariant weak equivalence over NP if and only if the 
bottom map is. In particular, the corollary follows from the proposition. m 


Proof (of Proposition 9.67) We begin by considering the dendroidal set N (P, Fp(U- 
n — NP)) more closely. A dendrex (£, a) of shape T is an element € € NPr together 
with a labelling of each leaf l of T by an element a; of the free algebra Fp(U - 7) of 
colour /. Such an element a; is given by applying an operation 


pi € P(gul,..., pul), él) 


396 9 Three Model Structures on the Category of Dendroidal Sets 


to generators ul, er ul, € U. So, we can enlarge T by erate an n )-corolla on top 


of the leaf /, labelling its inputs by these generators ul, .++,Uy, € Fp(U - 7) and the 
vertex of the corolla by p;. (This extension is not unique, but £, acts freely on the 
set of extensions of this type because P is assumed &-free.) Doing this for each leaf, 


we see that T is a face of another dendrex 
(x, a): T  N(P, Fe(U - n)), 


where T is obtained from T by grafting corollas onto its leaves and the labelling 4 
of the leaves of T is by generators of Fp(U - 77), i.e., by elements of U. Let us call a 
dendrex of this kind special. 

Since P is assumed to be &-free, the dendroidal sets NP and N(P, Fp(U - ņ)) are 
normal and we can build up N(P, Fp(U - 7)) from U - ņ by successively attaching 
non-degenerate special dendrices, by induction on the size of the dendrex. More 
precisely, consider the filtration 


Ao © Ay © +++ C An G Anyi G +++ C NCP, FCU - 7), 


where A, is generated by all the non-degenerate special dendrices indexed by trees 
with at most n vertices. Then Ag = U- 7. Moreover, since NP is normal, An-1 © An 
fits into a pushout square 


U,¢,a) Q(T] XAn An-1 =} An-1 


J | 


Urge) QIT] — An, 


where the coproduct is over isomorphism classes of trees with exactly n vertices and 
non-degenerate special dendrices (é, a) of N(P, Fp(U-7))r. For such a (é, a), no leaf 
face can be special, while each inner face or potential root face is still special. So 
the intersection Q[T] X4,, An-1 is of the form AY [T] where V is the set of all leaf 
vertices of T. By Lemma 6.21, the map AY [T] > Q[T] is leaf anodyne. Therefore 
An-| — An, as well as Ag —> lim An, are leaf anodyne maps. This completes the 
proof. m 


9.6 The Absolute Covariant Model Structure 


In this section we will discuss some aspects of the ‘absolute’ covariant model 
structure on the category dSets itself, i.e., on dSets/V where V = 1 is the terminal 
object. This serves as preparation and motivation for the next section, in which we 
will consider a further localization of the absolute covariant model structure, called 
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the Picard model structure. The relevance of these two model structures will become 
apparent later, when we prove that the associated homotopy categories are equivalent 
to those of E..-spaces and of infinite loop spaces, respectively. 

As a special case of Theorem 9.59 (or, in fact, already of Theorem 9.9), we see that 
the absolute covariant model structure on dSets has the following characteristics: 


(1) The cofibrations are the normal monomorphisms. 

(2) The fibrant objects are the dendroidal left Kan complexes, i.e., the dendroidal 
sets having the right lifting property with respect to all inclusions A*[T] — 
Q[T] where x is an inner edge or a leaf vertex in the tree T. 


Furthermore, if X is such a fibrant object, then the simplicial set i* X is a Kan complex 
by Corollary 5.51. By Theorem 9.63, a map X — Y between fibrant objects is a 
covariant weak equivalence if and only if i*X — i*Y is a weak homotopy equivalence 
between Kan complexes. 


Example 9.69 Let M be a symmetric monoidal category. Recall that M can naturally 
be viewed as an operad M®: its colours are the objects of M and its operations 
(Cj,..-,€n) — c are the morphisms c1 ®--- ® Cn — c. Taking the nerve, we 
obtain a dendroidal set NM®. This dendroidal is an co-operad; it is even a strict 
inner Kan complex. Moreover, NM® clearly has the right lifting property with 
respect to €[C,,| > Q[C,], as for any objects c1, .. ., Cn the identity is an operation 
(C1,...,€n) > c1 @ +++ Q Cn in M®. (For n = 0, the object c1 ® +-+- ® cy is the 
monoidal unit of M.) For NM® to be covariantly fibrant, the nerve NM = i*NM® 
of the underlying category must in particular be a Kan complex, so M has to be a 
groupoid. We claim that if this is the case, then NM® is indeed covariantly fibrant. 
To check this, consider an extension problem of the kind 


A*[T] +> NM®, 


a 
1 
| oe E 


Q(T] 


where x is a leaf vertex (we already know the extension exists for any inner edge x). 
We have just seen that an extension exists if T is a corolla (so that A*[T] > Q[T] 
is the inclusion of its leaves). We claim that for a larger tree T, there exists a unique 
extension. If T has two vertices, then it consists of the corolla with vertex x grafted 
onto a leaf, say e, of another corolla with vertex y. Write c1, ...,Cn for the inputs 
of x and d}, . . ., dm for the inputs of y, where necessarily d; = e for some i. Then 
f: A*[T] — NM® sends the vertex x toa mapa: f(c1)®---® f(cn) > f(e) and 
the inner face ôT to a map 


B: f(d) @--- ® f(di-1) ® f(c1) ® -8 f(Cn) ® fdis1) 8 +++ @ f(dm) > f(r), 


with r the root edge of T. Since M is a groupoid, both of these maps are isomorphisms 
and there exists a unique isomorphism y: f(d1) ®--- ® f(dm) —> f(r) making the 
following diagram commute: 
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B 


f(d) @ +++ 8 f(di-1) ® f(c1) 8 +++ @ f(n) F(di+1) 8 +++ 8 f(dm) 


ideneid| 


f(d) @ +++ ® f(dm) 


f(r). 


This defines the desired extension of f to all of T. For a larger tree T with more than 
two vertices, its spine Sp[T] is already contained in A*[T]. Since NM® is strict inner 
Kan, there is a unique extension of f|spir] to a map g: Q[T] — NM®. It remains 
to check that g agrees with f on A*[T]. Write e for the outgoing edge of x again. 
For any face ôT other than the inner face ôT, the spine of 0,T is already contained 
in A*[T], so that f and g must agree on 0,7. To argue that f and g agree on the 
spine of 0-T, it remains to check that they agree on the leaf vertex arising as the 
composition of x and the vertex below it, to which it is attached via e. This follows 
exactly as in the case of a tree with two vertices, which we treated above. 


The previous example shows that the dendroidal nerve of a symmetric monoidal 
groupoid is a fibrant object in the covariant model structure on dSets. In fact the 
converse also holds, as we will now show. 


Proposition 9.70 Let X be a covariantly fibrant dendroidal set. Then TX is isomor- 
phic to an operad of the form M® associated to a symmetric monoidal groupoid 


M. 


Applying the proposition to a dendroidal set of the form NP, for an operad P, 
gives the following: 


Corollary 9.71 Let P be an operad in Sets. If NP is covariantly fibrant, then P 
is isomorphic to an operad of the form M® associated to a symmetric monoidal 
groupoid M. 


Remark 9.72 The unary operations of P constitute a category j*P. The proposition 
asserts that this category carries a symmetric monoidal structure for which the 
morphisms cı ®-:: Q Cn — d are in natural bijective correspondence with the 
operations in P(cj,...,Cn;d). It follows from the Yoneda lemma that this tensor 
product is unique up to unique isomorphism. 


Proof (of Proposition 9.70) Suppose X is covariantly fibrant. Then in particular i* X 
is a Kan complex, so t(i*X) is a groupoid. For any sequence of colours cj,..., Cn; 
choose a lift in 


p 
O[Cn] 
This gives another colour d corresponding to the root and an operation ô = 
ci.. cen © (TX)(c1, . - ., Cn; d). Note that any two choices yield isomorphic results 
under c1, ...,Cn. More precisely, if € € (tX)(c1,...,Cn;e) is induced by another 


choice of lift, then we can find a lift in 
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AY[T] > x, 
SA 


IES 


Q(T] 


where T is the tree 


and ô U € is 6 on OyT and € on OgT. Then an extension to T gives a map y: d > e 
in the groupoid t(i*X) with yo 6 = £. Such a g is unique, because if y is another 
map arising in this way, then y and y together define a map on the leaf horn of the 
tree 


which corresponds to ¢y on the root face and to y on the lowest inner face, and 
the degenerate dendrex given by € and the identity on e on the top inner face. An 
extension in particular shows that the diagram 


commutes in T(i*X), sop = y. 
So, let us fix choices for 6 and d and denote these by c1 ® --- ® cy := d and 


6 = Ocy,..4en © (TX C1,» Cn C1 @ +++ @ Cn). 
Then composition with 6 defines for each colour a of t(X) a map 
O°: (TX)(c1 @ +++ @Cn3 a) > (TX)(c1, . -> Cn; a), 


natural in a. This map ð* is a bijection, because we have just seen that any two 
operations 6 € (TX)(c1,...,Cn;d) and € E€ (TX)(c1, ..., Cn; e) differ by a unique 
isomorphism gy: d — e. In particular, any œ € (TX)(c1,...,Cn;a) is uniquely of 
the form 6*y for such a map ọ: c1 ®--: 8 cy, — a. Having established that 6” is 
a natural isomorphism, the functoriality and associativity properties of the chosen 
tensor product follow from those of TX and the Yoneda lemma. m 
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Remark 9.73 The example and proposition above provide an illustration of the 
characterization of the covariant weak equivalences between fibrant objects. Indeed, 
for a map P — Q of operads, it is in general not enough to be an equivalence of 
underlying categories in order for NP — NQ to be an operadic equivalence. But it 
is enough if P and Q arise from symmetric monoidal categories. 


Later, we will refine the relation between fibrant objects in the absolute covariant 
model structure and symmetric monoidal groupoids by showing that in fact any such 
fibrant object gives rise to an E~-space. For now we make a more basic observation, 
namely that for a covariantly fibrant object X the tensor product operation defined 
in the proof of Proposition 9.70 can be upgraded to a map of Kan complexes 


—-@-:0XxiX ox. 
To do this, first consider the restriction map 
hom(Q[C>], X) — hom(€[C], X) = i*X x i*X. 


Since £[C2] — C2 is leaf anodyne and X is covariantly fibrant, this map is a trivial 
fibration between Kan complexes. Hence we may choose a section s: i*X x i*X > 
hom(Q[C2], X). Now precomposing with the root inclusion 7 — Cy in the first 
variable gives a further map 


hom(Q[C)], X) > hom(y, X) = i*X. 
Composing these maps 
i*X xi*X > hom(Q[C)], X) > i*X 


now gives the desired ‘tensor product’. Of course this construction depends on a 
choice, namely that of the section s. However, since any two such sections are 
fibrewise homotopic, the resulting maps will also be homotopic. Also note that 
replacing 2 by n gives a similar construction of an n-fold tensor product 


Bn: (ČX > i*X. 


Using these choices, we can relate the spaces of operations X (x1, . . ., Xn; y) in the 
œ-operad X to mapping spaces in the underlying œ-category i* X as follows: 


Lemma 9.74 Let X be a dendroidal left Kan complex and let xı,..., Xn, y be a 
sequence of colours of X. Then the choice of n-fold tensor product above defines a 
diagram of Kan complexes 


X (xi, -.., Xn; yY) — M > ÖŽX(x1 8-8 Xn; y) 


where both arrows are trivial Kan fibrations. In particular, the Kan complexes 
X(x1,.-., Xn; y) and i*X (x, Q +++ Q Xn; y) are homotopy equivalent. 
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Proof Write £: Q[C,] — X for the n-corolla of X defined by s(x1,...,x,), with s 
as above. Thus £ is a corolla with leaves x1, . . ., Xn and root x; ® -+ Xn. Consider 
the tree T = Cı o Cn, depicted as follows: 


D as 
d v 
ew 


e 


Define the simplicial set M by the following pullback square: 


M —— > hom(Q7], X) 


l l 


{€} x {y} —> hom(Q[C,], X) x hom(7, X). 


Here the right-hand vertical map is the product of the restriction along the inclusion 
of the leaf corolla v: Cn — T and the restriction along the root inclusion {e} —> T. 
We can expand this diagram as follows, where both squares are pullbacks: 


M > hom(Q[T], X) 


| | 


K —> hom(Q[C, ], X) xx hom(Q[C; ], X) 


i l 


{&} x {y} ——— > hom(Q[C,], X) x hom(y, X). 


Here the upper vertical map on the right is the restriction along the spine inclusion 
Q[Cn] Uta} Q[C1] > Q(T] (and hence a trivial fibration, since X is an co-operad) 
and the lower vertical map on the right restricts further along the root inclusion 
{e} — Cı. It follows that M —> K is also a trivial fibration. Moreover, by restricting 
to the root d of C,,, the simplicial set K is clearly isomorphic to the pullback of the 
span 

hom(Q[C; ], X) 


| 


{x1 8- 8 xn} x {y} —— hom(n, X) x hom(7, X). 


By definition this pullback is the simplicial set i*X(x, 8 --- ® xn; y), establishing 
one of the trivial fibrations claimed in the lemma. For the other map, consider the 
leaf horn 

AIT] = Q[Cu] Uac, Ca. 


It is the union of the n-corolla with vertex v and the n-corolla arising as the inner 
face 0gT. Construct a similar diagram of pullbacks 
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> hom(Q[T], X) 


Ļ 


+ hom(®[Cy], X) xqx hom(Q[C, },X) 


{ 


{£} x {y} ———+> hom(Q[C,], X) x hom(7, X), 


4 


where now the upper vertical map on the right restricts along the horn inclusion 
AY[T] > Q[T]. Since that inclusion is a leaf anodyne, the restriction (and hence 
also its pullback M — L) is a trivial fibration. By an argument similar to the one 
above, we identify the pullback L as X(x, . . ., Xn; y). o 


For future use we also observe the following ‘global’ version of Lemma 9.74. 
Indeed, the following implies the conclusion of the previous lemma by taking the 
fibre over a vertex (x1, . . ., Xn, Y) € (Ù X)". 


Lemma 9.75 Let X be a dendroidal left Kan complex. The Kan fibration 
hom(Q[C,,], X) > hom(dQ[C,], X) = (i*X)"*! 


is homotopy equivalent (via a zig-zag of trivial fibrations over (i*X)"*', as before) 
to the fibration gx defined by the following pullback square: 


T,X > hom(A|[1], i*X) 


x (evo,ev1) 


(Exxx Oris Xxix. 


Proof The strategy of proof is very similar to that of Lemma 9.74. Consider the 
same tree T = Cı o Cn as in that proof. The inner face inclusion C, = 0gT —> T 
and spine inclusion Sp[T] — T, which are both covariant trivial cofibrations, induce 
trivial fibrations as in the following diagram: 


hom(Q[C,,],X) €-— hom(Q[T], X) ——» hom(Sp[T], X) 


l 


(i*X)" x i*X. 
Here the vertical map is induced by restriction along the inclusion [],,,) 7 > Q(T] 


of all the external edges of T. Thus it suffices to consider the slanted map on the 
right. This map fits into a further commutative diagram 


hom(Sp[T], X) ———> hom(Q[C;], X) 


| Jo evı) 


(i*X)" Xi*X 4«— hom(Q[C,]U {e}, X) ——> i"X xi*X, 
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where the square is a pullback. Here C, denotes the n-corolla with vertex v in T and 
e is the root edge of T. The lower left horizontal map is a trivial fibration between 
Kan complexes because [C] > Q[C,] is a covariant trivial cofibration. Hence it 
admits a section s (which is a homotopy equivalence) and moreover the composition 
of such an s with the lower right horizontal map precisely defines the map (@,, id). 
This completes the proof. m 


The tensor products on i*X constructed above are unital and associative up to 
homotopy. To be precise, applying our construction of the n-fold tensor product in 
the particular case n = 0 defines a colour 1x of X which serves as a unit. Indeed: 


Lemma 9.76 Let X be a dendroidal left Kan complex, with tensor products on i* X 
defined as above. The map 
ly @-: 7X —>i*X 


is homotopic to the identity of i* X. Moreover, the tensor product is associative up to 
homotopy, in the sense that the two assignments 


(x,y,z) > (x@y)@zZ and (x,y,z) > x @(y @z) 
are homotopic maps from (i*X)° to i*X. 


Remark 9.77 Of course the statement above concerning three-fold tensor products 
admits a generalization to n-fold tensor products and associator maps as in our 
discussion of unbiased tensor products in Section 4.4. The reader is invited to check 
that a version of the argument below provides this generalization. 


AZ 


obtained by grafting a 0-corolla onto one of the leaves of C2. Write / for the unique 
leaf of T and r for its root. By construction, the map 1x ® — is defined by picking a 
section of the trivial fibration 


Proof Let T be the tree 


hom(Q{[T], X) > hom({/}, X) = i*X 
and composing with the map 
hom(Q[T], X) > hom({r}, X) = iX. 
Consider the unique inner face map Cı — T and the resulting commutative diagram 


hom({/}, X) <—— hom(Q[T], X) ——> hom({r}, X) 


| { | 


hom({/}, X) <— hom(Q[C;], X) —— hom({r}, X). 
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The leftward map on the bottom row admits a section, defined by the degeneracy 
map Cı — 7, so that the resulting composite hom({/}, X) — hom({r}, X) is the 
identity, after identifying domain and codomain with i*X. It follows that 1x ® — is 
indeed homotopic to the identity. 

The argument for associativity is entirely analogous; one compares the tree 


and its inner face, which is a 3-corolla, to show that the maps corresponding to 
(x ® y) ® z and the 3-fold tensor product x ® y ® z are homotopic. The conclusion 
then follows by symmetry. m 


9.7 The Picard Model Structure 


In Section 9.6 we considered the absolute covariant model structure on the category 
of dendroidal sets, which is a left Bousfield localization of the operadic model 
structure. Eventually we will show that the corresponding homotopy category is 
equivalent to that of E.o-spaces. Anticipating this result, we will study a further left 
Bousfield localization of the covariant model structure in this section, called the 
Picard model structure. We will see in Section 13.5 that the homotopy category of 
the latter is equivalent to that of grouplike E..-spaces, which in turn is equivalent 
to that of infinite loop spaces or connective spectra. In this section we will restrict 
ourselves to proving some basic properties of the Picard model structure and giving 
some examples of fibrant objects in it, in analogy with the examples of the previous 
section. 

A Picard groupoid is a symmetric monoidal groupoid C in which for every object 
c of C, the functor 

c@-:CoC 


is an equivalence of categories. In other words, every object should be invertible 
with respect to the tensor product. We will often write cY for an inverse to c, i.e., 
an object such that there exists an isomorphism between c ® cY and the monoidal 
unit 1. A typical example (and the reason for the name) of a Picard groupoid is the 
groupoid of line bundles on an algebraic variety or a manifold. 

The relation between Picard groupoids and dendroidal sets lies in the following 
observation, building on Corollary 9.71: 


Proposition 9.78 Let P be a symmetric monoidal category. Then P is a Picard 
groupoid if and only if the nerve NP® of the operad associated to P has the right 
lifting property with respect to any horn inclusion A*[T | — Q[T]; or, in other words, 
if the map NP® — 1 to the terminal dendroidal set is a dendroidal Kan fibration. 
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Remark 9.79 Recall that in the special case where T is a corolla C,,, a horn inclusion 
A* [Cy] 3 Q[C,] is of the form 


1] => Q[Cn], 
e€E(Cn)-{x} 


where the disjoint union is over all but one of the edges of Cn. In the previous section 
we only considered the ‘leaf horn’ of the corolla, which is the inclusion of all leaves 
of Cn. This is of course the horn where one omits the root edge. 


Proof Corollary 9.71 states that P is a symmetric monoidal groupoid if and only if 
NP® is covariantly fibrant. So it suffices to prove that every object of P is invertible 
with respect to the tensor product if and only if NP® additionally has the right lifting 
property with respect to the following two types of inclusions: 


(i) The inclusion 


LI n > Q[Cn] 


i+n 
of all edges in a corolla C,, except for one of its leaves, which we may as well 
assume to be the one labelled n: 


va 


(ii) The inclusion A’[T] — Q[T] of the root horn into a tree T for which the root 
face exists (i.e., there is exactly one inner edge attached to its root vertex). 


If P is a Picard groupoid, then the right lifting property with respect to (i) is satisfied, 
because given objects co,...,Cn—1 in P, an extension to Q[C,] — NP® of the 
required kind consists of an object c, and a map c1 ® +-+: ® cy — co. Taking 


Cn=c 18 @c} @eo 


will clearly make this possible. 
For the right lifting property with respect to (ii), first consider the case that T has 
only one inner edge; for example, T is 


Then a map A’[T] — NP® is given by maps f : a®@d@e — rand g: b®c®d®e >r 
(where we have already labelled edges of T according to their images in P), and we 
need to find a map h: b 8 c — a such that 
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Such a map indeed exists, because f-'g: b@c @d®e > ag do eis of the form 
h@d®e for a unique h, using that all the objects involved are invertible with respect 
to the tensor product. If T is a larger tree, then A” [T] contains the spine of T and one 
easily finds an extension to T in the same way as in Example 9.69. 

Conversely, suppose P is a symmetric monoidal groupoid having the lifting 
properties corresponding to (i) and (ii). Write A?[C] for the horn of C2 consisting 
of the root edge and the leaf edge 1. Define a map f: A?[C2] —> NP® by sending 
the root to the unit 1 and the one leaf edge to c. Then an extension of f to all of 
C will send the other leaf edge to an object cY with the property that there is an 
isomorphism c ® cY = 1, showing that P is Picard. m 


Remark 9.80 The reader will observe that in the last part of the proof, we have only 
used a fraction of the conditions corresponding to the inclusions of types (i) and (ii). 
This is indicative of a more general fact, which we will express in Proposition 9.84 
below. 


Our purpose in this section is to describe the left Bousfield localization of the 
(absolute) covariant model structure of the previous section for which the fibrant 
objects are precisely the dendroidal Kan complexes, i.e., the dendroidal sets having 
the right lifting property with respect to all horn inclusions A*[T] — Q[T]. Thus, 
by Proposition 9.78, the nerves of Picard groupoids will be particular examples of 
fibrant objects of this model structure. 

We will establish the existence of this model structure in the same way as for 
the covariant model structure, but using a larger class of anodynes. Write Po for the 
class of anodyne maps of dendroidal sets, i.e., the saturation of the set of all horn 
inclusions of trees. We write P for the smallest class containing Po, closed under 
pushouts and composition, and satisfying the right cancellation property among 
normal monomorphisms: if u: A — B, v: B — C are normal monomorphisms 
such that u and vu are in P, then v is in P. We call the elements of P Picard anodyne 
maps. The following lemma expresses that ẸP is an admissible class: 


Lemma 9.81 For any n > 0 and any morphism A —> B in F, the pushout-product 
map 
dA[n] 8 BUA[n] 8 A > Ajn] 8 B 


is Picard anodyne. 


Remark 9.82 An explicit construction of the class P from Po is as follows. Define a 
class P{ containing Po by declaring a normal monomorphism v to be in P} if v € Po 
or if there exists a u € Po such that vu exists and is in Po. Then define P, to be the 
closure of P| under composition and pushouts. In the same way, construct a class 
Pa from P;, etc. Then 

i” 


n20 


is closed under composition and pushouts and satisfies the right cancellation property. 
Moreover, it is the smallest such class containing Po. 
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Lemma 9.81 is very similar to our results about pushout-products of various kinds 
of anodynes in Section 6.3. Indeed, the cases where A — B is an inner horn, leaf 
horn, or root horn corresponding to a unary root vertex are covered by Lemma 6.24 
and Corollary 6.30. What remains is to analyze the case of root horns of trees whose 
root vertex is not unary, as well as the behaviour of the right cancellation property 
under pushout-products. We postpone the somewhat laborious proof of Lemma 9.81 
to the end of this section and first consider its consequences. 

Inspired by Proposition 9.78 we will also refer to dendroidal Kan complexes as 
Picard o0-groupoids. Any Picard oo-category X is in particular an oo-operad, of 
course. Also, its underlying co-category i*X is a Kan complex, justifying the use of 
the term Picard co-groupoid. The methods of Section 9.1, in particular Theorem 9.9, 
now give most of the following: 


Theorem 9.83 There exists a left proper, cofibrantly generated model structure on 
the category dSets with the following properties: 


(a) The cofibrations are the normal monomorphisms. 

(b) The fibrant objects are the Picard c0-groupoids. 

(c) The fibrations between Picard o0-groupoids are the dendroidal Kan fibrations. 

(d) A map X — Y between Picard o0-groupoids is a weak equivalence if and only if 
the map of Kan complexes i* X — i*Y is a weak homotopy equivalence. 


We will refer to the model structure of the theorem as the Picard model structure 
and to its weak equivalences as the Picard equivalences. Given Lemma 9.81 above, 
the model structure of the theorem is constructed as for Theorem 9.59, now using 
for A an admissible set of Picard anodyne maps containing the horn inclusions 
of trees; for example, the set of Picard anodyne maps between finite dendroidal 
sets. Part (a) of the theorem is then satisfied. It is clear that the Picard model 
structure is a left Bousfield localization of the absolute covariant model structure 
on dendroidal sets. Therefore item (d) of Theorem 9.83 follows from Theorem 9.63 
(characterizing covariant weak equivalences between fibrant objects) and Lemma 
8.49 (weak equivalences between local objects do not change in a localization). We 
will prove part (b) as Corollary 9.87 below and (c) in Lemma 9.88. 

First, let us observe the following analogue of Proposition 6.41, giving several 
equivalent characterizations of the class of Picard anodyne morphisms: 


Proposition 9.84 Let € be a saturated class of normal monomorphisms between 
dendroidal sets which is closed under two-out-of-three amongst normal monomor- 
phisms. The following three classes of maps are Picard anodyne. If € contains any 
one of these three, then © contains all Picard anodyne morphisms: 


(1) For each tree T with at least one vertex, the inclusion 


| [n > 2171 


where the coproduct is over all but one of the outer edges (leaves and root) of T. 
(This includes the morphism Ø —> Q{[Co].) 
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(2) The spine inclusion Sp[T| — Q[T] of any tree, as well as the inclusions of type 
(1) in the case where T is a corolla. 

(3) The spine inclusion Sp[T] — Q[T] of any tree, the leaf inclusions [Cn] > Q[Ch] 
of any corolla, as well as the inclusion 


nOn > QC] 


of one of the leaves and the root of the 2-corolla. 
As part of the proof, let us first show the following: 


Lemma 9.85 The morphisms listed in (1){3) of Proposition 9.84 are all Picard 
anodyne. 


Proof For (2) and (3) this is clear from the definitions and the fact that spine 
inclusions are inner anodyne (Lemma 6.37). The morphisms of (1) are leaf anodyne 
in case the missing edge is the root of T, by Proposition 6.41. If the missing outer 
edge is a leaf Z, we reason by induction on the size of T. If T is a corolla, we are back 
in case (2). For a larger tree, write T as a grafting T’ oe Cy, where v is a leaf vertex 
of T with outgoing edge e, and C,, denotes the corolla with vertex v. Then 


Q(T] Ve Q[Cy] > Q(T] 


is inner anodyne by Lemma 6.37. Write Out(T) for the disjoint union of external 
edges of T (though of as a subobject of Q[T]) and similarly for T’. We consider two 
cases: 


(a) The missing leaf / is a leaf of Cy. 
(b) The missing leaf / is not a leaf of C,. 


In case (a), consider the maps 


Out(T) - {1} Ê QIT] U (Out(r) - {1}) & Q[T’]UQ[C,] > IT]. 


The last one is inner anodyne, so it suffices to show that f and g are Picard anodyne. 
This follows from the pushout squares 


Out(T’) — {e} ———> Out(T) - {1} 


: p 


Q[T'] ——-+ Q[T'] V (Out(T) - {1}, 


Out(C,) - {2} —> Q[T'] Y (Out(7) - {7}) 


l p 


QAG] ———+ QT] Yv [C] 


and the inductive hypothesis on T’. In case (b), we consider the maps 
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Out(T) - {1} É (Out(7) - {1} U Q[C,] & Q[T’] U Q[C,] > Q[T]. 


Again it suffices to check that f and g are Picard anodyne. This can be seen from 
the observation that 


(Out(T) — {1}) U Q[C,] = (Out(T’) - {1} U QIC] 
and the pushout squares 


Out(C,) — {e} —— s Out(T)- {1} 


l Vi 


QC, | ———+ (Out(T) - {1} Y Q[C,], 


Out(T’) — {1} —> (Out(T’) - {7}) U Q[Cy] 


l l 


QT] ———_> Q[T’] v Ac]. 


This completes the proof. m 


Proof (of Proposition 9.84) It remains to prove that any class € as in the statement 
of the proposition contains all Picard anodyne maps. Proposition 6.41 implies that 
€ contains all leaf anodynes. So it suffices to prove the following statements, for 
€ a saturated class of normal monomorphisms between dendroidal sets which is 
closed under two-out-of-three amongst normal monomorphisms and contains the 
leaf anodynes: 


(a) If € contains the inclusions of type (1) for the 2-corolla, then € contains those 
inclusions for any corolla C,,. 

(b) If € contains those inclusions for all corollas C,,, then it contains the inclusions 
Un > Q[T] as in (1). 

(c) If © contains all the inclusions of (1), then it contains the root horn A’[T] > 
Q[T | for each tree T which admits a root face. 


For (a), denote the leaf edges of the n-corolla by 1,..., and its root by 0. It suffices 
to consider the inclusions 
| | 7> Q10] 
O<i<n 
of all the edges except the nth leaf. (The case where the root edge is missing is of 
course leaf anodyne.) For n = 1 this is the root inclusion of the 1-corolla. To see that 
it is contained in C, consider the maps 


m > QC] > J. 
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The composition, as well as the second map, are leaf anodyne as a consequence of 
Lemma 5.22. By the two-out-of-three property, the first map is also in €. We now 
consider the case n > 2, working by induction on n. The case n = 2 is contained in 
C by assumption. Suppose we have already dealt with the corollas Cx for2 < k <n. 
Consider the inclusion Out(C,) — {n} — QI[C,]. Let T be the tree obtained by 
grafting an (n — 1)-corolla C, on top of a 2-corolla C,,, with edges labelled as in the 


following picture: 
lvctyn-1 
y 
7 
o” 


Then Q[C,,] = Q[3eT] — Q[T] belongs to C, because both horizontal inclusions in 


are leaf anodyne. Consider the maps 
Out(T) — {n} —> (Out(T) - {n}) U Q[C,] > Sp[T] > Q[T]. 


The first one is a pushout of the leaf anodyne €[C,] —> Q[C,] and therefore in €. 
The second is a pushout of 79 H ne — Q[C,,] and hence in € by assumption. The 
last map is inner anodyne, so we conclude that the composition of all three maps is 
in C. But that map is also the composition of the maps 


| | n> 21c1 > a7) 


O<i<n 


and we already observed that the second map is in C. Hence the first is in € as well, 
establishing (a). 

For (b), consider a general tree T and an inclusion Hn — Q[T] of all but one of 
its outer edges. If the missing edge is the root, then the inclusion is leaf anodyne and 
thus contained in C. If it is a leaf of T, number the leaves of T by 1, ..., such that 
n is the missing leaf and consider the inclusions 


Out(T) - {n} > Q[C,] > Q[T], 


where the second map is the unique map preserving the root and sending leaves of 
Cn to leaves of T; it is the ‘maximal inner face’ of T obtained by contracting all inner 
edges. The first map is in € by (a), so by the two-out-of-three property it suffices to 
show that the second map is in € as well. This follows from the diagram 
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and the two-out-of-three property, noting that the horizontal maps are leaf anodyne 
and therefore in C. 

Finally we prove (c). Note that the final part of the argument for (b) actually 
proves the following, to be used below: if f: S — T is any map of trees which gives 
a bijection between Out(S) and Out(7), then f is in C. This follows from the diagram 


€[S] —> Q[S] 


tT] — QIT] 


in which the horizontal arrows are leaf anodyne. Now consider a general tree T, 
larger than a corolla, for which the root face exists. Let V be a collection of external 
vertices containing the root vertex. We will show by downward induction on V that 
AY [T] — Q[T] belongs to C. In the minimal case where V consists of only the 
root vertex, this yields the desired result. Observe that if V is the set of all external 
vertices, then AY [T] is the union of all inner faces of T. Let e1,..., €n be all the 
inner edges of T. The face map 0.,T — Q[T] is a bijection on external edges and 
therefore in C. Note that there are pushout squares 


k1 Ojas ðe, T] ——> [4-,T] 


4 { 


Ei AT] ——> UR, Qð., T]. 


Working by induction on the number of inner faces and the size of T, we may assume 
that the top horizontal map is in C. Hence the bottom map is in € as well. Composing 
these maps for k = 2,...,n it follows that the first of the maps 


Q[ð T] > AY [T] > Q[T] 


is in C, and we already noted that the composition is in €. Hence the remaining map 
AY [T] > Q[T] is in € as well. This completes the base case where V consists of all 
external vertices. For the inductive step on V, assume that V = W U {v} for some 
external vertex v. Consider the pushout square 


AW [8,7] — Q(T] 


l l 


AY[T] — AT]. 
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If T is so small that 0,T is a corolla, then T has only two vertices and is obtained by 
grafting the corolla C, onto the root corolla C, along an inner edge e. Then ôT = C, 
and the square above should be read as 


Out(C,) — {e} —> Q[C,] 


; 


AY[T] — A‘[T]. 


The top arrow in this second square is in € by assumption and working by induction 
on the size of T, we may assume that the top arrow in the first squares is in € as well. 
Hence the bottom arrows in both squares are as well, completing the proof. m 


We are now ready to establish the promised characterization of the fibrant objects 
of the Picard model structure. Note that a dendroidal set X which is fibrant is at least 
a dendroidal Kan complex, since horn inclusions of trees are Picard anodyne (and 
hence Picard trivial cofibrations). Proposition 9.70 implies that t(i* X) is canonically 
a symmetric monoidal groupoid. The main step towards this characterization is the 
following property of this symmetric monoidal groupoid: 


Proposition 9.86 A dendroidal set X is fibrant for the Picard model structure if 
and only if it is a dendroidal left Kan complex for which the symmetric monoidal 
groupoid t(i*X) is a Picard groupoid, i.e., if every object is invertible with respect 
to the tensor product. 


Proof Recall that the fibrant objects of the A-model structure are precisely the A- 
local objects. In the case at hand, this means that a dendroidal set X is fibrant if and 
only if for every Picard anodyne morphism f: A — B, the map 


hom(B, X) — hom(A, X) 


is a trivial fibration of simplicial sets. 

First assume that X is fibrant in the Picard model structure. Then X is in particular 
fibrant in the absolute covariant model structure and therefore a dendroidal left Kan 
complex. Using that X has the extension property with respect to the inclusion 
n O n —> Q[C,] of one leaf and the root of C3, it is straightforward to see that any 
object x of the symmetric monoidal groupoid t(i* X) has an inverse with respect to 
the tensor product. Indeed, one picks a lift in the diagram 


x, 1x 


nln ~ X, 


La 


Q[C2] 


where the top horizontal map sends one leaf of C2 to x and the root to 1x. Evaluating 
the lift on the other leaf of C2 gives the desired inverse x’. 
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For the converse, assume X is a dendroidal left Kan complex for which t(i*X) is 
a Picard groupoid. Write C for the collection of normal monomorphisms f: A — B 
for which the map above is a trivial fibration. It is saturated and closed under two- 
out-of-three. Moreover, it contains all leaf anodyne morphisms by the assumption 
that X is a dendroidal left Kan complex and hence fibrant in the absolute covariant 
model structure. By Proposition 9.84 it suffices to show that € contains the inclusion 
n Un —> Q[C,] of one of the two leaves and the root of the 2-corolla. Thus, we 
should check that the Kan fibration 


hom(Q[C)], X) — hom(7 U n, X) = i*X x i*X 


is in fact a trivial fibration. We will do this by checking that the fibre of this map over 
any vertex (x1, y) of i*X xi* X is contractible. By Lemma 9.75, this fibre is homotopy 
equivalent to the simplicial set Y defined by the following pullback square: 


Y —— > PX 


| [oo 


{x} x X —— X 


Here P,i*X denotes the fibre of evı : hom(A[1], i*X) — i*X over the vertex y. We 
claim that the bottom horizontal map is a homotopy equivalence. It follows that the 
top map is a homotopy equivalence as well; since Pyi*X is contractible, this proves 
the lemma. 

To establish our claim, recall that r(i*X) is a Picard groupoid, so there exists a 
vertex xy such that x; & xy and xi ® xı are equivalent to the unit ly. But since 
the tensor product on i*X is unital and associative up to homotopy (Lemma 9.76), 
it follows that x; ® — has a left and right homotopy inverse, hence is a homotopy 
equivalence. m 


Corollary 9.87 A dendroidal set X is fibrant for the Picard model structure if and 
only if it is a Picard œ-groupoid, i.e., has the extension property with respect to all 
horn inclusions of trees. 


Proof If X is fibrant then it has the extension property with respect to all horn 
inclusions, because those inclusions are Picard anodyne. Conversely, in the proof of 
Proposition 9.86 we already saw that for any dendroidal left Kan complex X which 
has the extension property with respect to the inclusion 7 H 7 — C2 of a leaf and the 
root, the groupoid 7(i*X) is Picard. In particular this holds true if X is a dendroidal 
Kan complex. But then Proposition 9.86 implies that X is fibrant. m 


We can now also characterize the fibrations between fibrant objects: 


Lemma 9.88 A map f: X — Y between Picard œ-groupoids is a fibration in the 
Picard model structure if and only if it is a dendroidal Kan fibration, i.e., has the 
right lifting property with respect to all horn inclusions. 
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Proof We willuse the fact that the Picard model structure is a left Bousfield localiza- 
tion of the absolute covariant model structure. By Lemma 8.50 (fibrations between 
fibrants do not change under localization), the map f is a Picard fibration if and 
only if it is a fibration in the covariant model structure. By Theorem 9.59(c), we 
see that this is the case if and only if f is a left fibration. Thus in particular, every 
dendroidal Kan fibration between Picard oo-groupoids is a Picard fibration. For the 
converse, suppose that f is a left fibration between Picard co-groupoids. We will 
argue that f also has the right lifting property with respect to any root horn inclusion 
A’[T] > Q[T]. In other words, we will show that the map of simplicial sets 


hom(Q[T], X) — hom(^' [T], X) Shomar [r], y) hom(Q[T], Y) 


is surjective on vertices. In fact, we can even argue that this map is a trivial fibration. 
Indeed, it is a Kan fibration by Proposition 9.66. To see that it is a weak homotopy 
equivalence, consider the diagram 


hom(Q[T], X) 


hom(A’[T], X) Xnomar pry) hom(Q[T], Y) ——> hom(Q[T], Y) 


hom(A’ [T], X) —————————_> hom(A’[T], Y). 


The left slanted and right vertical maps are trivial fibrations because X and Y are 
assumed to be fibrant objects. The left vertical map, being a pullback of a trivial 
fibration, is then also a trivial fibration. The map into the upper left corner of the 
square is then a weak equivalence by two-out-of-three. m 


To conclude this section we prove Lemma 9.81. We first observe the following 
general fact about pushout-products: 


Lemma 9.89 Let € be a class of maps which is closed under pushout and composition 
and satisfies the right cancellation property. For a fixed map i: A — B, consider 
the class P of maps j: C — D such that the pushout-product 


B@eCUA®D—BeD 


is contained in C. Then B is also closed under pushout and composition and satisfies 
the right cancellation property. 


Proof The case of pushouts and composition was already covered in Lemma 4.23. 
For the right cancellation property, consider j: C — D and k: D —> E such that j 
and kj are in B. Consider the diagram 


A & D Uaec B 8 C — B89 D 


l l 


A 8 E Usec B8 C —> ABE Usep B® D —> BBE. 
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The square is a pushout. The top horizontal map is in € by assumption, so that the 
bottom horizontal map in the square is in € as well. The composite of the lower two 
horizontal maps is in € by assumption. Since C has the right cancellation property, 
the remaining horizontal map is in C. Hence k is in B. Oo 


Recall that Po denotes the class of anodyne maps of dendroidal sets and P 
denotes the smallest class containing Po that is moreover closed under pushouts and 
composition and satisfies the right cancellation property. We explained in Remark 
9.82 how to construct P from Po explicitly by defining intermediate classes P,, for 
n > 0. Now suppose that the pushout-product of any element of Po with a normal 
monomorphism is contained in P. Then Lemma 9.89 implies that the same is true for 
elements of Pı and, by induction, for elements of any ?,,. Hence, to prove Lemma 
9.81, it suffices to treat the generators of Po, i.e., the case where A — B is a horn 
inclusion of a tree. As already remarked immediately after the statement of the 
lemma, the only case we still have to cover is that of a root horn of a tree T whose 
root vertex is not unary. We split the statement into two parts: 


Lemma 9.90 Let T be a non-unary corolla and let | be a leaf of T. Then for any 
n > 0, the map 


OA[n] ® Q(T] U A[n] 8 (OT - {1}) > A[n] 8 Q[T] 
is Picard anodyne. 


Lemma 9.91 LetT be a tree with at least two vertices, such that T admits a non-unary 
root face. Then for any n = 0, the map 


OA[n] ® Q(T] U Afa] 8 A’[T] > Afan] 8 Q(T] 
is Picard anodyne. 


Remark 9.92 Note that the lemmas above do not state that these pushout-product 
maps are root anodyne. In that sense, these lemmas are qualitatively different from our 
previous results (namely Lemma 6.24 and Corollary 6.30) about pushout-products 
of other inner, leaf, and unary root anodynes. 


In the proofs of these lemmas it will be convenient to use the following: 


Lemma 9.93 Let T be a tree and let V C Q(T] be a union of subtrees S of T such 
that for each subtree S occurring in the union, £[S] < €[T]. In words, each leaf of S 
should also be a leaf of T. Then the inclusion V U €[T] € Q[T] is in P. 


Proof Since P satisfies the right cancellation property and €[T] — Q[T] is in ?, it 
suffices to show that [T] — VU€[T] is in P. We work by induction on the number of 
subtrees S constituting V. If there is only one, then ¢[7] — Q[S] U £[T] is a pushout 
of €[S] — Q[S] and hence leaf anodyne. For a larger number of trees Sj,..., Sn, 
consider the pushout square 
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(Sn A (S1 U +++ U Sn-1)) U €[Sn] ——> S1 U- U Sa-i VET] 


l l 


Sn ST. 


(As usual we have abbreviated Q(T] by T and similarly for the S;.) Then it suffices 
to show that the left vertical map is in P. That map is of the same form but for fewer 
subtrees, with S,, playing the role of T. This establishes the inductive step. m 


Proof (of Lemma 9.90) For n = 0 there is nothing to prove, so assume n > 0. The 
map of the lemma is a normal monomorphism by Proposition 4.21 and we will 
accordingly regard 


Ao := GA[n] OT U An] @ (AT — {1}) 


as a subobject of A[n] ® T. Throughout this proof we write v for the unique vertex of 
T. The shuffles of the tensor product A[n] ® T are linearly ordered, where the initial 
shuffle Ro is obtained by grafting T on top of the linear tree [n] and the final shuffle 
R, has copies of [n] grafted onto the leaves of T: 


lo ao 

“a bj a Na 
e e 
ro] L | a1 
Ro: : Ra: 

Tn-1 In ain 
e 
Tn| Tn| 


We have only explicitly drawn one leaf of T other than / and called it a, but of 
course there could be many. The ith shuffle R; is characterized by the fact that 7 is 
the smallest number for which the edge (i,r) = r; occurs in R;. Alternatively, it is 
the unique shuffle containing the vertex (i, v) = v;. Setting 


Aj := Ag U Ro U ++- U Ri-1 


gives a filtration 
Ao © Ay C- © Any = A[n] ST 


and it will suffice to show that each inclusion A; C A;+1, adjoining a shuffle R;, is 
Picard anodyne. We treat the cases i = 0, 0 <i < n, andi = n separately. 

First, for i = 0, all faces of Ro are contained in Ag with the exception of the 
inner face contracting ro. Thus Ag — A, is a pushout of the inner horn inclusion 
A™[Ro] — Ro and therefore inner (in particular Picard) anodyne. 

For 0 < i < n, we define a further filtration 
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A=: AS CAL CAP C, (J Al = Ain, 
J 


by adjoining the prunings P of R; one by one, in an order that extends the partial 
ordering of inclusion of prunings. Consider a step Al (e Al i adjoining some pruning 
P. If P does not contain the vertex v;, then it is only some linear part of R; containing 
the root r, and is contained in Ag, leaving nothing to prove. If P does contain v;, 
write J(P) for the set of all inner edges of P except for the outgoing edge r; of the 
vertex vj. (Compared to our earlier proofs of this kind, the edge r; will play the role 
of the ‘special edge’.) For a subset H C J(P) we write P” for the tree obtained 
from P by contracting all edges in J(P) — H. Pick a linear order on the collection of 
subsets of J(P) extending the partial order of inclusion and adjoin the trees PF to 
Al in this order to obtain a further filtration 


i 


AACA CA Goo VA sA URA, 
k 


We claim that each inclusion Ark ie a is inner anodyne. Indeed, say this 


inclusion is given by adjoining some tree P”. If P is already contained in Ale 
then there is nothing to prove. If it does not, we observe the following: 


(1) Any leaf face of P” is contained in a smaller pruning and therefore in Al ; 

(2) The root face of P” is contained in 0, A[n] ® T, so in particular in Ao. 

(3) Any face of P? contracting an inner edge e other than r; is contained in P” i 
with H’ = H — {e} and therefore in ae by our induction on the size of H. 


(4) The inner face of P” contracting the inner edge r; cannot be contained in ADK, 
cf. (a)-(c) below. 


It follows that ae E ADENI is a pushout of the inner horn inclusion A”: [P#] — P# 
and hence inner anodyne as desired. It remains to verify the following: 


(a) The inner face 0,,P" still contains a non-unary vertex and is therefore clearly 
not contained in A[n] ® (OT — {1}). 

(b) The face 0,,P is not contained in 0A[n] ® T. Indeed if it were, then it would 
be contained in 0;A[n] ® T, meaning that r; is the only occurrence of i in P”. 
In particular, all edges of the form l; and a; above v; in P must have been inner 
and must already have been contracted to form P”. But then P” factors through 
the earlier shuffle R;-1, contradicting our assumption that P# is not contained 
in ALS: 

(c) It follows from (a) and (b) that ð, P” is not contained in Ag. Also, it cannot 
be contained in an earlier shuffle (only in later ones, where v is shuffled down 
further), not in an earlier pruning, nor in some previous P. We conclude that 
indeed ô,, P” cannot be contained in ar, 
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We now proceed to the remaining case i = n, adjoining the shuffle R,. It is 
here that the right cancellation property of P will play an important role. The map 
An © An U Ry = Anı is a pushout of the inclusion A, ON Rn — Ry, and hence 
it suffices to show that the latter map is Picard anodyne. First observe that the 
intersection A, N Rp is a union E U L of the following two subobjects: 


(1) L is the union of the leaf branches A[n] ® {a}, for a ranging over the leaves of 
T other than /. Of course L is already contained in Ag. 

(2) E is a union E = Uo<i<n Ei, where E; is the inner face of R, obtained by 
contracting all edges of the form l; and a; (if i > 0, so that these are inner) or 
the outer face chopping off the leaves of the form lo and ao (for i = 0). Note that 
E; C Apo for i < n, whereas the inner face E, is contained in the previous shuffle 
Ry-1- Oo 


We will work by induction on the dimension n of the simplex A[n]. For n = 0 the 
map under consideration is 
Eo UL > Ro. 


This is just a horn inclusion of the corolla associated with the leaf / and hence Picard 
anodyne by definition. Indeed, Eo is the root edge of the corolla T, whereas L is the 
union of all leaf edges other than /. 

For n > 0 we consider the diagram 


Eg O (E1 U -+ -U En UL) —> E, U---UE,UL 


Eo -C Rn 


The slanted map is Picard anodyne by Lemma 9.93. Applying the right cancellation 
property to the triangle in the diagram, we see that it suffices to show that the right- 
hand vertical map is Picard anodyne. In turn, this map is a pushout of the left vertical 
map. Thus it suffices to show that the latter is Picard anodyne. But this map is exactly 
of the general form E U L —> R again, but now for smaller n; indeed, the outer face 
Eo is the last shuffle of the tensor product d9A[n] & T. This establishes the inductive 
step and completes the proof. 


Proof (of Lemma 9.91) The strategy is very similar to the proof of Lemma 9.90 
above. Write e for the unique inner edge attached to the root vertex v of T and list the 
other incoming edges of v (which are necessarily leaf edges) as a1, ..., ag. Again 
we regard 

Ao := 0A[n] 9T U A[n] @ A’[T] 


as a subobject of A[n] & T, and consider a linear order on the shuffles of the tensor 
product A[n] & T compatible with the partial order starting with the shuffle Ro 
obtained by grafting T on top of the linear tree [n] and ending with the shuffle Ry 
having copies of [n] grafted onto the leaves of T. Adjoining the R; one by one gives 
a filtration 
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Ag € Ay C- C Ay = A[n] OT 


with 
Ai := Ag U Ro U ++- U Rii. 


We will show that each inclusion A; € A;+1 is Picard anodyne. 

We will distinguish two cases: one where the shuffle R; being adjoined does not 
have the root vertex v of T occurring at the bottom and one where it does. In the 
first case, the inclusion A; C A;+ı adjoining R; is inner anodyne. The argument is 
essentially the same as before and we summarize it briefly. One refines the inclusion 
A; © Ai+1 by adjoining prunings P of R; one by one and then filtering further by 
adjoining inner faces P” of such prunings, contracting inner edges of P other than 
the ‘special edge’ r;. Then each step of the filtration is either an identity or a pushout 
of the inner horn inclusion 

A" [P] > P” 


by exactly the same argument as in our previous proof. 

For the case where the root vertex v of T occurs at the root of the shuffle R;, the 
argument will also be similar to that of our previous proof. As before it suffices to 
show that the inclusion A; N R; — R; is Picard anodyne. The intersection A; N Ri 
may now be described as a union E U L of the following subobjects: 


(1) L is the union of the leaf branches A[n] 8 {a;}, for 1 < j < k. All of these are 
already contained in Ao. 

(2) E is a union Ep U E’, where E’ is the union of inner faces obtained as the 
intersection of R; with all the previous shuffles already adjoined. The face Ep is 
the pruning of R; obtained by removing all edges of which the first coordinate 
is O. In particular, it is a shuffle of d9A[n] 8 T. 


Again, we work by induction on the dimension n of the simplex A[n]. For n = 0 the 
map under consideration is isomorphic to A”[T] — T and hence Picard anodyne by 
definition. For n > 0 we consider the diagram 


Eon (E'U L) — E'UL 


l | 


Ey ———— Eo U E'U L —> Rn 


The slanted map is Picard anodyne by Lemma 9.93. As before it suffices to show that 
the left-hand vertical map is in P. Again it is of the same general form as the map 
A; N Ri — R;, but now for the smaller tensor product d9A[n] & T. This establishes 
the induction. m 
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Historical Notes 


What we call the operadic model structure on dendroidal sets originates in [40], as 
does the its version for uncoloured dendroidal sets. The covariant model structure 
for dendroidal sets was first studied in [77]. The Picard model structure first appears 
in work of Basi¢—Nikolaus [13], who called it the “stable model structure’ because 
of its relation to infinite loop spaces. (We have chosen a different term, not only 
because of the relation to Picard categories, but also to avoid possible confusion 
with the notion of a stable model category.) 

Our presentation here is different from all of these sources. We have tried to give 
uniform proofs of the existence of these various model structures by introducing 
the A-model structure. As the reader will have noticed, the existence of ‘countable 
approximations’ of a trivial cofibration (Lemma 9.22) proved by means of the ladder 
argument plays a central role in establishing the model structures. 
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Part III 
The Homotopy Theory of Simplicial and 
Dendroidal Spaces 


A 
Chapter 10 ‘aa 
Reedy Categories and Diagrams of Spaces 


In later chapters we will develop the homotopy theory of simplicial and dendroidal 
spaces, i.e., diagrams of simplicial sets indexed on the categories A°P and Q°?. There 
is a standard way of equipping such diagram categories with a model structure other 
than the projective one, but with the same weak equivalences, called the Reedy model 
structure. This structure has the advantage that both the fibrations and cofibrations 
are easy to control. In this short chapter we will introduce the theory of Reedy 
categories and the Reedy model structure, as well as its basic features. Moreover, 
this model structure will be a very useful tool for studying (co)simplicial objects 
in general model categories. It provides a flexible framework for various notions of 
‘geometric realization’ for such objects, as well as a general theory of ‘resolutions’ of 
objects of an arbitrary model category, which will be important in the next chapter. 

We illustrate the usefulness of cosimplicial objects in model categories by giving 
a general construction (due to Bousfield—Kan) of homotopy colimits in Section 10.5. 
The concluding Section 10.6 is a discussion of Quillen’s Theorems A and B; these 
are fundamental tools in the study of categories from the point of view of simplicial 
homotopy theory and their proofs serve as a demonstration of the use of bisimplicial 
sets and homotopy colimits. 


10.1 Reedy Categories 


Recall from Example 7.46 that if € is a cofibrantly generated model category and C is 
a small category, then the category €© of C-indexed diagrams in € carries a projective 
model structure. The fibrations are easily described as those natural transformations 
of diagrams which give a fibration in € after evaluation at any object in C (and the 
weak equivalences are described similarly). The cofibrations, by contrast, are less 
explicit: they are defined simply by having the left lifting property with respect to 
trivial fibrations. As a consequence, the projective model structure has relatively few 
cofibrations, which can be inconvenient. In this section we will introduce a class of 
indexing categories, the so-called Reedy categories, for which model structures on 
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the functor category €C exist in which the fibrations and cofibrations play a more 
symmetric role. In particular, these model structures will have more cofibrations 
than the projective model structure. The weak equivalences will remain the same. 


Definition 10.1 A Reedy category is a category R equipped with the following 
structure: 


e a function d: ob(R) — N, called the degree function, 
e two subcategories R* and R7, called the subcategories of positive and of negative 
morphisms, respectively. 


These data should satisfy the following axioms: 


(a) Every morphism f: r — s can be factored as f = p on, where p is positive and 
n is negative, and this factorization is unique up to isomorphism. 

(b) If f: r > s belongs to R* then d(r) < d(s). This inequality is strict unless f 
is an isomorphism. Similarly, if f: r — s belongs to R” then d(r) > d(s) and 
moreover d(r) > d(s) unless f is an isomorphism. 

(c) Conversely, any isomorphism is both positive and negative. 

(d) If f: r — s belongs to R* and 0 is an automorphism of r, then f9 = f 
implies that 6 = id. Dually, if f: r — s belongs to R` and Of = f for some 
automorphism @ of s, then @ = id. (Informally, ‘isomorphisms regard positive 
morphisms as monos and negative morphisms as epis’.) 


Remark 10.2 (1) We will often denote the degree function as 
d(r) = |r| 


- + 
and write r — s or r — s to denote a morphism that is negative or positive, 
respectively. 

(2) The uniqueness condition (a) means that in a solid commutative diagram 


Syr 
a l 
7 p 
L 
“+ 
— >t 


there exists an isomorphism as indicated by the dashed arrow, making both triangles 
commute. This isomorphism is unique by condition (d). 

(3) If R is a Reedy category, then the opposite category R°? also acquires the 
structure of a Reedy category by interchanging the roles of the positive and negative 
morphisms. (However, we shall try to avoid using both structures, as it is easier to 
keep a single notion of positive and negative morphisms in mind for the examples 
below.) 


au <— a 


Example 10.3 (1) The original example motivating the definition is the simplex 
category A, where A* consists of injections and A7 of surjections, while the degree 
function d is defined by d([n]) = n. This category has no nontrivial isomorphisms, 
of course. 
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(2) Every group or groupoid is a Reedy category, where every morphism is both 
positive and negative. 

(3) The category Q is a Reedy category as follows. For a tree T, we define its 
degree d(T) to be the number of vertices in T. The subcategory Q* consists of 
compositions of faces and isomorphisms, while Q7 consists of compositions of 
degeneracies and isomorphisms. The factorization axiom (a) holds by Proposition 
3.9. 

(4) The category F of finite sets is a Reedy category, where monomorphisms are 
positive and surjections are negative, while the degree function d counts the number 
of elements of a set. 

(5) The category Fpart of finite sets and partial maps is a Reedy category. Recall 
that a partial map f: A — Bisa pair (A’ C A, f: A’ — B), with y a map of finite 
sets. We refer to the subset A’ as the domain of definition of f and denote it dom(f). 
Every such partial map f: A — B can be factored as a composition of partial maps 


A —> dom(f) ——» im(f) »>— B, 


where the first map A — dom(f) is the ‘inert’ map which is the identity on dom(f) € 
A and undefined outside dom(f). As before we define the degree function d as 
the cardinality, partially defined surjections as negative maps and totally defined 
injections as positive morphisms. This category F par is isomorphic to the category 
F, of finite pointed sets via the functor adding to each set A a disjoint basepoint and 
extending each partial map f: A — B to an actual map 


fe AH {+} > BU {x} 


sending every element outside dom( f) to the basepoint. 

(6) The category I introduced in Section 3.5.7 is the opposite of the category 
Fpart (or F,.). Therefore it becomes a Reedy category by defining a morphism in F to 
be positive (resp. negative) if its opposite is negative (resp. positive) in Fpart. Recall 
that taking the set of vertices of a tree defines a functor 


V:Q9 >T. 


This functor preserves the Reedy structure. For example, if S — T is a face map 
in Q, every vertex v in S is mapped to a subtree T, of T and this defines a partial 
surjection V(T) — V(S), sending the vertices in T, back to v. 


Example 10.4 There is a collection of examples of a slightly different nature, which 
will be useful in deriving some general properties of homotopy limits and colimits, 
cf. Section 10.5 below. Among them are the following. 

(1) The ‘span category’ 


e <—_ e — o 


can be made into a Reedy category in three distinct ways, depicted as 
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oct e the oie 5 oi eo — eo’ 


The same applies to its opposite. 

(2) The category N corresponding to the poset of natural numbers, as well as 
its opposite, can be made into Reedy categories in a unique way so as to make the 
degree function the identity: 


Qs i ee a 


and 
0 <— | +— 2 <— 


Proposition 10.5 [fy: R — S is an equivalence of categories and S has the structure 
of a Reedy category, then R can also be equipped with the structure of a Reedy 
category in a unique way for which ¢ preserves the Reedy structure. 


The proof of the proposition is obvious and implies the following useful fact. 


Corollary 10.6 Every Reedy category is equivalent to a skeletal Reedy category. 


10.2 Reedy Fibrations 


In this section € is a fixed model category. For a Reedy category R, we consider 
the category ER” of ‘E-valued presheaves on R’. For example, if € is the category 
of simplicial sets with the Kan—Quillen model structure, then the categories of 
bisimplicial sets 
A°P 
sSets 


and of dendroidal simplicial sets 
sSets?” 


are of this form. Since we think of simplicial sets with the Kan—Quillen model 
structure as a substitute for the homotopy theory of topological spaces, we will 
often refer to these as the categories of simplicial spaces and of dendroidal spaces, 
respectively. 

For a simplicial set X, the face maps on X, define a map 


Xn — X(dA[n]). 
Here X(0A[n]) is the set of maps from 0A[n] — X, which can also be written as the 
limit 
lim Xm, 
— 


a: [m]>[n] 


10.2 Reedy Fibrations 427 


where the limit ranges over all proper injections œ: [m] — [n] in A. The same 
definition makes sense for arbitrary Reedy categories R. Call a morphism r —> s 
in R strictly positive if it is positive and not an isomorphism. If X is an €-valued 
presheaf on R, we will write 


X(ar)= lim X, 
—_— 
i557 


where the limit ranges over all strictly positive morphisms into r. More precisely, this 
is the limit over the full subcategory of R/r consisting of strictly positive morphisms 
into r. Equivalently (by an evident cofinality argument), one can take the limit over 
the full subcategory of R/r consisting of those t — r which factor through some 
strictly positive s — r. From the latter description it is clear that X(dr) is functorial 
in r and in particular carries a (right) action by the group Aut(r). Moreover, there is 
an Aut(r)-equivariant map X(r) — X(0r). More generally, if Y — X is a morphism 
in ER”, we obtain for each object r in R an Aut(r)-equivariant map in €, 


Y(r) > Y(Or) Xx(ar) X(r), 
natural in r. These are usually called matching maps in the literature. 


Definition 10.7 A map Y —> X in ER” is called a Reedy (trivial) fibration if for each 
object r in R, the matching map above is a (trivial) fibration in €. 


We will see later that these are indeed the (trivial) fibrations for a model structure 
on ER”, The results of this section are preparing for that. 

In order to characterize these fibrations by a lifting property we introduce some 
notation. If P is a presheaf of sets on R and A is an object of €, we can define an 
object A m P of ER” by 


(Aw P)(r) := AX P(r) = LI A. 


xeP(r) 


In particular, we will use this notation for P the representable presheaf R(—, r) and 
for the subpresheaf R*(-,r) of morphisms t —> r which factor through a strictly 
positive morphism into r. We will usually abbreviate the presheaf R(—, r) by just r 
and the subpresheaf R*(-, r) by Or. Thus, there are natural bijective correspondences 
between sets of morphisms 


Homer» (A m r, X) = Home (A, X(r)) 


and 
Homero (A & Or, X) = Home (A, X(0r)), 


for any A in £ and X in ER”. From these correspondences we immediately obtain 
the following lemma. 
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Lemma 10.8 A map Y — X in €R” is a Reedy fibration (or a Reedy trivial fibration) 
if and only if for every object r in R and every trivial cofibration A —> B in € (or 
every cofibration, respectively) the map Y — X has the right lifting property with 
respect to 

ABrU,sner BR Or > BRr. 


Remark 10.9 If € is cofibrantly generated, the same is of course true when one only 
considers generating (trivial) cofibrations A — B. 


We shall need to consider natural maps of the form 
Y(r) > YV) xxv) X(r) 


for ‘subobjects of the boundary’ V C Or. More precisely, let us call a subpresheaf 
V c R(-,r) positive if each s — r in V factors through some strictly positive map 
t — r belonging to V. Thus, ðr is the maximal such positive subpresheaf of R(-, r). 
We will need the following simple lemma for such V. 


Lemma 10.10 Let V c R(-,r) be a positive subpresheaf. Then for any strictly 
positive f : s — r not belonging to V, the pullback f~'(V) is a positive subpresheaf 
of R(-, s). 


Proof This subpresheaf f~'(V) consists of those t — s for which the composition 
t — s — r with f lies in V, so in particular factors through some strictly posi- 
tive m: x — r in V. We can take for m the positive part in the negative-positive 
factorization of t — r, as indicated in the outer square of the following diagram. 


We claim that t — s must factor through a strictly positive map in f~!(V) as well. 
Indeed, factor t — s as 


- + 
t- ys 
as in the diagram. Then by uniqueness of factorizations, there exists an isomorphism 


x — y making the diagram commute. If y > s would not be strictly positive, then it 
would be an isomorphism. But then f would be isomorphic to m and hence belong 
to V. This contradicts the assumption. Oo 


For V as in the lemma, we will write 


X(V):= lim X(s), 
(sorjeV 
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extending the notation X(dr). Thus X(V) is characterized by the bijective correspon- 
dence 
Homero (A &V, X) = Home (A, X(V)), 


for every A in £. 


Proposition 10.11 (i) fY — X is a Reedy (trivial) fibration, then for each r in R 
and each positive subpresheaf V © Or, the generalized matching map 


Y(r) > Y(V) xxv) X(r) 


is a (trivial) fibration in £. In particular, so is Y(r) > X(r). 
(ii) IfY — X is a Reedy fibration, then it is a Reedy trivial fibration if and only if 
Y(r) > X(r) is a weak equivalence in £ for every r in R. 


Proof (i) First note that the ‘in particular’ part is simply the special case V = Ø. The 
proof of the other statement proceeds by induction on the degree of r and the size of 
V. For |r| = 0 there is nothing to prove, as ôr = ©. 

For a given r, suppose the statement is true for all s of smaller degree and all 
V c Os. If V c W C Or and W is the presheaf generated by adjoining a single 
strictly positive morphism f: s — r to V, we can consider the diagram 


Y(W) xxw) Xr) ———> Y(V) xxv) X(r) 


{ : 


Y(W) —————_> Y(V) xxv) X(W) 


Y(V) Xycp-ty) Y(s) ——> Y(V) xxg-iy) X(8) 


| 


Y(s) ————>} Y(f7!V) xxiv) X(s) 


in which each square is a pullback. The bottom horizontal map is a (trivial) fibration 
by the inductive hypothesis and Lemma 10.10, hence so is the top one. 

Now let us suppose that R is countable for the moment. Then the maximal positive 
subpresheaf Or C r can be written as a union 


V=aWMCYV,C::-CYV,C::-, Jv = ar, 


where V,,4; is obtained by adjoining a single strictly positive arrow s — r to Vj. 
Thus Y(0r) Xx (ar) X(r) is the limit of a tower 
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Y(r) ——> Y(ôr) xxr) X(r) 


ww 
Y(Vn) Xxvv,) X(r) 


da 
Y(Va-1) XX(Vn_1) X(r) 


NG 


Y(Vo) xxw) X(r). 


Since all the maps in the tower have just been shown to be (trivial) fibrations, so is 
the projection from the limit, 


Y(ðr) Xx(ðr) X(r) =% Y(V) XX(V) X(r). 
But then so is the composition 
Y(r) > Y(V) xxv) X(r), 


proving the statement in the case where R is countable. 

All examples in this book concern countable Reedy categories, so this countability 
assumption is no restriction. Nonetheless, the same argument works for any Reedy 
category, except that one has to replace the tower of countable height by a taller one 
indexed by a suitable ordinal (not exceeding the cardinality of R). 

(ii) The direction = follows from part (i). For the reverse implication, assume 
Y — X is a Reedy fibration for which each Y(r) > X(r) is a weak equivalence. 
Then reading the same induction used to prove part (i) backwards, we can show by 
induction on the degree of r and the size of V that the maps in the tower are in fact 
trivial fibrations. But then so is the projection from the limit. Thus, taking Vo = Ø 
and applying two-out-of-three to the diagram 


Y(r) —> Y(Or) Xxar) X(r) 


| 


X(r) == Y(2) xxo) X(r), 
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we find that Y(r) —> Y(0r) Xx (er) X(r) is a weak equivalence as well. m 


Corollary 10.12 Every Reedy (trivial) fibration in €®” is a (trivial) fibration in the 
projective model structure. 


10.3 The Reedy Model Structure 


As before, let € be a model category. If € is cofibrantly generated, then the category 
EC of objects in € with a right G-action carries a projective model structure. A map 
in this model structure is a fibration or a weak equivalence if and only if it is one in 
€. The cofibrations generally have a further freeness property. 


Example 10.13 For the case € = sSets, equipped with the Kan—Quillen model 
structure, a map X —> Y in sSets@ is a projective cofibration if and only if it is 
a monomorphism with the property that G acts freely on the complement of the 
image. Indeed, such a monomorphism can be obtained as the transfinite composition 
of pushouts of the maps 

dA[n] x G > Aja] x G, 


which are precisely the generating cofibrations. 


Theorem 10.14 Let € be a cofibrantly generated model category and let R be a 
Reedy category. Then the category €R™® of €-valued presheaves on R carries a 
cofibrantly generated model structure in which the fibrations are the Reedy fibrations 
and the weak equivalences are those maps X — Y such that X(r) — Y(r) is a weak 
equivalence for every r in R. In other words, they coincide with the projective weak 
equivalences. 


We will explicitly describe the cofibrations in this model structure as well (cf. 
Proposition 10.15), but let us first prove the theorem. 


Proof Notice first that Proposition 10.11(ii) asserts that a map is a Reedy fibration 
and a weak equivalence if and only if it is a Reedy trivial fibration as defined in 
Definition 10.7. For the moment, let us define a map to be a cofibration if it has 
the left lifting property with respect to the Reedy trivial fibrations. Then the axioms 
(M1-3) for a model structure are evidently satisfied. Furthermore, the factorization 
axiom follows from Lemma 10.8 and the small object argument once we observe 
that the saturation of the collection of maps of the form 


AIr Uso B Kór > B mar, 


for A — B a trivial cofibration in €, is contained in the class of weak equivalences. 
This is indeed the case, because at a fixed object s in R, this is the map 


(Hae (Ls) -> Ll 


+ 
sr 
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where the three coproducts are over all the maps s — r, the maps s — r factoring 
through a strictly positive map into r, and all the maps s — r, respectively. As usual, 
the small object argument shows something stronger, namely that any map factors 
as a (trivial) fibration preceded by a map having the left lifting property with respect 
to all (trivial) fibrations. 

Finally, one half of the lifting axiom (M4) holds by definition, the other half 
follows from the standard retract argument. This proves the theorem. m 


A feature of the Reedy model structure that we have already alluded to is that 
the cofibrations admit an explicit description dual to that of the Reedy fibrations. In 
order to state it, we define for an €-valued presheaf U on R and an object r € R an 
‘object of degenerate elements’ 


deg(U)(r) = lim U(s) 


rs 


where the colimit ranges over all strictly negative morphisms out of r. For the case 
where R = A, the object deg(U)(n) consists precisely of the degenerate simplices in 
U(n), which motivates the notation. There is an evident map 


deg(U)(r) > U(r) 


which is natural in r and in particular Aut(7)-equivariant. More generally, if U — V 
x ; ‘ RP $ ; ‘ 
is a morphism in E€" , we obtain for each object r in R a map 


U(r) Vdeguyr) deg(V)(r) > V(r), 


again natural in r. In the literature these maps are called latching maps, dual to the 
matching maps we described before. 


Proposition 10.15 A morphism U —> V in E®” is a (trivial) cofibration in the 
Reedy model structure of Theorem 10.14 if and only if for each object r in R, the 
latching map is a (trivial) cofibration in the projective model structure on E*”), In 
particular, if r has no nontrivial automorphisms, the latching map should simply be 
a (trivial) cofibration in €. 


Proof We prove the proposition for the cofibrations. The case of trivial cofibrations 
proceeds in exactly the same way. Let C be the class of morphisms U —> V in €R” 
for which each latching map is a cofibration in £4”), Using the fact that colimits 
in ER” are computed ‘pointwise’, for each r separately, one readily checks that this 
class is saturated. Moreover, each of the generating cofibrations 


ABrUBBROr— Bar, 


for a cofibration A — B in € (cf. Lemma 10.8), belongs to C. Indeed, at a fixed 
object s in R, the union 


(Or U deg(r))\(s) 
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is precisely the set of maps s — r that are not isomorphisms. Therefore the latching 
map 
(AxrU B môr uU B m deg(r))(s)— (B mr)(s) 


is a pushout of the map 
A x Iso(s,r) — B x Iso(s,r), 


which is a cofibration in £^), This proves that the Reedy cofibrations belong the 
class C. 

For the converse, we may as well assume that R is skeletal (cf. Corollary 10.6). 
Consider a morphism i: U — V in C. To show that it is a Reedy cofibration, take 
any commutative square 


where p is a Reedy trivial fibration. Let sk,,(X) be the restriction of X to the full 
subcategory R<, of R of degree < n and similarly for the other objects involved. 
Then it suffices to define compatible liftings 


sk,(U) —>> sk„(Y) 


| gn 271 | 


sk,(V) —> skn(X) 


by induction on n. For n = 0, the category R<o consists of isomorphisms only. 
Since R is assumed to be skeletal, it falls apart into a disjoint union of the groups 
Aut(r), for r ranging over the objects of degree 0. By the assumption on i, the 
map sko(i): sko(U) — sko(V) corresponds to a collection of projective cofibrations 
in the categories €4“”) and similarly sko(p) corresponds to a collection of trivial 
fibrations. Therefore a lift yo exists. 

For the inductive step, suppose that the lift y,_; has been defined and consider 
an object r in R of degree n. Working in the model category €4"”), we can find a 
lift yn in 


U(r) Uag) deg(V)(r) —“? —y yr) 
[ ne | 


V(r) EP; Y(ðr) xxr X(N). 


sp) 


Here the map y: V(r) — Y (ðr) on the bottom is the composition 


Pn-1 


V(r) — V(ôr) —> Y (ðr) 
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and similarly for y: deg(V)(r) — Y(r) on top. By construction, this y, is natural for 
all automorphisms of r, all strictly negative r => s and all strictly positive t 5r, 
If we do this for all objects r of degree n, we obtain a map Yn: sk,(V) — skn (Y) 
which is natural on all of R <n. Indeed, any map r — s in R<, belongs either to Re, 
or is an automorphism, or factors as r > t 5 s, Where the first is strictly negative 
or the second is strictly positive. This completes the induction and the proof of the 
proposition. m 


Corollary 10.16 Let U —> V be a Reedy cofibration in €P®. Then U > V is a weak 
equivalence in the Reedy model structure if and only if each of the latching maps is 
a trivial cofibration. 


Indeed, by Proposition 10.15 these are just two ways of describing the trivial 
cofibrations in the Reedy model structure. 


Remark 10.17 We have observed in Section 10.1 that for every Reedy category R, its 
opposite is a Reedy category as well. So for any cofibrantly generated model category 
E, the category EÈ of covariant functors also carries a Reedy model structure. To 
emphasize this distinction, we will sometimes refer to the two model structures 
appearing in this way as the contravariant Reedy model structure (on €®"”) and the 
covariant Reedy model structure (on EÈ). Rather than switching the meaning of 
‘positive’ and ‘negative’ in R, it will be easier to keep only on interpretation of these 
adjectives in mind for a given R. The covariant Reedy fibrations and cofibrations 
can be described explicitly as follows: 


e Amap Y > X in € isa (covariant) Reedy fibration if and only if for each r in R, 
the map 
Y(r)-> lim Y(s) X1im X(s) X(r) 


is a fibration in € (and similarly for trivial fibrations), where the limits are taken 
over the strictly negative maps r — s out of r. 
e A map U = V in £È is a (covariant) Reedy cofibration if and only if for each r in 
R, the map 
U(r) Ulim us) lim V(s) > V(r) 


is a cofibration in the projective model structure on €4"”) (and similarly for the 


trivial cofibrations), where the colimits are taken over the strictly positive maps 


ae 
SF, 


Remark 10.18 We have assumed throughout that € is a cofibrantly generated model 
category, partly because this applies to all of our examples and partly to make sure 
that the projective model structure on each €4"”) exists. However, assuming the 
latter to exist, it is also possible to define not only the Reedy fibrations as in Section 
10.2 but also the Reedy cofibrations as in Proposition 10.15. Then one uses the 
inductive argument in the proof of that proposition to show that these definitions 
yield a model structure. This applies in particular to Reedy categories in which the 
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automorphism group of each object is trivial, in which case the assumption that € is 
cofibrantly generated becomes redundant. The Reedy model structure will then exist 
generally; of course, it might not be cofibrantly generated if € is not. 


10.4 Simplicial Objects and Geometric Realization 


Let € be a model category. Recall that we write 
seng 


for the category of simplicial objects in €. Since A is a Reedy category, s€ carries a 
Reedy model structure (in addition to the projective one, if it exists). The goal of this 
section is to present some basic properties of this particular Reedy model structure. 

To begin with, let us observe that in many examples the Reedy cofibrant objects 
and the Reedy cofibrations are easy to recognize. We say that colimits in € are 
universal if for any morphism A — B in € the pullback functors €/B — €/A 
preserves colimits. This property holds in the category of sets and hence in all 
categories where colimits and pullbacks are computed ‘as in Sets’, in particular in 
categories of presheaves of sets or of simplicial sets. 


Lemma 10.19 Suppose that colimits in € are universal. Then for any object X in 
s€, the map deg(X), — Xn is a monomorphism. More generally, if X — Y is a 
monomorphism in s€, then so is the latching map 


deg(Y)n Udeg(X) Xn > Yn. 


Proof We prove the first assertion; the proof of the second works the same way, but 
requires a bit more notation. Consider the pullback square 


P —™ deg(X)n 


y i 


deg(X)n — Xn 


in €. We will prove that the evident map p: deg(X),, — P with 2, op = m) 0p = idis 
an isomorphism. This will give the desired conclusion; indeed, if f, g: V — deg(X)n 
are two maps in € which become equal after composition with deg(X), — Xn, then 
together they define a map v: V — P. Since p is an isomorphism, f and g must 
have been equal to begin with. 

Universality of colimits implies that 


deg(X)n XXn deg(X)n = lim Xm XXn Xm, 


01,02 
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where the colimit ranges over proper surjections 0; : [n] — [m] and oz: [n] > [m2] 
in A. In Proposition 2.1 we observed that for any two such a and o, their pushout 


1 


[n] —> [m] 


T 


[m] —> [k] 


exists in A and is absolute. In particular, the pushout induces a pullback 


ai 
Xn {—— Xm, 


+ 4 


Xm <—— Xx. 
It follows that the map 


lim Xx > lim Xm, XXn Xm 


T 01,02 


is an isomorphism, where the colimit on the left ranges over proper surjections 
T: [n] — [k]. But this is precisely the map 


p: deg(X)n > deg(X)n Xx, deg(X)n 


described in the first part of the proof. m 


Corollary 10.20 Suppose that colimits in € are universal and that the cofibrations 
of the model structure on E are precisely the monomorphisms. Then the same is true 
for the Reedy model structure on sê. 


Proof With the stated hypotheses, Lemma 10.19 implies that every monomorphism 
in sê is a Reedy cofibration. Conversely, for any Reedy cofibration f: X — Y in sê, 
the maps fn: Xn — Y, are cofibrations (hence monomorphisms) in € for every n. 
But then f itself is a monomorphism in s€. m 


Example 10.21 Let € be the category sSets. Then s€ is the category of bisimplicial 
sets, or simplicial spaces since we suggestively refer to the objects of € as ‘spaces’. 
We will also denote this category bisSets. If one equips € with the Kan—Quillen 
or categorical model structure, then the Reedy cofibrations s€ are precisely the 
monomorphisms. 


Remark 10.22 Recall that the projective model structure on s€, when it exists, has 
as its fibrations (resp. weak equivalences) the maps of simplicial objects X. — 
Y. such that for each n > 0, the morphism X, — Y, is a fibration (resp. weak 
equivalence). In other words, the fibrations and weak equivalences are detected 
‘pointwise’. By contrast, Corollary 10.20 describes a case in which the cofibrations 
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and weak equivalences are detected pointwise. Such a model structure, when it exists, 
is called the injective model structure. Thus Corollary 10.20 can be interpreted as 
saying that if colimits in € are universal and the cofibrations of the model structure on 
€ are precisely the monomorphisms, then the Reedy and injective model structures 
coincide on sê. 


The same principle applies when the cofibrations are the monomorphisms with 
some additional freeness conditions. Rather than formalize a general statement, we 
mention two relevant examples: 


Example 10.23 (1) Let G bea group and let € = sSets© be the category of simplicial 
sets equipped with a right G-action, equipped with the projective model structure. 
Then the Reedy cofibrations in s€ are the monomorphisms f: X — Y for which G 
acts freely on the complement of the image. 

(2) Let € be the category dSets of dendroidal sets, with one of the model structures 
discussed in Chapter 9. A map X — Y is a Reedy cofibration with respect to any 
of these model structures if and only if for each tree T in Q and each n > 0, the 
map X(T),, — Y(T), of sets is a monomorphism with a free action of Aut(T) on the 
complement of the image. In other words, each X, — Y, is anormal monomorphism 
of dendroidal sets. 


The next topic to discuss is a general form of “geometric realization’. Recall that 
for a simplicial set or simplicial space X, its geometric realization |X| is a colimit of 
copies of X„ X A”, where A” is the standard topological n-simplex. These n-simplices 
form a cosimplicial object, i.e., a functor 


A°: A > Top: [n] > A”. 


For a simplicial space X € sTop = Top”, one can view |X| as a ‘tensor product’ 
of the right A-module X and the left A-module A*. This formulation applies more 
generally. Indeed, if € is a category with a suitable tensor product, one can form for 
each simplicial object X in sê and each cosimplicial object C € € such a colimit 
in € (assuming colimits in € exist), which we will denote by 


Xe 


and refer to as the realization of X with respect to C°. To be precise, |X|c can be 
constructed as the coequalizer 


a* Bi 
Ue Xm @c" — Unz0 Xn ®C” —> |X\c. 


[n]—[m] ida. 


Let us assume that the tensor product in € preserves colimits in each variable sepa- 
rately. Just like for the geometric realization of simplicial sets, the good behaviour of 
the tensor product with respect to colimits implies that this general realization |X|c 
carries a skeletal filtration. In other words, the coequalizer above can be constructed 
in stages, as 
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IXlo = lim |X| 


n 


where |X ® = Xo @ C° and |X ie is constructed from |X lee as the pushout 


deg(X)n @ C” UX, @ AC” —+ |x|? 


| 


Xn @C” ————> |x|. 


Here ðC” = im psi 
[m] — [n] in A. (In other words, OC" — C” is the latching object for the covariant 
Reedy model structure on €4, if € is a model category.) The union symbol in the 
top left corner of the square denotes the pushout over deg(X), ® OC”. The vertical 
map on the left comes from the maps Xm ® C” — Xn 8 C”, for proper surjections 
[n] — [m] involved in the definition of deg(X),, and the maps X„ 8 C™ — Xn ®C” 
for proper injections [m] — [n] involved in ðC”. (Thus, the construction of the left 
vertical map already uses the assumption that the tensor product preserves colimits 
in each variable separately.) 

Let us moreover assume that there exists an ‘internal hom’ with respect to the 
tensor product of €, characterized by the usual adjunction property 


C™, where the colimit ranges over strict monomorphisms 


E(A @ B,C) = €(A, Hom(B, C)), 


for objects A, B, and C in €. Then just like for topological spaces or simplicial sets, 
the ‘geometric realization functor’ 


|- lc: sê —> € 


has a right adjoint 
Singc: € > sê, 


the ‘singular complex functor’ defined by 
Singc (E)n = Hom(C”, E). 


Example 10.24 If E is an object of € and M is a simplicial set, one can form an 
object E@M in s€ (as in previous sections for €R”) and hence a realization |E RM |c. 
Now the terms C” of the cosimplicial object C reoccur as realizations of standard 
simplices, as 

|E wA[n]lc = E 8 C”. 


One can identify several other such realizations, for example 


IE a ôðAfn]le = E 9 ôC". 
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Let us interpret this general geometric realization in the context of a model 
category €. A cosimplicial object C is cofibrant for the covariant Reedy model 
structure on £ĉ if each of the boundary inclusions ôC” — C” considered above is 
a cofibration. This implies that each object C” is cofibrant as well. We say that C° 
has the pushout-product property if for any cofibration U — V in €, the map 


U 8 C” Uy geðc” V 8 ðC” —> V 8 C” 


is another cofibration in €, which is moreover a trivial cofibration whenever U —> V 
is. Notice that we have come across conditions of this type in Chapters 8 and 9. In 
particular, if the model structure on € itself has the property that the pushout-product 
of two cofibrations is another cofibration, which is trivial if one of the factors is, then 
the assumption that C° is Reedy cofibrant automatically implies that it also has the 
pushout-product property. 


Proposition 10.25 Let € be a model category equipped with a tensor product and 
internal hom as above. If C* is a Reedy cofibrant object in €“ satisfying the pushout- 
product condition, then the associated adjoint pair 


|- |c: sê 2 €: Singe 
is a Quillen pair. 


Proof We will check that the right adjoint is a right Quillen functor. To this end, 
consider a map f: E — D in €. Then Singc(f) is a Reedy fibration (resp. a Reedy 
trivial fibration) if and only if for each trivial cofibration (resp. each cofibration) 
i: U — V in €, the map Sing, (f) has the right lifting property with respect to the 
maps 

U x Afa] UV wdA[n] ~VwAln], n=O, 


cf. Lemma 10.8. By adjunction, Example 10.24 shows that this is equivalent to 
E — D having the right lifting property with respect to the maps 


U®SC"UV®dAC" >Ve@C". 


and each of these maps is a (trivial) cofibration whenever U — V is, by the pushout- 
product assumption on C°. This shows that Sing-(—) preserves fibrations and trivial 
fibrations, so proves the proposition. Oo 


Example 10.26 Consider for each n > 0 the representable simplicial set A[n]. These 
form a cosimplicial object A[e] in sSets, which is easily seen to be Reedy cofibrant 
in sSets*. (Indeed, this just means that dA[n] — Al[n] is a monomorphism of 
simplicial sets for n > 0.) Moreover, A[e] satisfies the pushout-product property for 
the cartesian product, both for the Kan—Quillen and the categorical model structures 
on the category of simplicial sets. Thus we obtain a geometric realization functor 
with respect to the cartesian product and this cosimplicial object, 


| —|a: bisSets — sSets, 
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which is left Quillen for both of these model structures. In this special case, this 
realisation functor takes a particularly simple form, because it can be identified with 
the diagonal. In more detail, consider the diagonal functor 


6: A> AXA. 


It induces adjoint functors (cf. Section 2.4) 
ô! 


m 
sSets is bisSets 
SA 


5x 
and we claim that there is a natural isomorphism 
Xl, = OX 


for each bisimplicial set X. Indeed, since both functors preserve colimits, it suffices 
to check this for representable bisimplicial sets X. If X is represented by ([p], [g]) € 
A x A, one usually writes X = A[p,q]. Then 6*A[p, q] = A[p] x A[gq]. On the other 
hand, X is also of the form E x M considered in Example 10.24 above, namely 
X = A[p] x A[g]. So 

IXla = Alp] x Alq] 


as well. This identification is evidently natural in p and q. 


As a consequence, we obtain the following fundamental property of bisimplicial 
sets, which we record explicitly: 


Corollary 10.27 Let X — Y be a map of bisimplicial sets. If each Xj, — Yn is a 
(classical or categorical) weak equivalence of simplicial sets, then so is the diagonal 
OX > OY. 


Proof Consider the Reedy model structure on bisSets. Then X — Y is a Reedy 
weak equivalence between Reedy cofibrant objects (cf. Example 10.21) and these 
are preserved by any left Quillen functor. The result then follows from Proposition 
10.25 and the identification of | — |, with the diagonal. m 


Example 10.28 Let J[n] be the nerve of the groupoid on the objects {0, .. ., n} with 
exactly one isomorphism between any two objects. Then there is a map of simplicial 
sets A[n] — J[n] which is the identity on objects, and which is natural in [n]. In other 
words, it is a map of cosimplicial objects A[e] — J[e]. The maps A[n] —> J[n] are 
weak equivalences of simplicial sets for the Kan—Quillen model structure (both are 
weakly contractible), but not for the categorical one. Thus, we obtain an essentially 
different realization 
|- lz: sSets*” — sSets 


for the categorical model structure and the associated Reedy model structure. 
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Example 10.29 Each cosimplicial object C° in simplicial sets gives a cosimplicial 
object i;C*® in dendroidal sets via the embedding i,: sSets — dSets. In particular, 
we obtain such objects i;A[e] and i;J[e] in dSets*, which are again Reedy cofibrant 
and have the pushout-product property. Thus, we obtain two geometric realizations 
for any dendroidal space X, related by a map 


IXla > |X, 


and both define left Quillen functors sdSets — dSets. In particular, both preserve 
weak equivalences between cofibrant (i.e., normal) objects. 


We conclude this section with the following useful application of the fundamental 
property of bisimplicial sets, cf. Corollary 10.27 above. For a category C, consider 
the category 

sPSh(C) = sSets®” 


of simplicial presheaves on C. This category can be equipped with the projective 
model structure (with respect to the Kan—Quillen model structure on sSets). 


Proposition 10.30 For each simplicial presheaf X on C there exists a weak equiv- 
alence P — X such that for every n > Q, the presheaf P, is a coproduct of 
representable presheaves. 


Remark 10.31 The construction in the proof below in fact supplies an explicit cofi- 
brant replacement of X in the projective model structure on the category sPSh(C) of 
simplicial presheaves, cf. Example 13.36(a). 


Proof Write £ = sSets” , considered as a model category with the projective model 
structure. Let 


Pa= || Ceo) x X(en). 


co en 


Then P, is an object of s€, the category of bisimplicial presheaves on C. (The 
simplicial structure of P, comes from that of the nerve of C and the fact that C(—, co) 
is covariant in cg, while X(c,) is contravariant in c,.) As a bisimplicial presheaf, we 
can write more explicitly 


Pami = | | C(d,c0) x X(Cu)m 


co en 
for every object d in C. There is a canonical map of bisimplicial presheaves 
y: P > con(X), 


where con(X) as a constant simplicial object in simplicial presheaves. In bidegree 
(n,m) this map is defined as 


o(d > co > +++ > Cn, X € X(Cn)m) = Xla € X(d)m, 
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where x|q denotes the restriction of x along the composition d — cn determined by 
the presheaf structure of X. For fixed m and d, this map can be viewed as 


9: N(d/Xm) > X(d)m, 


where d/X,m is the category whose objects are pairs (d I cexeEX (c)m) and whose 
morphisms (@, x) — (a@’,x’) are 8: c —> c’ in C with *x’ = x. This category 
has a ‘discrete’ subcategory given by objects (œ, x) where a is the identity on d, 
which can clearly be identified with just the set X(d)m. Moreover, the corresponding 
inclusion X(d)m — d/Xm has a right adjoint, mapping (d So x) to a*x. This 
adjunction gives a weak equivalence of nerves, showing that ọ is a weak equivalence 
for fixed m and for each d. By Corollary 10.27 it follows that 6*P(d) — X(d) isa 
weak equivalence for each d, i.e., 6*P — X is a projective weak equivalence. Now 
observe that for each n, the presheaf (6*P), of sets is a sum of representables, 


(6°P)n = | | C6 co), 


where the sum ranges over all co — --- — Cn in C and all x € X(cn)n. This proves 
the proposition. m 


10.5 Homotopy Colimits 


In this short section we make some remarks on homotopy colimits, which will be of 
use later on. We will leave it to the reader to explicitly formulate the dual remarks 
for homotopy limits. 
Let € be a cofibrantly generated model category. Then for any small category C, 
there are adjoint functors 
lim : €€ 2 €: con. 
— 


The projective model structure on €© makes this into a Quillen pair. One generally 
writes hocolim := L lim for the left derived functor of the colimit functor and refers 
to it as the homotopy colimit functor. Thus, one way to compute hocolimeX for a 
diagram X in E€ is as lima X’, where X’ — X is a cofibrant replacement of X in 
the projective model structure. 


Example 10.32 Consider the poset of natural numbers N, regarded as a category. 
Thus, there is a unique morphism i — j whenever i < j. A diagram 


X=(X% >X >X% >.) 


is projectively cofibrant if each X; is cofibrant and X; — X;+1 is a cofibration for 
every i > 0. Thus, for a general diagram 


YÝ>Y>rh>. 
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one can compute its homotopy colimit as follows. First construct a diagram 


Y > Yi > Yo doses 
To to t 
Ye ae 
in which the vertical maps are weak equivalences and the bottom row consists of 


cofibrations between cofibrant objects. (One can inductively define Y°, | by factoring 
the composite YF — Y, — ¥,,41 as acofibration followed by a trivial fibration.) Then 


hocolimyy, ~ lim Y£. 
E 


In the example above, cofibrant objects in the projective model structure are 
easy to understand. In other cases it can be convenient to be able to switch to an 
equivalent model structure with more cofibrations, so that itis possible to find another 
(usually smaller) cofibrant resolution. Indeed, suppose we have a model structure 
(with the same weak equivalences) on €© for which the adjoint pair (lim, con) 
still forms a Quillen pair. Then taking the left derived functor of lim results in 
an equivalent homotopy colimit functor (or, more precisely, a naturally isomorphic 
functor Ho(E©) — Ho(€)). Let us illustrate the idea by another example. 


Example 10.33 Consider the span category S, 
1-0-2, 


interpreted as a Reedy category as indicated by the labels of the arrows. Equip the 
category €° with the covariant Reedy model structure. Then a map of spans 


a: (Xi; — Xo > X2) > Mı —%H > h) 
is a Reedy cofibration if the maps Xo — Yo, Xı — Yi, and 
X2 Ux, Yo > Kh 
are cofibrations in €. Dually, it is a Reedy fibration if X; — Y1, X2 — Y2, and 
Xo > Yo Xy, X1 


are fibrations. From this description it is easily checked that the constant diagram 
functor 
con: € > ES$ 


preserves Reedy fibrations. Since it also preserves weak equivalences, it is right 
Quillen. Hence, the left derived functor 


ora S 
L lim: Ho(€”°) > Ho(€) 
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with respect to the Reedy model structure is a model for the homotopy colimit. Thus, 
to compute the homotopy pushout of a span 


Xı {= Xo => X2, 


it suffices to replace it by a Reedy cofibrant weakly equivalent span. This is one in 
which all three objects are cofibrant and the rightward arrow is a cofibration. Observe 
that this recovers Lemma 7.51(2) from our earlier discussion of homotopy pushouts. 


Finally, we will use Reedy model structures to establish a general formula for 
homotopy colimits, which is essentially the classical formula of Bousfield—Kan. 


Example 10.34 Let D be a small category and consider the adjoint pair 
lim : €P 2 €: con. 
—> 


for the projective model structure on £P, as in the beginning of this section. There 
is a standard technique for computing hocolimpX for a diagram X € €P with the 
property that each X(d) is a cofibrant object of €, as we will now explain. 

For an object d of D, write 


¥n(d)= [|| Xo). 


Co end 


Then Y,(d) is an object of €4””, with simplicial structure coming from that of the nerve 
of D/d and the action by D on X (involved in the face do: Y,(d) — Y,-1(d).) This 
simplicial object Y.(d) is clearly covariantly functorial in d; i.e., we have constructed 
a functor 

Y.: D > en. 


Moreover, for the constant simplicial object conX(d), there are simplicial maps 
Y.(d) =? conX(d). 


For a string of morphisms cg —> +: —> Cn — d, the morphism a maps X(co) to 
X(d) by acting via the composed morphism cp — d. The map v sends X(d) to the 
summand where all of the arrows co —> + — cn — d are the identity map of d. 
The map z is natural in d, but v evidently is not. 

Now assume that € has a tensor product that preserves colimits in each variable 
separately, satisfies the pushout-product property, and has cofibrant tensor unit 1. Re- 
call that to any cosimplicial object C° of €, we can associate a ‘geometric realization 
functor’ 

EA” 


l-le: >E. 


We claim that under some natural conditions on the cosimplicial object C° to be 
specified below, the homotopy colimit of X can be computed as 


hocolimpX = lim IYele. 


10.5 Homotopy Colimits 445 


The conditions we assume are as follows (cf. Section 10.4): 


(1) The cosimplicial object C° € €4 is Reedy cofibrant. 
(2) The object C° is a homotopically constant resolution of the tensor unit 1, in the 
sense that there is a weak equivalence 


c —1 


and every map in the cosimplicial object 


Cesc 6c... 


is a weak equivalence. 


The basic examples to keep in mind are € = sSets (say with the Kan—Quillen model 
structure) or € = Top. In this case condition (2) can be phrased as saying that each 
C” is weakly contractible, so that the standard simplices form a suitable choice. To 
establish our claim that lim |¥.lc is a model for the homotopy colimit, it suffices to 
verify the following two properties: 


(a) The functor 
d > |¥.(d)\c 


is a projectively cofibrant object of €P. 
(b) There is a weak equivalence 
Mle > X 


in €P. 


Indeed, (a) and (b) combined give that |Y. |c is acofibrant replacement for the diagram 
X. Property (a) readily follows from the definition of |Y(d)|c by considering its 
skeletal filtration. Indeed, one starts by observing that 


Kole? = | [Dco -) n (Xo 8 C°). 
co 


(For a set S and object E of €, we use the notation S m E to denote the S-fold 
coproduct of copies of E.) The expression above is a projectively cofibrant functor, 
using that Xe 8 C 0 is a cofibrant object of €. Proceeding by induction, we have that 


mle’ is obtained from eles, by a pushout along 


[| Dlen-) (Xe @9C")—> || Deen) (Xe @C"), 


co en co Cn 


where the coproduct ranges over all nondegenerate simplices co — --- — cy. This 
is again a projective cofibration by our assumptions on X and C°, completing the 
proof of (a). 
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To establish (b), let us examine the two maps 
Y.(d) ao conX(d) 


a little more closely. First observe that zv is simply the identity of conX(d). In the 
other direction, the fact that the category D/d has a terminal object easily leads to 
the construction of a simplicial homotopy between vz and the identity on ¥,(d). In 
other words, the simplicial set conX(d) is a simplicial deformation retract of Y.(d) 
(although the retraction is not natural in d). We will demonstrate that simplicial 
homotopies yield left homotopies in € upon applying the realization | - |c. Property 
(b) then follows immediately from this. 

For a simplicial set K and a simplicial object Z. of €, we write KZ, (generalizing 
our previous notation) for the object of £^” having (K@Z,),, = Kn% Zn. A simplicial 
homotopy between vz and the identity on Y.(d) can be thought of as a map of 
simplicial objects in € 

All] R Y.(d) > Y.(d). 


We should show that its realization is a weak equivalence in €. More generally, we 
will demonstrate that for a general Reedy cofibrant simplicial object Z, of €, the 
projection map 

A[1] R Z. — A[0] BZ. = Ze 


becomes a weak equivalence in € upon applying | - |c. (Said differently, this will 
prove that |A[1] & Z.|c serves as a cylinder object for |Z.|c.) First consider the 
special case where Z, is of the form A[n] & E for some n > 0 and some cofibrant 
object E in €. Observe that 


|A[n] R Elce = C” 8 E > C@E>E, 


using Remark 10.24 for the isomorphism and assumption (2) for the weak equiva- 
lences. Now 


IA[1] 8 (Aln] 8 E)ic = (AN x A[n]) n Ele = limC"*! @ E, 


oOo 


where o ranges over all the shuffles [n + 1] — [1] x [nm]. Assumption (2) on our 
cosimplicial object C° and an easy induction on the shuffles now implies that the 
maps 

limC”*! 8 E > C’ 8E > E 

F 
are weak equivalences. This completes the proof in the special case Ze = A[n] m E. 
For general Reedy cofibrant Ze we argue by induction on its skeleta sk„Z. We can 
write skọoZ = A[0] & Zo, while sk,,Z is obtained from sk„-1Z as the pushout 
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OA[n] R Zn U A[n] & deg(Z), ——> skn-1Z 


l i 


A[n] @ Z, ——————> sknZ. 


The union in the top left denotes the pushout over 0A[n] m deg(Z),. With this 
notation, we have Z = lim sk, Z. The vertical map on the left is a Reedy cofibration 


in €4”. Now Corollary 7.50 and the cube lemma 7.51 give the inductive step from 
skn-1Z to sk,,Z, using our previous argument for the object A[n] & Zn in the lower 
left corner. 


10.6 A Version of Quillen’s Theorem B 


In the preceding sections we have seen some first applications of bisimplicial sets 
or, more generally, of simplicial objects in a model category €, for example to 
the construction of homotopy colimits. To further illustrate the usefulness of these 
notions we devote this section to proving some fundamental facts about homotopy 
colimits of functors from a (simplicial) category C to the category sSets of simplicial 
sets. In particular we prove Quillen’s Theorems A and B; these theorems are central 
to many applications of the theory of simplicial sets and belong in any homotopy 
theorist’s toolkit. Also, the version of Quillen’s Theorem B we treat here will be 
useful to us in Section 14.1. 

Let C be a category and f: C — sSets a simplicial diagram on it. According to 
the results of the previous section, the homotopy colimit of f may be described as 
the diagonal of the bisimplicial set A( f) with (p, g)-simplices 


iia [| eoe 


Co Cp 


Here the coproduct is indexed over the p-simplices of the nerve NC. In particular, 
there is an evident projection map 


hocolimc f Z NC. 


Note that the fibre of 7 over a vertex c € C is precisely the simplicial set f(c). Thus 
it is tempting to think of 7 as a kind of fibration that encodes the family of simplicial 
sets f(c) indexed over the points of C. The following makes this idea more precise: 


Proposition 10.35 Suppose that for every morphism a: c > d of C, the map f(a) 
is a weak homotopy equivalence of simplicial sets. Then there is a natural weak 
homotopy equivalence from f(c) to the homotopy fibre of n at c. 


Proof Factor the map c: A[0] — NC as an anodyne map i: A[0] — U followed 
by a Kan fibration p: U — NC. Then consider the following diagram of pullback 
squares: 
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f(c) —> hofib,.(#) ——> hocolimc f 


i l y 


A[o] — = u — NC. 


The square on the right is a homotopy pullback square by the dual of Lemma 7.51 and 
therefore its top left corner is indeed a model for the homotopy fibre, as indicated by 
the notation. The map i is a (transfinite) composition of pushouts of horn inclusions 
A‘[n] > A[n] over NC and therefore f(c) — hofibe(7) is a composition of pushouts 
of maps of the form 


A‘ [n] xc hocolime f — Ajn] Xnc hocolime f. 


Hence it suffices to show that each such map is a trivial cofibration of simplicial sets 
(with respect to the Kan—Quillen model structure). Clearly it is a monomorphism, 
so we will check that it is a weak homotopy equivalence. Note that the codomain is 
the diagonal of the bisimplicial set with (p, q)-simplices 


LI seo) 


ky kp 


where the disjoint union ranges over p-simplices of A[n] and o: A[n] — NC is the 
n-simplex we are working over. The domain can be described similarly, but now only 
taking p-simplices of the horn A*[n] as an indexing set. The inequality 0 < kg in 
[n] induces a map f(a(0)) — f(o(ko)) of simplicial sets that is a weak homotopy 
equivalence by assumption. Upon taking diagonals and applying the fundamental 
property of bisimplicial sets (Corollary 10.27), we conclude that the map above is 
weakly equivalent to the map 


A‘[n] x f(7(0)) > Aln] x f((0)), 


which is anodyne. This completes the proof. m 


Proposition 10.35 can be generalized to a statement about a simplicial category 
C and a simplicial functor f : C — sSets. Such a functor can be described explicitly 
by a collection of simplicial sets {f (c)}cec together with maps 


fea: C(c,d) x f(c) > f(d). 


Alternatively, it is a system of (ordinary) functors fp: Cp — Sets, for p > 0, 
appropriately compatible with the simplicial structure maps. For every a: A[p] —> 
C(c, d) we get a corresponding map 


as: Alp] x f(c) > f(d). 


We say C acts by weak equivalences (via f) if each of these maps is a weak homotopy 
equivalence. Note that it suffices to check this for p = 0, since any map A[0] —> A[p] 
is a weak homotopy equivalence. 
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As before we can define a bisimplicial set h(f) with (p, q)-simplices the pairs 


((co +++ > cp) E N(Cq)p, x € f(co)q)- 


Let us define hocolimçc f to be the diagonal of this h(f). Equivalently, hocolimc f 
is the diagonal of the bisimplicial set (hocolimc(f,)),. Clearly there is a natural 
projection map 

x: hocolimc f — 6*NC, 


with NC the bisimplicial set given by NC, , = N(Cp)q- 


Proposition 10.36 Let f: C — sSets be a simplicial functor and suppose C acts by 
weak equivalences. Then there is a natural weak homotopy equivalence from f(c) to 
the homotopy fibre of n at c. 


Proof Reasoning as in the proof of Proposition 10.35, it suffices to show that for 
every map o-: A[n] — 6*NC and every horn A‘ [n] of the n-simplex, the pullback 


AŽ [n] xne hocolimc f — A[n] xs nc hocolime f 


is a weak homotopy equivalence. Now observe that the unit of the adjoint pair (6), 6*) 
evaluated on a simplex A[n] is precisely the diagonal map 


A[n] > 6°6,A[n] = A[n] x A[n]. 


This map admits a retraction induced by the map of posets [n] x [n] —> [n]: (a, b) = 
max(a, b). Furthermore, this retraction exhibits the horn inclusion A*[n] > A[n] as 
a retract of the map 6*6,A*[n] — 6*5;A[n]. Hence, to prove that the map in the first 
display is a weak homotopy equivalence, it suffices to prove that the corresponding 
map of bisimplicial sets 


ô A‘[n] xe AF) > d:Aln] xne ACA) 


becomes a weak homotopy equivalence upon applying 6*. For a given map 
a: A[n] — 6*NC, corresponding to a string of morphisms a(0) > --- — a(n) 
in the category C,,, the codomain of the map above can be described explicitly as 
follows: its (p, g)-simplices are triples 


(1p) Š Inla] Ê [n], x € fCœe(0)))4). 


The domain 5;A*[n] xe A(f) can be described similarly, with the additional re- 
quirement that a and £ factor through the horn A*[n]. The assumption that f acts 
by weak equivalences now guarantees that the ‘action map’ 


fa: d:A[n] x f(7(0)) > Aln] xe Af) 
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is a weak homotopy equivalence for fixed p, hence a weak homotopy equivalence 
upon applying ô*. The same holds after replacing A[n] by A*[n], so that finally it 
suffices to prove that 


dA‘ [n] x f(7(0)) > 5,A[n] x f(o(0)) 


becomes a weak homotopy equivalence upon taking diagonals. But this is clear, 
since both 6*5;A*[n] and 6*5;A[n] are weakly contractible simplicial sets. m 


With the previous two propositions in hand we can now prove a version of 
Quillen’s Theorems A and B. These theorems allow one to analyze the homotopy 
fibre of a map NC — ND induced by a functor f : C — D under certain conditions. 
Usually they are stated for ordinary categories C and D, but Proposition 10.36 will 
give us the added generality of simplicial categories. 

To state these results we introduce some notation. Suppose f: C — D is a 
(simplicial) functor between simplicial categories. Then for any object d of D we 
can consider the slice category f /d, which is the simplicial category with p-simplices 
given by the slice category Cp Xp, D,/d in simplicial degree p. Taking the nerves 
of these we obtain a simplicial diagram 


D > sSets: d œ 5"N(f/d). 


Theorem 10.37 (Quillen’s Theorem B) Suppose f: C — D is a functor between 
simplicial categories. If D acts by weak equivalences on the diagram 6* N(f /—), then 
there is a natural weak homotopy equivalence between 6* N(f /d) and the homotopy 
fibre of the map ÒN f : NC — 6*ND at d. 


Proof We define a trisimplicial set C//D with (p, g,r)-simplices the pairs of sim- 
plices 


(co SP cy Cp) E€ N(C,;)p, (f(cp) > dy >: —> dg) € N(f(cp)/Dr)q- 
There are natural maps 


NCp,r — (C//D)p,4,r — NDar 


projecting onto the two factors. Note that 2, may be written as 


L| NGC [| Alo} 


co ep co ep 


where the coproducts range over p-simplices co — --- — Cp of the nerve of C,.. 
For fixed cp and r, the map N(f(cp)/D;) — A[0] is a weak homotopy equivalence, 
because the category f(c,)/D, has an initial object. Hence the diagonal of 7; is a 
weak homotopy equivalence of simplicial sets as well. The map 72 may be written 


[| NG |] ao 


dog dy —dg 
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where this time the coproducts range over g-simplices of the nerve of D,. Viewed in 
this way, we may reinterpret its diagonal as the projection 


x: hocolimpé*N(f /—) > 6°ND. 
Now consider the diagram 


NC 4 6*(C//D) == hocolimpé* N(f /-) 


low l Ț 


&ND 41 6*(D//D) — FND. 


Here D//D is formed with respect to the identity functor, moreover, the map 
m2: ô*(D//D) — 6*ND is a weak homotopy equivalence by an evident variation of 
the argument we used for 7; above. According to the diagram above, determining the 
homotopy fibre of the left vertical map is equivalent to determining the homotopy 
fibre of 2. But Proposition 10.36 identifies this homotopy fibre as 6*N(f/d). o 


The following special case has its own name and is very useful in practice: 


Corollary 10.38 (Quillen’s Theorem A) Suppose f : C — D is a functor between 
simplicial categories. If &N(f/d) is weakly contractible for every object d of D, 
then f induces a weak homotopy equivalence of nerves 6*NC — 6* ND. 


Historical Notes 


Generalizing work of Bousfield and Kan for simplicial spaces, Reedy showed that 
simplicial objects in a model category carry what is now called a Reedy model 
structure; the properties of the category A he used in his proof gave rise to the notion 
of a Reedy category. Reedy’s work [127] remains unpublished; accounts of it appear 
in the books of Hovey [88] and Hirschhorn [84]. In order to include categories in 
which objects have nontrivial automorphisms, like Q and Segal’s category I’, the 
paper [18] introduced the notion of a “generalized Reedy category’ and proved the 
existence of a model structure in this context. For I'-spaces, this model structure 
already occurs in the work of Bousfield—Friedlander [31]. In this book we have 
simply used the term ‘Reedy category’ for this more general notion. The model 
we have given for homotopy colimits is the one described by Bousfield—Kan [32]. 
A first version of Quillen’s Theorem B occurs in his work on algebraic K-theory 
[126]. Several generalizations subsequently appeared in the literature, notably in the 
context of the group completion theorem of McDuff—Segal [113]. 
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Chapter 11 si 
Mapping Spaces and Bousfield Localizations 


Recall from Section 8.3 that a left Bousfield localization of a model category € is 
a different model structure on the same category with more weak equivalences, but 
the same cofibrations. We have seen several examples of these already, such as the 
Kan-Quillen model structure as a localization of the categorical model structure on 
simplicial sets, as well as the various model structures on the category of dendroidal 
sets. In the next chapter, it will be necessary to have a general method of constructing 
such localizations, starting only from a ‘basic’ model structure and a set of morphisms 
which one would like to make weak equivalences. We will establish the technique to 
do so in this chapter. It requires a general notion of ‘mapping space’ in an arbitrary 
model category, which we will discuss first. 


11.1 Mapping Spaces 


Let € be a model category. For objects X and Y in € we will define a mapping space 
Mape(X,Y), 


or just Map(X, Y) if € is clear from context. This mapping space will be a simplicial 
set, functorial up to homotopy in X and Y, respecting weak equivalences, and with 
the property that there is a natural isomorphism (as functors on Ho(€)) as follows: 


moMape(X, Y) = Ho(E)(X, Y). 


In fact, we will provide several different but weakly equivalent ways of constructing 

such a mapping space and, strictly speaking, the use of the phrase ‘the mapping 

space’ Mape¢(X, Y) is somewhat misleading. It would be better to speak of ‘models 

for the mapping space’. We will come back to this point in Remark 11.8 below. 
Before turning to the definitions, recall that the constant functors 


con: E > £f and con: € 3 €4” 
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behave in opposite ways with respect to the Reedy model structures: the constant 
functor € — €4 is right Quillen, whereas the constant functor € — €4” is left 
Quillen. On the other hand, the functor con: € — €4” is rarely right Quillen. For 
this to be the case, the diagonal X — X x X of any fibrant object in € would have 
to be a fibration, for example. 


Definition 11.1 A simplicial resolution of an object X in € is a fibrant replacement 
con(X) > X. 


in the (contravariant) Reedy model structure on €4”. Dually, a cosimplicial resolu- 
tion is a cofibrant replacement 


X > con(X) 


in the (covariant) Reedy model structure on ER 


Remark 11.2 (a) By the axioms for a model structure, these resolutions always exist. 
In fact, one can always arrange con(X) > X. to be a trivial cofibration in €4” and 
X* — con(X) to be a trivial fibration in €, although the definition only requires 
these maps to be weak equivalences. 

(b) A cosimplicial resolution X con(X) in particular contains a cofibrant 
replacement X? > X of Xin €. Conversely, if Xe — X is acofibrant replacement of 
X in €, one can always construct X" in sucha way as to have X? = Xe. In particular, 
if X is already cofibrant, we can find a cosimplicial resolution Xe con(X) which 
starts with X? = X. Dual remarks apply to simplicial resolutions con(X) —> £.. 

(c) If X — Y is a weak equivalence, any cosimplicial resolution of X is also 
one of Y. Conversely, a simple application of the factorization axiom for the model 
category €“ shows that for any map X — Y in € and any cosimplicial resolution 
X> con(X) there is a cosimplicial resolution of Y fitting into a commutative 
diagram in E4 as follows: 


o—" con(X) 


| 


ye — con(Y). 


If X — Y is a weak equivalence, then of course so is Pa tae Again, dual remarks 
apply to simplicial resolutions in €4”. 


Let C° be a cosimplicial object in €. Recall that, just like for standard topological 
simplices, we write ôC” for the colimit of the C* for all monomorphisms [k] — [n] 
in A except the identity. Similarly, we write 


AiC? 5 c” 


for the colimit of all the C* for monomorphisms [k] — [n] which miss a j + i from 
their image, exactly as for A‘[n] € A[n] in simplicial sets. If C° is Reedy cofibrant, 
then A‘'C” — C” is a cofibration by the dual of Proposition 10.11(i). 
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Lemma 11.3 (a) Let C° be a Reedy cofibrant cosimplicial object in €. If all the 
cosimplicial structure maps œ, : C™ — C” are weak equivalences, then A'C” > 
C” is a trivial cofibration for all n > O and0 <i <n. 

(b) Dually, for a Reedy fibrant simplicial object Y, in € in which all structure maps 
are weak equivalences, the maps 


Yn > Y(A'[n}) 
are trivial fibrations for all O < i < n. 


Proof We prove the statements for the cosimplicial object C°; the second half of the 
lemma is dual. By induction we will argue that for n > O and k < n, the union of the 
first k + 1 faces ðo, -++ , Ox with 0; omitted gives a trivial cofibration 


cnt Si, on 
— f: 
i#j<k 


For n = 1 this is one of the two maps C? — C! and hence a trivial cofibration by 
assumption. If the assertion has been proved for all smaller n, then we proceed for 
fixed n by induction on k, using that the square in the diagram 


Uae — o! 


l | 


-1 -ï 
Uizjek-1 C — Uizjek C” 


Ud; 


is a pushout. The top horizontal map is a trivial cofibration by induction, hence so is 
the lower horizontal map. Now the two-out-of-three property of weak equivalences 
and the inductive hypothesis on k imply that the slanted map is a weak equivalence 
as well. Oo 


Proposition 11.4 (a) Let X* bea cosimplicial resolution of an object A in €. If 
X > Y is a (trivial) fibration in €, then 


E(X’, X) > &(A*,Y) 
is a (trivial) Kan fibration between simplicial sets. 
(b) Dually, let X, be a simplicial resolution of an object X in €. If A > Bisa 
(trivial) cofibration in €, then 


E(B, X.) > E(A, Xe) 


is a (trivial) Kan fibration of simplicial sets. 
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Proof Again we only prove (a), the proof of (b) being dual. A lifting problem in 
sSets as in the square on the left is equivalent to one in € as on the right: 


dA[n] ——> &(A*, X) aA" —> X 
Lea Lee 
A[n] ——> &(A*,Y) ns 


From this, the case of a trivial fibration X — Y is clear. The proof for a fibration is 
similar, replacing OA[n] by A‘[n] and oA" by A‘A” and using that Ai A" > A” isa 
trivial cofibration in €, as in the preceding lemma. m 


Corollary 11.5 (a) Let A* bea cosimplicial resolution of an object A in €. Then a 
weak equivalence X — Y between fibrant objects in € induces a weak equivalence 
between Kan complexes 


S(A", X) > E(A".¥): 


(b) Dually, let X. be a simplicial resolution of an object X in €. Then a weak 
equivalence A — B between cofibrant objects in € induces a weak equivalence 
between Kan complexes x pi 

E(B, Xe) > E(A, Xe). 


Proof This is clear from Proposition 11.4 and Brown’s lemma (cf. Proposition 
7.38). o 


Corollary 11.6 Let A* bea cosimplicial resolution of an object A in € and X.a 
simplicial resolution of an object X. Then there are weak equivalences of simplicial 
sets _ = = 

&(A", X.) > 8° E(A*, Xe) — L(A", Xo), 
where 6° is the diagonal of a bisimplicial set (as in Example 10.26). 


Proof View E(A*, Xo) as a bisimplicial set which is constant in the second coordi- 
nate, i.e., as a bisimplicial set with (p, q)-simplices €(AP, Xo). Then the map on the 
right in the statement of the lemma arises from a map of bisimplicial sets 


ECĂP, Xo) > E(ĂP, X4). 


All of the degeneracy maps Xo — Xq are weak equivalences by the definition of a 
simplicial resolution. Thus for fixed q, Proposition 11.4 implies that the map 


E(A*, Xo) > E(A*, Xg) 


is a weak equivalence of simplicial sets. By Corollary 10.27 we obtain a weak 
equivalence on the diagonals of these bisimplicial sets, which concludes the proof 
for the right-hand map of the lemma. The argument for the map on the left is 
analogous. m 
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Definition 11.7 For two objects A and X in a model category €, a mapping space 
Map¢ (A, X) is a simplicial set weakly equivalent to each of the three simplicial sets 
in the previous corollary. 


A specific choice of such a simplicial set will sometimes be referred to as ‘a 
model for the mapping space’. As stated before, if € is clear from context we just 
write Map(A, X). 


Remark 11.8 (a) This definition might strike the reader as somewhat odd in that 
the notation Mapę (A, X) does not necessarily refer to any object in particular, but it 
captures the common uses in the literature. In practice, however, one generally works 
with a specific model of Mape (A, X). For example, one takes a fibrant replacement 
X — Xş of X in € and a convenient cosimplicial resolution A* = A, and interprets 
Mape¢(A, X) as the Kan complex £&(A’, Xp). On the other hand, it will sometimes 
be efficient to make ‘model-independent’ statements about mapping spaces, a first 
example being Proposition 11.9 below. Our use of the expression Mape (A, X) will 
hopefully always be clear from context. 

(b) If A is cofibrant and X is fibrant, one can always choose resolutions A® and 
X. with X = A and Xp = X. Doing so, the models of Mape (A, X) just described 
will have as their set of vertices precisely the set €(A, X) of morphisms from A to X. 

(c) It is always possible to choose models of mapping spaces in such a way that 
for A — Band Y — X in €, ‘the’ morphism 


Map(B, Y) — Map(A, Y) XMap(a,x) Map(B, X) 


is a Kan fibration between Kan complexes, which is moreover a trivial fibration if 
A— B or Y — X is a weak equivalence. Indeed, replacing A — B and Y — X by 
weakly equivalent maps if necessary, we may assume that A — B is a cofibration 
between cofibrant objects and Y — X is a fibration between fibrant ones. Now 
choose simplicial resolutions which fit into a square 


con(Y) —> T. 


{ 4 


con(X) — £. 


in such a way that Y. > X. is a Reedy fibration between Reedy fibrant objects in 
E^". Then a lifting problem as on the left translates into one on the right in the 
following diagrams: 


dA[n] ——————> &(B, Y.) A=} Y, 
X p 


be ee Le d 


- - 


Aa] —> El, P.) Xec4,z, E(B, Xe), B > FOAN) Xzion Xn- 
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The map on the very right is a fibration in € because Y. > X. isa Reedy fibration, 
so a lift exists if A — B is a trivial cofibration. The other cases (Y — X being a 
trivial fibration, or 0A[n] — A[n] replaced by A'[n] — A[n]) are similar. 


The relation between the mapping space as defined above and homotopy classes 
of maps in the sense of model categories is as expected, by virtue of the following: 


Proposition 11.9 For objects A and X in a model category €, there is an isomor- 
phism 
moMap¢ (A, X) = Ho(€)(A, X). 


Proof Note first that the assertion is independent of the choice of model_for 
Mape(A, X). We may assume that A is cofibrant and X is fibrant. Then if X. is 
a simplicial resolution of X, the maps 

=~ so æ (dod a ~ 

wX Lia, Xo x Xo 
describe a path object for Xo. It follows that mo€(A, X.) is exactly the set of (right) 
homotopy classes of maps from A to Xo. From this the proposition is clear. m 


Corollary 11.10 A map A —> B in a model category € is a weak equivalence if and 
only if for every object X in €, the map 


Mape(B, X) — Mape (A, X) 
is a weak equivalence of simplicial sets. 


Proof If A — B is a weak equivalence, then the map of the corollary is a weak 
equivalence by Corollary 11.5. Conversely, if the map of the corollary is an equiv- 
alence for every X, then it follows from the previous proposition that the image of 
A — B in the homotopy category Ho(€) is an isomorphism. But then the map itself 
is a weak equivalence by Remark 7.32. m 


Recall that a Quillen adjunction fi : € @ F : f* induces an adjunction on the 
level of homotopy categories, by taking derived functors: 


Lfi 
Ho(€) Ge Ho(F). 


In particular, for objects E of € and F of F, the identification of Proposition 11.9 
gives a bijection 


noMap(L fE, F) = moMape(E, Rf*F). 


The following proposition shows that this bijection can be lifted to a weak equivalence 
of mapping spaces. 
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Proposition 11.11 Let fi : € 2 F : f* be a Quillen pair. Then for objects E and F 
as above there is a weak equivalence of simplicial sets 


Map;(LfiE, F) ~ Mape (E, Rf* F). 


Proof We may assume E is cofibrant and F fibrant. If E*isa cosimplicial resolution 
of E in £f, then fiE * is one of fiE in FÊ. The proposition is then immediate from 
the bijection 

F(fiE*, F) = €(E°, fF). m 


Corollary 11.12 (1) ffi: € 2 F : f* is a Quillen equivalence, then for any two 
objects A and X in £, the morphism 


Map: (A, X) > Maps (L fiA, LAX) 


is a weak equivalence of simplicial sets (and similarly for R f* applied to objects 
in F). 

Q)iffi:€Ee AF: f* isa left Bousfield localization (cf. the discussion at the end of 
Section 8.3), then for any objects B and Y in F, the map 


Map;(B, Y) > Mape (Rf*B, Rf*Y) 


is a weak equivalence of simplicial sets. Thus, one might say that Rf* is homo- 
topically fully faithful. 


We conclude this section with a simple observation about mapping spaces in slice 
categories. Let € be a model category and A an object of €. Then the slice category 
A/E is again a model category, as we have seen before. For objects f: A — X and 
g: A — Y of this category, let us write Map ,(X, Y) for the mapping space between 
them, defined with respect to the model category A/E. We write Map(X, Y) for the 
mapping space between X and Y with respect to the model category €. 


Proposition 11.13 Suppose A is a cofibrant object of € and f and g are as above. 
Then there is a homotopy pullback square of simplicial sets 


Map 4(X, Y) ——> Map(X, Y) 


l l 


A[0] ——> Map(A, Y). 


Proof Without loss of generality we may assume that f : A — X is a cofibration (so 
that in particular X is cofibrant). Fix an arbitrary simplicial resolution Y —> Y. of Y; 
note that this also provides a resolution in A/€ by precomposing with the fixed map 
g: A — Y. By construction, there is a pullback square of simplicial sets as follows: 
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(A/E)(X, Y.) ——> &(X,%) 


| l 


Ajo] ——> &(A,¥%). 


These simplicial sets are (models for) the ones appearing the statement of the propo- 
sition; moreover, all of them are Kan complexes and the map on the right is a Kan 
fibration by Proposition 11.4. The square is therefore also a homotopy pullback by 
the dual of Lemma 7.51. m 


11.2 Common Models for Mapping Spaces 


The purpose of this section is to discuss some specific models for mapping spaces 
for the various model structures on the categories of simplicial and dendroidal sets 
we have defined. We begin with a general construction. 

Suppose € comes equipped with a notion of tensor product, given by a functor 


-@-:E€xE E 


which preserves colimits in each variable separately and admits a unit 1. We assume 
that this tensor product satisfies the pushout-product property and that 1 is cofibrant. 
Let C° be a cosimplicial resolution of 1. The assumption that 1 is cofibrant implies 
that the weak equivalence C° — 1 is preserved by tensoring with an arbitrary 
cofibrant object. For any cofibrant object A of €, the map 


C° 8 A > con(1 ® A) = con(A) 


is a cosimplicial resolution of A. If tensoring with C” has a right adjoint Hom(C”, —) 
for each n > 0, then dually Hom(C®, X) is a simplicial resolution of any fibrant object 
X. 


Example 11.14 (Simplicial sets) (a) Consider the category sSets of simplicial sets 
equipped with the Kan—Quillen model structure. Then the representable objects A[n] 
together form a cosimplicial resolution A[e] of the terminal object A[0], because all 
the A[n] are weakly contractible (i.e., weakly equivalent to A[0]) in this model 
structure. Every simplicial set is cofibrant, so that 


A” := A[n] x A 


defines a cosimplicial resolution of any simplicial set A. Consequently, for a fibrant 
object (i.e., a Kan complex) X, we have a model for the mapping space given by 


Map(A, X)n = sSets(A[n] x A, X) = (Xn. 


In other words, the usual exponential X4 is a model for the mapping space. 
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(b) Now consider the categorical model structure for simplicial sets. Let J[n] be 
the nerve of the groupoid with {0,...,} as objects and exactly one isomorphism 
between any two objects. (In particular, J[1] is the usual J we used many times 
in earlier chapters.) Then J[e] is a cosimplicial resolution of the terminal object 
A[O] = J[0] and we find the formula 


Map(A, X), = sSets(J[n] x A, X) 


as a model for the mapping space, valid for any simplicial set A and any fibrant object 
(i.e., co-category) X. This simplicial set Map(A, X) is a Kan complex, whereas the 
exponential X^ used in (a) is only an co-category in general. In fact, the evident 
maps A[n] — J[n] yield a map of simplicial sets 


Map(A, X) > X^. 


Since the left-hand side is a Kan complex, this map must factor through the maximal 
Kan complex k(X4) in X4. In fact the resulting map Map(A, X) —> k(X4) is a trivial 
fibration. Indeed, writing Z for the exponential X4, it suffices to show that for any 
co-category Z the map 


sSets(J[e], Z) — sSets(A[e], kZ) = kZ 


is a trivial fibration of simplicial sets. We may identify the left-hand side with 
sSets(J[e], kZ), so in fact it suffices to show that 


sSets(J[e], K) — sSets(A[e], K) 


is a trivial fibration for any Kan complex K. But this follows easily from the fact 
that A[n] — J[n] is a trivial cofibration in the Kan—Quillen model structure. We 
conclude that k(X“) is another model for the mapping space Map(A, X) with respect 
to the Joyal model structure. 

(c) For any n > O, the simplicial set J[n] has infinitely many nondegenerate 
simplices. There exists a smaller cosimplicial resolution Q° of A[0] in the categorical 
model structure, for which each Q” is a finite simplicial set. As before, we take 
Q° = A[0]. The simplicial set Q! is the quotient of A[3] obtained by forcing the two 
edges (02) and (13) to be degenerate: 


/ 
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Formally, it is defined as the pushout 


aju ap YY aps] 


l l 


A{O] U Ao] ——> @!. 


(Intuitively, Q! is the quotient of the nerve of [3] where we force the arrow 1 — 2 
to have both a left and a right inverse.) Notice that Q! has a natural map to J[1] = J 
with image the 3-simplex 

0O- 1-0-1. 


The map Q! —> J is a weak equivalence in the categorical model structure. Indeed, 
to prove this it suffices to prove that the inclusion of a vertex A[0] —> Q! has the 
left lifting property with respect to any categorical fibration Y — X between oo- 
categories. But clearly the image of any 1-simplex of Q! in an co-category X is an 
equivalence. Thus by Corollaries 5.53, 5.54, and 8.17, a commutative diagram 


A[o] —— Y 


L | 


0! —> X 


factors through the Kan fibration kY — kX, so in fact we need only show that 
A[0] — Q! is a trivial cofibration in the Kan—Quillen model structure. This is clear 
because Q! is weakly contractible. 
Generally, we take Q” to be the simplicial set obtained from the nerve of the 
category 
0>1=>.->n 


by forcing each arrow i — i + 1 to have a left and a right inverse. For example, for 
n = 3 it can be pictured as 


where each arrow marked * has been made degenerate. Formally, it is defined as a 
quotient of A?” formed by collapsing each of the 1-simplices as in the picture above 
to a copy of A[0]. To be precise, thinking of A*” as the nerve of the directed category 
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a> -= 2a, =0 9+ n = bo +: bn, 
the 1-simplices to be collapsed correspond to the morphisms 
Gn; >i and i— bp-i. 
Then just as for n = 1, there are maps 
A?” —> Q” > J[nl, 


where Q” — J[n] is obtained by observing that the map A*” — J[n] given by the 
nondegenerate 3n-simplex 


Oo-1->-07>.:-:->~1->0 


for n even or 
O-1-0->::--0>1 


for n odd factors through the quotient A?” —> Q”. The map Q” — J[n] is again a 
categorical equivalence, by the same argument as for n = 1. Thus, for any co-category 
X and any simplicial set A, 


Map(A, X)n := sSets(Q” x X,Y) 
is another model for the mapping space in the categorical model structure. 


Example 11.15 (Simplicial presheaves) For a small category C, consider the cate- 
gory sPSh(C) = sSets©” of simplicial presheaves on C, equipped with the projective 
model structure. There is a functor 


con: sSets — sPSh(C) 


assigning to each simplicial set X the constant simplicial presheaf with value X. If 
C has a terminal object, then con(X) is the product of the presheaf represented by 
that terminal object with X, hence con(X) is projectively cofibrant. It follows that in 
this case C” := con(A[n]) gives a cosimplicial resolution of the terminal object in 
sPSh(C). For general C this is not necessarily true. Nonetheless, if X is a cofibrant 
simplicial presheaf, then 

X” = con(A[n]) x X 


defines a cosimplicial resolution of X, as we will demonstrate below. Then a model 
for the mapping space between a cofibrant object X and a fibrant object Y is given 
by 

Map(X, Y), := sPSh(C)(con(A[n]) x X,Y). 


To show that X” is indeed a cosimplicial resolution, for each cofibrant object X, we 
need to prove that 
con(dA[n]) x X — con(A[n]) x X) 
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is a projective cofibration. For this, consider the class of A of morphisms A —> B in 
the category sPSh(C) for which 


con(U) x B Ucon(V) x A > con(V) x B 


is a projective cofibration for any monomorphism U — V of simplicial sets. It then 
suffices to show that this class is saturated (which follows by the same standard 
arguments for pushout-products as before) and contains the generating cofibrations. 
If A — B is a generating projective cofibration of the form 


con(dA[n]) x C(-, c) > con(A[n]) x C(-, c), 
where c is an object of C, then the map under consideration is 
con(U x A[n] U V x dA[n]) x C(-, c) > con(V x A[n]) x C(-, c). 


Clearly this is again a cofibration. 


Example 11.16 (Dendroidal sets) The inclusion i; : sSets — dSets is a left Quillen 
functor for the categorical model structure on sSets and the operadic model structure 
on dSets, as well as for the Kan—Quillen model structure on sSets and the covariant 
one on dSets. Thus, we can ‘transfer’ the cosimplicial resolutions of Example 11.14 
via the functor i, to obtain cosimplicial resolutions of dendroidal sets. More specif- 
ically, if A is a normal dendroidal set and X is an co-operad, then the following are 
models for Map(A, X) for the operadic model structure: 


Map (A, X)n := dSets(i:J[n] 8 A, X) 
Mapo(A, X)n := dSets(i;0” &® A, X). 


As in the case of simplicial sets, the mapping space Map ,(A, X) is naturally equiva- 
lent to the maximal Kan complex in the oo-category i*Hom(A, X), with Hom(A, X) 
denoting the ‘internal hom’ of dendroidal sets adjoint to the tensor product. For the 
covariant model structure on dSets we can simply use the standard simplices and 
obtain another model 


Map,(A, X)n := dSets(i,A[n] @ A, X) 


for the mapping space, this time for a normal dendroidal set A and a covariantly 
fibrant one X (i.e., a dendroidal left Kan complex). 


Example 11.17 (Kites) If T is a tree, viewed as a representable dendroidal set, there 
is a very small and useful cofibrant resolution of T with respect to the operadic model 
structure, which we write as 


kite°(T) —3 kite!(7) — con 


The object kite”(T) is the tree T with a ‘degenerate tail’ of length n adjoined to it, 
defined as the pushout 
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Ala] ———+ A[0] 


l { 


[n] oT ——> kite”(T). 


Here [n] o T is the grafting of T to the top of the linear tree [n], which may be 
regarded as the pushout of the span 


root 0 
T —7- |n] 


in Q. The object kite” (T) derives its name from the following picture: 


The cosimplicial structure of kite*(T) is given by interpreting it as a quotient of 
the grafting [n] o T. If T has leaves labelled 1, ..., k, it is easy to see that kite*(T) is a 
Reedy cofibrant object of ôCx / dSets*, where the map Ck — kite*(T) picks out the 
leaves and root of T. To see that kite*(7) is indeed a cosimplicial resolution of T in 
this slice category, we need to check that each projection kite” (T) — T, collapsing 
the tail to a single edge, is an operadic equivalence. To this end, consider the cube 
of dendroidal sets 


[n] > [0] 
N i 
[n] | > [0] 
Q(T] Uy Afr] ——} Q[T] u, A[0] 
yd oT] dn 


in which the front and back faces are pushouts. The map Q[T] U} [n] > Q[[n] ° T], 
which grafts [n] onto the root of T, is inner anodyne. Hence the cube lemma (cf. 
Corollary 7.50 and Lemma 7.51) guarantees that the map 


Q(T] = Q[T] U, A[0] > kite”(7) 
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is a weak equivalence. This map is a section of the projection kite"(T) — T, which 
must then be a weak equivalence as well. 


Example 11.18 (Spaces of operations) There is a close relation between the map- 
ping spaces under consideration here and the ‘space of operations’ X(x1, ..., Xg; Y) 
in an co-operad X as introduced in Definition 9.42. This simplicial set was defined 
by a pullback square 


X(x,- --, Xk; Y) ——————> hom(C,, X) 


l l 


Ajo] E1 hom(AC,, X) = (X! 
In other words, the n-simplices of X(x1, . . ., xk; y) are the maps of dendroidal sets 
Ck 8 Aln] Vac, osin] OCk > X 


in the slice category ôCp/dSets, where X is regarded as an object under ôC% via 
the map that sends the leaves of C; to the xı, ..., xg and its root to y. We claim 
that X(x1,..., Xk; y) is (a model for) the mapping space Map(Cx, X) in the model 
category 0C;/dSets. Let us write Mapgc, (Cx, X) for this space to emphasize the 
fact that it is the mapping space for the slice category. 

To verify our claim, recall from Proposition 11.13 that Mapgc, (Cx, X) is the 
homotopy fibre of 

Map(Cx, X) — Map(dCx, X), 


where both mapping spaces refer to those in the model category dSets, over the 
vertex of Map(0C;, X) determined by the sequence x1,..., xx, y. According to 
Example 11.16 we may identify Map(C,, X) with the maximal Kan complex in- 
side the co-category hom(C;, X), and similarly for Map(0C;, X). Thus, the space 
Mapgc, (Cx, X) is the homotopy fibre of the left vertical map in the following square: 


k (hom(C;, X)) ———> hom(C;, X) 


i l 


k(hom(0C,, X)) ——> hom(dC,, X). 


The left vertical map is a Kan fibration according to Theorem 6.5 1 (a), so that its actual 
fibre is a model for the homotopy fibre. Moreover, the square is a pullback: indeed, 
this follows from item (b) of the same theorem, stating that an edge of hom(C,, X) 
is an equivalence if and only if it sends each colour of Cx to an equivalence in X. 
Hence the fibre of the left vertical map agrees with that of the right vertical map. 
The latter is precisely the space X(x1, . . ., xk; y), completing our argument. 
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The previous example describes a cosimplicial resolution of Cx in terms of kites; 
it follows that the mapping space Mapgc, (Cx, X) may also be computed in terms 
of maps kite*(C;) — X. The resulting space will then be weakly equivalent to the 
space X(x1,...,Xx3 y) discussed above. 


11.3 Left Bousfield Localizations 


In earlier chapters we have seen various examples of a left Bousfield localization of 
a model category €: a new model structure Ejo¢ on the same category €, with the 
same cofibrations but with a larger class of weak equivalences. (A first discussion 
was given at the end of Section 8.3.) In such a situation, the identity functor defines 
a Quillen pair 

idı 

E = Eloc 
aT 


that induces an adjoint pair at the level of homotopy categories 


Lid; 
Ho(E) Z— Ho(E ioc) 
Rid* 


with the property that the counit is an isomorphism from Lid, o Rid* to the identity 
of Ho(Ejgc). In other words, the right adjoint Ri* embeds Ho(Eioc) as a full reflective 
subcategory of Ho(€). 

Generally, given a model category € and a class of morphisms J in €, one can ask 
whether it is possible to construct a left Bousfield localization of € by forcing the 
elements of 4 to be weak equivalences (and which is in an appropriate sense universal 
with this property). In the next section we will give a useful set of conditions making 
this possible, which we will apply many times in the remainder of this book. In this 
section we introduce some terminology and collect a few general observations. 

To begin, consider a cofibrantly generated model category € and set of morphisms 
Ain £. Notice that if A — B is a morphism in A, we can use the factorization axiom 
to find a square 


A’ —»A 


a 


B’ —> B 
in which the horizontal maps are trivial fibrations, while A’ — B’ is a cofibration 
between cofibrant objects. By two-out-of-three, demanding that A — B be a weak 
equivalence is the same as demanding that A’ — B” is a weak equivalence. Therefore, 
we may without loss of generality assume that 2 consists of cofibrations between 
cofibrant objects. For such a set A, we introduce the following terminology. 
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Definition 11.19 An object E in € is A-local (or just local if A is clear from context) 
if for any morphism A —> B in A, the morphism 


Mape (B, E) > Mape (A, E). 


is a weak equivalence of simplicial sets. If E is in addition fibrant in €, we say that 
E is A-fibrant. 


Remark 11.20 Many authors demand that E be fibrant in the above definition; 
however, for us it will occasionally be convenient to consider local objects which 
are not necessarily fibrant. Note that for us, the property of being A-local is thus 
invariant under weak equivalence. 


Recall that for a fibrant object E in €, one can always arrange the map 
Map(B, E) — Map(A, E) to be a Kan fibration between Kan complexes, of which 
the restriction to vertices is the map of sets €(B, E) — €(A, E). Then E is -fibrant 
if and only if this map is a trivial fibration between these Kan complexes for every 
A-—> Bina. 


Definition 11.21 Let 4 be a set of cofibrations between cofibrant objects in a cofi- 
brantly generated model category €. The left Bousfield localization with respect to 
A, if it exists, is the model structure €} on the same underlying category €, which 
is characterized by the fact that it has the same cofibrations as € and in which the 
fibrant objects are exactly the A-fibrant objects. 


We have seen various examples of left Bousfield localizations already. Indeed, the 
characterization of the fibrant objects shows that the Kan—Quillen model structure 
on the category of simplicial sets is the left Bousfield localization of the categorical 
model structure with respect to the horn inclusion A‘[n] — A[n] for k = 0,n. 
For the category of dendroidal sets, the covariant (resp. Picard) model structure 
is the left Bousfield localization of the operadic one with respect to the leaf horn 
inclusions (resp. all horn inclusions). Before moving on to general existence results 
for Bousfield localizations, we observe some basic properties. 

For emphasis we repeat the following facts, which were already proved as Lemmas 
8.49 and 8.50. 


Proposition 11.22 A map between A-fibrant objects is a weak equivalence (resp. 
fibration) in €a if and only if it is a weak equivalence (resp. fibration) in €. 


Next, we record the following easy observation: 


Proposition 11.23 Jf €, is a left Bousfield localization of a left proper model cate- 
gory E, then Eq is again left proper. 


Proof Consider a pushout 


anc S 


—> 
—> 


ma 
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in which A —> B is acofibration and A —> C is a weak equivalence in €14. Factor the 
latter as A — X — C where A — X is a trivial cofibration in €} and X —> C is a 
fibration in €,. Then X —> C is in fact a trivial fibration in Ej, hence also a trivial 
fibration in €. Thus B > D can be factored as the pushout of the trivial cofibration 
A — X and a pushout (along a cofibration) of the weak equivalence X — C in £. 
Since € is assumed left proper, the latter pushout is also a weak equivalence (both 
in € and €23). It follows that B — D is a weak equivalence in Ey. m 


We now also state the universal property of left Bousfield localization alluded to 
at the beginning of this section. 


Proposition 11.24 Let €, be the left Bousfield localization of model category € with 
respect to a set A of cofibrations between cofibrant objects, and let fi: € 2 F : f* 
be a Quillen pair. Then the following are equivalent: 


(i) The pair above factors through E by a Quillen pair Ea 2 F, as in 


pag. 


k f 


F. 


(ii) The functor f* sends fibrant objects in F to A-fibrant objects in €. 
(iii) The functor f, sends the morphisms in A to weak equivalences in F. 


Proof The implication (i) => (ii) is clear, as (ii) just says that f*, as a functor F — Ey, 
preserves fibrant objects. For the equivalence (ii) & (iii), note that assumption (ii) 
says that 

Map¢(B, f*F) — Mape¢(A, f*F) 


is a weak equivalence for any A — B and any fibrant object F in F. By adjunction, 
this is equivalent to 
Map;(fiB, F) > Maps(fiA, F) 


being a weak equivalence. This means that f, maps A — B to a weak equivalence 
in F. Finally, for the implication (ii) => (i), notice that when we view f, as a functor 
Ea — F, it still preserves cofibrations as these are the same in € as in €a. To show 
that fi and f* still define a Quillen pair, it thus suffices to prove that f* preserves 
fibrations between fibrant objects (cf. Lemma 8.42). But this is clear from assumption 
(ii) and Lemma 8.50. o 


11.4 Existence of Left Bousfield Localizations 


Throughout this section € denotes a cofibrantly generated model category, which we 
will most of the time assume to be left proper. In the previous section we defined the 
notion of left Bousfield localization of € with respect to a set of morphisms A, but 
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left the question of whether such a localization exists open. There are several quite 
general criteria to be found in the literature; see the notes at the end of this chapter 
for references. These are all of a rather set-theoretic nature. Rather than proving one 
of these, we will begin by stating some general properties and then prove a more 
restrictive result which is sufficiently general to cover the examples in this book. 

Recall that if R is a Reedy category, the projective and Reedy model structures are 
two Quillen equivalent model structures on the diagram category €R” with the same 
weak equivalences, while one (the projective model structure) has fewer cofibrations 
than the other (the Reedy model structure). In situations like this, the following 
observation is useful. 


Proposition 11.25 Let € be amodel category and let A be a set of morphisms in E for 
which the left Bousfield localization E exists. Suppose €’ is another model structure 
on the same category E with fewer cofibrations but the same weak equivalences, so 
that the identity functor €’ — € is a left Quillen equivalence. Then the localization 
€ also exists and €^ > €) is again a left Quillen equivalence. 


Proof We may assume that A consists of cofibrations between cofibrant objects in 
E’. Let us write jı, : E @ E: j* for the Quillen equivalence given by the identity 
functors. By hypothesis, jı and j* preserve and detect weak equivalences between 
arbitrary objects. Define a new model structure €% by taking the weak equivalences 
to be those of €, and the cofibrations to be those of €’. The fibrations in €% are then 
defined as the morphisms having the right lifting property with respect to the trivial 
cofibrations in €’,. Our task is to show that these classes of morphisms satisfy the 
axioms for a model structure. Assuming this for the moment, the claim that € a —> Eq 
is a Quillen equivalence is clear from the fact that the weak equivalences of these 
model structures coincide. 

So let us check the axioms (M1-5) for €^. As usual, the first three axioms are 
obvious. Moreover, the factorization of a morphism into a cofibration followed by 
a map having the right lifting property with respect to all the cofibrations can be 
performed in €; as it is in €’ (these two having the same cofibrations), and a map 
having this right lifting property is a weak equivalence in €’, hence also in €’,. For 
the other factorization, consider a map X — Y. Factor it first as a trivial cofibration 
followed by a fibration in €,, say X — V — Y. Next, factor X — V as a cofibration 
followed by a trivial fibration in €’,, say as X — W — V. Then X — W is a weak 
equivalence in €% because X — V and W — V are. Moreover, W — Y has the right 
lifting property with respect to all the trivial cofibrations in €’,, because the same is 
true for both W — V and V —> Y. Thus X — W — Y is the desired factorization 
into a trivial cofibration followed by a fibration in €’. Finally, one half of the lifting 
axiom (M5) holds by definition of the fibrations and the other half follows because 
the trivial fibrations in €% are the same as those of €’. Indeed, if Y — X is a fibration 
in €% and a weak equivalence, we can factor it as Y > V — X where Y > V 
is a cofibration and V — X has the right lifting property with respect to all the 
cofibrations. Then Y — V is also a weak equivalence, so Y — X has the right lifting 
property with respect to Y — V. This makes Y — X a retract of V — X, as in 
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—_— 


Hence also Y — X has the right lifting property with respect to all cofibrations, as 
desired. 

Finally, we need to prove that an object is fibrant in €% if and only if it is fibrant in 
€’ and A-local. Take such a fibrant and A-local object X in €’ and factor X — 1 into 
a trivial cofibration f: X — Y followed by a fibration Y — 1 in €. (In other words, 
Y is a fibrant replacement of X in the model structure €.) Then X — Y is a weak 
equivalence between fibrant objects in €’, so Y is also A-local and hence fibrant in €43. 
A fortiori, Y is fibrant in €%. Now, as in Brown’s lemma, factor (1, f): X > X x Y 


as 
oe 


where X —> Z is a trivial cofibration in €’ and Z —> X x Y is a fibration in £’. Then 
all of u, p, and q are weak equivalences in E€’. Since X is fibrant in €’, the map 
Z —Y isa fibration in €’. Hence it is a trivial fibration in €’ and also in €4. Since 
Y is fibrant in €4, so is Z. But X is a retract of Z, so X is fibrant in €% as well. c 


For a cofibrantly generated model category €, again consider a set A of cofibra- 
tions between cofibrant objects. If the localization €} were to exist, then its weak 
equivalences are determined by Corollary 11.10, i.e., a map A — B is a weak 
equivalence in €, if and only if 


Mape ,(B, X) > Mape ,(A, X) 


is a weak equivalence of simplicial sets for every fibrant object X in €,. Applying 
Corollary 11.12 to the Quillen pair € @ Ey, this is the same as saying that 


Map, (B, X) > Map¢(A, X) 


is a weak equivalence for every 4-fibrant object X in €. Thus, the following proposi- 
tion shows that at least one criterion for the existence of €, is satisfied, namely that 
the (supposed) trivial cofibrations form a saturated class. 


Proposition 11.26 Let A be a set of cofibrations between cofibrant objects in a left 
proper model category €. Write a for the class of cofibrations A — B having the 
property that 

Mape(B, X) — Mape (A, X) 


is a weak equivalence for any A-fibrant object X. Then 2 is a saturated class. 
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Proof It is clear that 2 is closed under retracts. For a given A-fibrant object X, let us 
use the model for the mapping space Mape (A, X) given by 


E(Au, Xe), 


where Ac is a cofibrant replacement of A and X isa simplicial resolution of X (and 
similarly for B in place of A). Then A — B belongs to 2 if and only if 


Mapę (B, X) > Mapę (A, X) 


is a trivial fibration of simplicial sets (cf. Proposition 11.4), provided we arrange 
the map Ae — B, of cofibrant replacements to be a cofibration (which we can 
always do). It then easily follows that 2 is closed under transfinite composition. For 
pushouts, observe that if a square as below on the left is a pushout in €, then the one 
on the right is a pullback of simplicial sets: 


A —s cC E(D, X.) ——> E(B, X.) 
| l L t 
B —> D E(C, Xe) ——> E(A, Xe). 


So if the right-hand map in the pullback is a trivial fibration then so is the one on the 
left. Hence it suffices to show that we can ‘lift’ such a pushout square to a pushout 
square of cofibrant replacements. To this end, first use the factorization axiom to lift 
C — A —> B to cofibrations between cofibrant objects as in 


C +—~ A’ > B’ 


po f fg 


C <— A >B. 


Then take the pushout of the top row to get a cube 


A’ —— > B’ 


ee 


in which bottom and top are pushouts. Then by Lemma 7.51 and the assumption that 
€ is left proper, D’ — D is again a weak equivalence. This concludes the proof that 
A is closed under pushouts. m 
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Definition 11.27 Let 2 be a set of morphisms as before and define the class 2 as 
in Proposition 11.26. Then 4 is localizable if the class A admits the small object 
argument. 


Recall that this means that 2 is the saturation of a set of morphisms, each having 
a domain which is ‘small’ in an appropriate sense. In all of the examples of this book 
‘small’ can be taken to mean finite or countable (e.g. for simplicial or dendroidal 
sets). Generally, one fixes a regular cardinal x and asks that the domains D are x- 
compact, meaning that €(D, —) preserves x-filtered colimits. Under these conditions, 
the small object argument provides a factorization of any map in € as a map in A 
followed by a map having the right lifting property with respect to all maps in a. In 
the next section we provide a general way to prove that certain classes are localizable. 

The localizability of A allows us to use standard arguments to derive the following 
existence result. 


Proposition 11.28 Let € be a left proper cofibrantly generated model category. If A 
is a localizable set of morphisms, then the left Bousfield localization €a exists. 


Proof As already described before, the definitions of the relevant classes of mor- 
phisms are as follows: the cofibrations are the same as those of € anda map A —> B 
is a weak equivalence precisely if Mapẹ (B, X) — Mape (A, X) is a weak equivalence 
of simplicial sets for every A-fibrant object X. In particular, every weak equivalence 
in € is also one in €. The fibrations are defined as the maps having the right lifting 
property with respect to the trivial cofibrations, i.e., with respect to the maps in a. 
With these definitions, axioms (M1-3) are clearly satisfied. Moreover, for the fac- 
torization axiom (M5), a map factors as a cofibration followed by a trivial fibration 
in € and this also gives the required factorization in €,. As mentioned already, the 
assumption on a implies that any map in € factors as a map in a (i.e., a trivial cofi- 
bration) followed by one having the right lifting property with respect to all the maps 
ind (which is a fibration in €, by definition). Finally, one half of the lifting axiom 
(M4) holds by definition, while the other half follows by the usual retract argument. 
This proves that the classes of cofibrations, fibrations, and weak equivalences as just 
defined for €, indeed define a model structure. 

It remains to be shown that the fibrant objects in €a are exactly the A-fibrant 
ones, i.e., the fibrant objects X in € for which Mape (B, X) —> Mape (A, X) is a weak 
equivalence for each A — B in J. First suppose X is fibrant in €,. Since the maps 
A — B in A are obviously trivial cofibrations in €,, it follows immediately that 


Mape (B, X) > Mape ,(A, X) 


is a weak equivalence of simplicial sets. But €} can be replaced by € in this expres- 
sion, as we already observed in Corollary 11.12, so X is A-fibrant. For the converse, 
suppose X is A-fibrant. We should show that X — 1 has the right lifting property 
with respect to all cofibrations which are weak equivalences in €,. Since X is fibrant 
in €, Lemma 7.43 shows that it suffices to prove this for cofibrations between cofi- 
brant objects. Let A — B be such a trivial cofibration between cofibrant objects in 
Ea. Then we can choose a model for the mapping spaces for which 
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Mape(B, X) — Mape(A, X) 


is a trivial fibration. Moreover, we may arrange Map(B, X)o = €(B, X) and similarly 
for A. Any trivial fibration is surjective on vertices, so picking a preimage of the 
vertex corresponding to a given map A — X gives a lift B — X. This completes the 
proof. m 
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Let 4 be a set of cofibrations between cofibrant objects in a left proper model category 
€. In order to apply Proposition 11.28 in practice to establish the existence of left 
Bousfield localizations, it is necessary to have a useful way of checking that 2 is 
localizable in the sense of Definition 11.27. In this section we will give some criteria 
to do this, which are sufficiently general to cover the instances of left Bousfield 
localization used in this book (and many more). The arguments are modelled on 
those in Section 8.1. 

We shall work with model structures on a category € of set-valued presheaves, 
E = Sets©”, where C is a countable category. The categories of simplicial and 
dendroidal sets are examples of such €. Moreover, if € is of this form then so is 
the category s£ = €4” of simplicial objects in €. An object in € is called finitely 
presented (or briefly, finite) if it can be written as a finite colimit of representables. 
Similarly one defines countable objects. If K is finite and if 


Ap Ay oe 


is a countable sequence of monomorphisms, then any map K — lim An factors 
—n 
through A,, for some n. 


Remark 11.29 Everything we do in this section works (with straightforward modifi- 
cation) with ‘finite’ replaced by ‘x-small’ and considering x-filtered colimits instead 
of just countable ones. Also, the hypothesis that € is a category of presheaves can be 
relaxed to only assume that it is ‘presentable’ (meaning a certain kind of localization 
of a presheaf category) at the cost of phrasing our arguments in a more abstract way. 
However, this added generality will not play a role for us and the essence of the 
arguments remains unchanged. 


We will assume that € carries a model structure which is left proper and has the 
following four properties: 


(1) Each cofibration is a monomorphism. Moreover, if X C A C Y and X > Yisa 
cofibration, then so is A —> Y. 

(2) The cofibrations are generated by a set of cofibrations between finite objects. 

(3) An object X is fibrant if and only if X — 1 has the right lifting property with 
respect to the trivial cofibrations between finite objects in £. 
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(4) If A is a finite cofibrant object, then it admits a cosimplicial resolution A® with 
each A” a finite object. Moreover, if A — B is a cofibration between finite 
cofibrant objects, one may arrange a compatible map of such finite cosimplicial 
resolutions A® — B® which is a Reedy cofibration. 


It is useful to note that the set of all trivial cofibrations between finite objects is 
countable. All the model structures described so far in this book have the properties 
listed above. In fact it is possible to get rid of assumption (4) at the cost of working 
with a suitably large cardinal x as in Remark 11.29. However, (4) is easily seen to 
hold in all of our examples, so we choose to include it. 


Definition 11.30 A morphism X —> Y is called finite (resp. countable) if for every 
object c in C and every morphism C(-, c) — X, the pullback Y xx C(-, c) is a finite 
(resp. countable) object. 


The countability of C and property (2) ensure the following. 


Lemma 11.31 Suppose X — Y is a countable morphism. Then there exists a factor- 
ization X — Z — Y into a cofibration followed by a trivial fibration, where Z — Y 
is again countable. 


Proof The factorization is constructed in the standard way from the small object 
argument, as we will explain. We may write Y as a filtered colimit of finite objects 
Y; and define X; = Y; xy X. Then X; is countable and it suffices to construct the 
factorization for each X; — Y; and take the filtered colimit afterwards. In other 
words, we may assume Y is finite and X is countable. Then there are only countably 
many commutative squares 


A —> X 


a! 


B —> Y 


where A — B is a generating cofibration between finite objects. If we take the 
pushout along the coproduct of all these cofibrations as in the small object argument 


HA — X 


Lo o 


U8 — x’, 


then X’ is still countable. Repeating this construction countably many times and 
taking the colimit yields the required factorization. m 


We will use the lemma in the following special case: 


Example 11.32 If X — Y is a cofibration, then there exists a factorization of the 
fold map Y Lx Y —> Y as a cofibration followed by countable trivial fibration, giving 
a relative cylinder for Y with respect to X: 


Y Ux Y »>—> Cx) —> Y. 
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The following definition reflects a property that we proved earlier for the categories 
of simplicial and dendroidal sets, cf. Sections 8.1 and 9.1, specifically Lemma 9.22. 


Definition 11.33 Let 4 be a set of cofibrations between cofibrant objects in a model 
category €. We say that 2 has the countable approximation property if for any 
cofibration X — Y in A and any commutative diagram 


w — > 


—> 
—> 


<< x 


with A — B a monomorphism between countable objects, there exists an extension 
to a diagram 


A —> A’ —> X 


E 


B —> B’ —> Y 


in which A’ and B’ are again countable, the square on the right is a pullback, and 
A’ — B’ also belongs to A. 


Proposition 11.34 [fA has the countable approximation property, then ris generated 
by morphisms in A between countable objects. In particular, since there is only a set 
of such morphisms (up to isomorphism), the set A is localizable. 


Proof The proof is the same as that of Corollary 8.15. More explicitly, let f: X — Y 
be a morphism in a. We may assume that X is a subpresheaf of Y and that f is simply 
the inclusion. Enumerate the elements of Y which do not belong to X as {ye | € < a} 
for some ordinal a. We will construct a sequence of subpresheaves 


X =Mo OM, CM) C++? C Me C Mey C+ CY, 


where each Mz — Me, belongs to 2 and where ye € Mz whenever ¢ < é. We 
proceed by induction. At limit ordinals € we define Mz = Uz<g Mz. If Mz has been 
defined then we define Mz, as follows. Let B C Y be a countable subpresheaf with 
ye € B (which exists because C is countable) and let A = B N Me. The countable 
approximation property provides a diagram 
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where A’ — B’ belongs to A. Let Me+1 = B’ Ua Me be the pushout. Then Mz > 
Me, belongs to Asince A’ > B’ does, and Mg+1 — Y is a monomorphism because 
the square is a pullback. So Mz+ı — Y is a cofibration (using property (1) of €), 
which must belong to 2 since Mg — Y and Mg — Meg, do. This completes the 
induction. m 


Proposition 11.35 Let € be a model category satisfying properties (1)-(4). Let A 
be a set of cofibrations between finite cofibrant objects. Then A has the countable 
approximation property. 


If X is an object of €, a A-fibrant replacement of X is a cofibration X —> Xa 
which belongs to 2 and for which X; is a A-fibrant object. Such a replacement can be 
constructed explicitly using the small object argument, using it to force X, — 1 to 
have the right lifting property with respect to the set of trivial cofibrations between 
finite objects (using property (3) of €) as well as with respect to the cofibrations 


A" Upya OB" > Š” 


for A — B in A (using property (4) in order to assume that these are finite). This 
explicit construction will have the following obvious properties. 


Lemma 11.36 (a) If X is countable, then so is its A-fibrant replacement Xj. 
(b) If X is arbitrary and B C X, is countable, then there exists a countable A C X 
for which B © Aq © Xa. 


Proof (of Proposition 11.35) Let i: X — Y be a cofibration in 2 and consider a 
diagram 

Ag ——> X 

Bo —> Y 


where Ag and Bo are countable. Suppose for the moment that X and Y are cofibrant. 
Let X, and Y be 4-fibrant replacements, fitting into a diagram 


X —> Xa 


p Į 


Y —> N. 


Then i, is a morphism in 2 between cofibrant and 2-fibrant objects, which implies 
that it is a deformation retract. In other words, there exists a retraction ra: Yy — Xa 
and a homotopy between iar, and the identity on Y}, which can be taken to be 
parametrized by a cylinder 


Ya Ux, Ya > Cx, (¥1) > Ya 
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for which the projection is a countable morphism. Let us write h: Cx, (Ya) > Ya 
for this homotopy. Then there are countable A’ © X} and B’ C Y} with Ag E A’ 
and By © B’ for which r and A restrict to maps r: B’ — A’ and h: Cg > B’, 
where Cg = n~! B’ is the restriction of the cylinder to B’. Next, by the lemma, there 
are countable A” C X and B” C Y with A’ C (Aa), B’ C (B))” and Ap G A”, 
Bo © B”. This gives a diagram 


At > A” > X 
A D 
3o > AY > Xa 
L |) | 
Bo + B” >Y 
S g 
`N > BY > Ya 


in which the two rightmost vertical maps in the front fact are part of deformation 
retracts, hence belong to 2. Now let Bı = B” and A; = X AN Bı (which contains A”) 
and repeat the construction with Ap and Bo replaced by A, and B4. If we iterate this 
countably many times, we arrive at a sequence 


Ao > Al > Ao poses >X 
lo l | { 
Bo > By > B2 doses >Y 


for which the 4-fibrant replacements are interpolated by deformation retracts 


(A1)a —> A, —> M) —> > 


T 2 4 


(Bi)a > Bi > (Ba)a pee 


This shows that lim(A,), — lim(B,), belongs to 2 and hence so does lim An > 
—> —> —> 
lim B,. The diagram 


Ao ——> lim A, —> X 
— 


E ot @ 


By —> limB, ——> Y 
—> 


then shows that the countable approximation property holds. 
In the preceding argument, we have assumed that X and Y are cofibrant. In the 
general case, we can use Lemma 11.31 to find a diagram 
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where X and Y are cofibrant and the horizontal maps are trivial fibrations with 
countable fibres. Then X — Y also belongs to A. Let Ag = p~! (Ao) and Bo = q7! (Bo). 
Then the proof above gives a diagram 


Ap — A: — X 
By — B, —+Y, 
where A, > Bi isa map between countable objects which belongs to a. Let Ay C X 


and B; C Y be countable subpresheaves with Al a p lA, and B, Cc q By. Now 
iterate this countably many times to get a diagram 


—> PA) — A, —+ PM) — --- —> 


a ee 


—> q'\(B1) — b — P(B) —>--- —>Y 


D 4— >) 
)4— x) 


in which each An > B, belongs to A. Then p-!(UAn) > gq '\(UBn) does too, and 
hence so does UA, — UB,. In this way, we deduce the case where X and Y are 
arbitrary from the one where they are both cofibrant, and the proof of the proposition 
is complete. m 


Let us summarize the conclusions: 


Theorem 11.37 Suppose € = Sets” is a category of presheaves on a countable 
category C. Suppose that € carries a left proper model structure satisfying properties 
(1)-(4) listed at the start of this section. Then any set A of cofibrations between finite 
cofibrant objects is localizable. Hence the left Bousfield localization Eq of € with 
respect to A exists. 


Historical Notes 


The concept of localization (and the closely related notion of completion) was first 
introduced into homotopy theory to make sense of rationalization and p-completion 
of spaces; some of the earliest references are Quillen’s paper [124], Sullivan’s notes 
[136], and the book of Bousfield—Kan [32]. Localization with respect to general 
homology theories was described by Adams in [1]; the existence of such localizations 
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(both in stable and unstable homotopy) was proved by Bousfield in [29, 28]; these 
two papers were crucial to the further development of the notion. The theory was 
generalized both by Bousfield [30] and by Dror-Farjoun [56] to localizations with 
respect to arbitrary maps between spaces. The first systematic and comprehensive 
exposition of localization in the context of model categories is the book of Hirschhorn 
[84]. 

In this chapter we have given a self-contained treatment of left Bousfield local- 
ization, trying to distinguish the general theory (see Section 11.3) and the problem 
of existence. We have proved existence only in the special case of a model structure 
on a category of simplicial presheaves whose cofibrations are monomorphisms. This 
suffices for our purposes in this book; moreover, many naturally occurring model 
categories are (closely related to one) of this form, as the work of Dugger [49] shows. 
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Chapter 12 g 
Dendroidal Spaces and co-Operads 


Recall that a dendroidal set X is an co-operad if it satisfies the inner Kan condition; 
i.e., it has the extension property with respect to all inner horn inclusions of trees. 
In particular, this condition guarantees that if we interpret the sets X(T) as ‘sets of 
operations’ parametrized by the tree T, then there is a notion of composition of such 
operations (well-defined up to homotopy) when grafting trees T and T’. In Section 
12.1 we introduce an analogous condition for dendroidal spaces, namely the Segal 
condition. A dendroidal space X satisfying this condition is called a dendroidal Segal 
space and again there exists a notion of ‘composition of operations’, well-defined up 
to homotopy. In Section 12.2 we introduce the notion of completeness of dendroidal 
Segal spaces. Essentially, this amounts to a localization of the homotopy theory of 
dendroidal Segal spaces in which the groupoid interval J is forced to become weakly 
contractible. With this localization in place, we will show that the homotopy theory of 
complete dendroidal Segal spaces is equivalent to that of co-operads, by exhibiting a 
Quillen equivalence between a certain model structure on the category of dendroidal 
spaces and the operadic model structure on the category of dendroidal sets. In Section 
12.3 we further characterize completion as the localization of the homotopy theory of 
dendroidal Segal spaces at the fully faithful and essentially surjective maps. Section 
12.4 aims to show that the Boardman—Vogt tensor product of dendroidal spaces 
(rather than of dendroidal sets) behaves well with respect to the homotopy theory we 
have introduced; it can be used to equip the homotopy category of co-operads with a 
symmetric monoidal structure. In particular, we will see that the subtle behaviour of 
the tensor product of dendroidal sets with respect to cofibrations does not pose such 
a problem in the context of dendroidal spaces. In the next two sections of this chapter 
we introduce closed and reduced dendroidal spaces, respectively. These two variants 
are designed to capture the somewhat simpler homotopy theory of co-operads in 
which the spaces of nullary operations are contractible and all unary operations are 
invertible, which is the case in many examples of interest. In the final Section 12.7, 
we discuss how the theory of dendroidal spaces specializes to that of simplicial 
spaces, in particular recovering Rezk’s notion of complete Segal spaces. 
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12.1 Dendroidal Segal Spaces 


We begin this section by reviewing some notational conventions. A dendroidal space 
is, by definition, a contravariant functor from the category Q of trees to the category 
of simplicial sets, 

X: QP — sSets. 


Here and below, we use the term ‘space’ for a simplicial set, as suggested by the 
Quillen equivalence between the Kan—Quillen model structure and the classical 
model structure on the category of topological spaces. With natural transformations 
as morphisms, this defines a category 


dSpaces := sSets?”. 


It is a category of simplicial presheaves of the type discussed several times already 
in this book. Before we go into specific aspects of dendroidal spaces, let us establish 
some notation. First of all, the category of dendroidal spaces is naturally tensored 
over that of simplicial sets: if X is a dendroidal space and M is a simplicial set, we 
denote by X & M the dendroidal space defined by 


(X a M)(T) = X(T) x M, 


where T ranges over Q. For such X and M, we denote by X™ the dendroidal space 
defined by 


X™ (T)n = sSets(M x A[n], X(T)) = dSpaces(T m (M x A[n]), X). 


Here we identify T with the representable dendroidal set or the corresponding discrete 
dendroidal space, so T & M is the dendroidal space with 


(T & M\(S)n = Q(S,T) x Mn. 


We will continue to use this abbreviated notation for representables. As a further 
piece of notation, each dendroidal space X defines a functor (denoted by the same 
symbol) 

X: dSets°? — sSets 


by Kan extension: it is the unique functor (up to isomorphism) which agrees with 
the given X: QP — sSets on representables and preserves all small limits. Thus, 
for a dendroidal set A, the simplicial set X(A) is characterized by the identifications 


sSets(M, X(A)) = dSpaces(A & M, X) = dSpaces(A, X™). 
Alternatively, writing A as a colimit of representables, we find the formula 


X(A) = lim X(T), 
TOA 
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where the limit ranges over all the maps from representable dendroidal sets T to A. 
Finally, we observe that the inclusion i: A — Q induces adjoint functors 
i 


sSpaces = dSpaces 


l 


between the category of dendroidal spaces and that of simplicial spaces (alias bisim- 
plicial sets), analogous to the usual adjunction between dendroidal and simplicial 
sets. As in this case (cf. Section 3.5.2), the category on the left can be identified with 
the slice category dSpaces/7 and the adjunction then takes the form 


dSpaces/7 Z—* dSpaces, 


with left adjoint the forgetful functor. 

With these notational conventions in place, we can now begin our discussion of 
the homotopy theory of dendroidal spaces. As a category of simplicial presheaves, 
dSpaces carries the projective model structure (with respect to the Kan—Quillen 
model structure on the category of simplicial sets). We denote this model category 
by 

dSpaces p. 


Recall that this projective model structure is defined by declaring a map X — Y 
of dendroidal spaces to be a fibration (or weak equivalence) if for each tree T, the 
map X(T) — Y(T) of simplicial sets is a Kan fibration (resp. a weak homotopy 
equivalence). The generating (trivial) cofibrations for the projective model structure 
are of the form 

TRAM -TRN, 


where M — N is a generating (trivial) cofibration in sSets and T is any object of Q. 
Since Q is a Reedy category, the category dSpaces also carries a Reedy model 
structure. We denote the corresponding model category by 


dSpaces pz. 


The Reedy model structure has the same weak equivalences as the projective one, 
but fewer fibrations and hence more cofibrations. Explicitly, the Reedy cofibrations 
are generated by the maps of the form 


T x ôAf[n] U OT m Afnan] > T x Afa], 


for all T in Q and all n > 0. A map X —> Y is a Reedy fibration if and only if for 
each tree T the map of simplicial sets 


X(T) = Y(T) XY(T) X(T) 


is a Kan fibration. Here, according to the notational conventions explained above, 
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X(T) = lim X(S), 
ST 


where the limit ranging over proper monomorphisms S$ — T. Recall from Proposition 
10.11 that this implies that for any dendroidal subset U € OT, the map 


X(T) - Y(T) XY(U) X(U) 


is also a Kan fibration. In particular, taking U = Ø we find that any Reedy fibration 
is a projective fibration, as already asserted above. All in all, the identity functor 
defines a Quillen equivalence 
id; 
dSpacesp Z—? dSpacesp. 
id* 
It will be convenient to have the following description of the Reedy cofibrations: 


Lemma 12.1 A map X —> Y of dendroidal spaces is a Reedy cofibration if and only 
if for each simplicial degree k, the map Xk — Yk of dendroidal sets is a normal 
monomorphism. 


We call a map with the properties of the lemma a normal monomorphism of 
dendroidal spaces. 


Proof The class of degreewise normal monomorphisms is a saturated class that 
evidently contains the generating Reedy cofibrations listed above, so every Reedy 
cofibration is indeed anormal monomorphism of dendroidal spaces. For the converse, 
suppose X — Y has the property that each X% — Yx is a normal monomorphism of 
dendroidal sets. By definition of the Reedy cofibrations, we need to show that the 
map 

degY (T) Usegxr) X(T) > Y(T) 


is a cofibration in sSets*"™””. Since Aut(T) acts freely on Y(T) — X(T), for each 
k by assumption, it suffices to show that the map above is a monomorphism. This 
will follow if we demonstrate that for any element x € X(T), of which the image in 
Y(T)x is degenerate, x itself was already degenerate. To see this, consider a square 
of the form 

T wA[k] — X 


Loo d 


S Alk] — Y, 


where the vertical map on the left arises from a degeneracy map T — S. There is 
such a square whenever x is degenerate as an element of Y (T). Forming the pushout 
P in the square gives a factorization 


X >P >Y, 
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where the first map is a surjection. Since the composition of the two maps is injective, 
the first map is in fact an isomorphism. It follows that x factors through S x A[k], 
hence is already degenerate in X. m 


Corollary 12.2 The functor dSets — dSetsr, sending each dendroidal set to the 
corresponding discrete dendroidal space, preserves cofibrations. 


However, we note that this functor (even though it has a right adjoint) is not a 
left Quillen functor. Indeed, one readily verifies that it does not map an inner horn 
inclusion A°[T] — T to a Reedy weak equivalence, for example. This situation will 
be ‘corrected’ by appropriately localizing the Reedy model structure, cf. Theorem 
12.22 below. 


Definition 12.3 A dendroidal space X is said to satisfy the Segal condition if for any 
tree T, the morphism 
Map(T, X) — Map(Sp|T], X) 


is a weak homotopy equivalence of simplicial sets. (Here, as before, we identify the 
tree T with the corresponding discrete dendroidal space.) 


Remark 12.4 The expression ‘Map’ is defined in terms of (co)simplicial resolutions 
relative to a model structure on dSpaces. In our case, this is either the projective or 
the Reedy model structure. Since the two are related by a Quillen equivalence, the 
Segal condition is independent of which of the two model structures one takes. 


Again identifying dendroidal sets with the corresponding discrete dendroidal 
spaces, the definition above has several equivalent formulations: 


Lemma 12.5 For a dendroidal space X, the following are equivalent: 


(1) X satisfies the Segal condition. 
(2) For any tree T and any inner edge e of T, the map 


Map(T, X) > Map(A°[T], X) 


is a weak homotopy equivalence of simplicial sets. 
(3) For any inner anodyne morphism A — B of dendroidal sets, the map 


Map(B, X) — Map(A, X) 
is a weak homotopy equivalence of simplicial sets. 


Proof The class of normal monomorphisms A — B of dendroidal sets having the 
property that 
Map(B, X) — Map(A, X) 


is a weak homotopy equivalence is saturated and as the two-out-of-three property. 
Hence the lemma is clear from Proposition 6.39. m 
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The general theory of Bousfield localizations explained in Chapter 11 (and specifi- 
cally Theorem | 1.37) shows that there exists a left Bousfield localization of the Reedy 
model structure on dendroidal spaces for which the local objects are exactly the den- 
droidal spaces satisfying the Segal condition. Furthermore, Proposition 11.25 shows 
that a similar localization exists for the projective model structure on dSpaces and 
that it is Quillen equivalent to the previous localization of the Reedy model structure. 
We summarize these model structures in the following diagram, where the further 
subscript S denotes the localization with respect to the Segal condition and all the 
arrows are the identity, interpreted as a left Quillen functor: 


dSpacesp ———> dSpacesp 


J l 


dSpacesps ——> dSpacesgg. 


Although the localized model categories dSpacesp, and dSpacesggs are Quillen 
equivalent, in a given context one may be easier to work with than the other. For 
example, consider the formulation of the Segal condition in terms of ‘Map’. In 
the model category dSpacesp, the inner horn inclusions A°[T] — T and spine 
inclusions Sp[7] — T are cofibrations between cofibrant objects, by Lemma 12.1. 
(This is not the case in the projective model structure; the objects A°[T] and Sp[T] 
are usually not cofibrant.) Now for an arbitrary fibrant object X and a cofibrant one 
A, the simplicial set Map(A, X) can be calculated from the cosimplicial resolution 
Aw Afan], for n > 0 (cf. Example 11.15), as 


Map(A, X)„ = Hom(A m A[n], X). 


In particular, if A is a normal dendroidal set, A can be viewed as a Reedy cofibrant 
discrete dendroidal space, and we find for a Reedy fibrant dendroidal space X that 
as a model for Map we can take 


Map(A, X) = X(A) 


as defined at the start of this section. Moreover, for such an X and a normal monomor- 
phism A —> B of dendroidal sets, the restriction map X(B) — X(A)is a Kan fibration. 
This applies in particular to the inclusions featuring in the previous lemma, which 
can therefore be reformulated as follows: 


Lemma 12.6 For a Reedy fibrant dendroidal space X, the following statements are 
equivalent: 


(1) X satisfies the Segal condition. 

(2) For each tree T, the map X(T) — X(Sp[T)) is a trivial fibration between Kan 
complexes. 

(3) For each tree T and inner edge e of T, the map X(T) > X(A°[T]) is a trivial 
fibration between Kan complexes. 
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(4) For each inner anodyne map A — B between normal dendroidal sets, the map 
X(B) > X(A) is a trivial fibration between Kan complexes. 
(5) X is a fibrant object in dSpaces ps. 


This lemma also leads to the following reformulation of the Segal condition, 
which is sometimes useful: 


Lemma 12.7 Suppose T = T; oe Tz is a tree arising from grafting a tree Tz onto a leaf 
edge e of another tree T,. Then a dendroidal space X satisfies the Segal condition if 
the square 


X(T) ——> X(T) 


l! y 


X(T) -7 X(n) 


is a homotopy pullback, for any such T and a decomposition as a grafting of subtrees 
as above. 


Remark 12.8 By induction on the size of T one also concludes that X satisfies the 
Segal condition if X(T) is equivalent to the iterated homotopy pullback of the values 
of X on the corollas and edges making up the spine Sp[T]. 


Proof Assume that X satisfies the property described in the lemma. Since the 
property of being a homotopy pullback square is invariant under weak equivalence, 
we may take a Reedy fibrant replacement Y of X and prove that Y satisfies the Segal 
condition. Since Y is Reedy fibrant, the maps Y(T;) — Y(ņ) are Kan fibrations. It 
follows from the dual of Lemma 7.51 that the relevant square for Y is a homotopy 
pullback if and only if the map 


Y(T) > Y(1\) xy YT) = Y (Tı Ue Tr) 
to the actual pullback is a weak homotopy equivalence. Next observe that 
Sp[T] = Sp[Ti] Ve Sp[72]. 


Inductively assuming that Y(T;) — Y(Sp[7;]) is a trivial fibration for i = 1,2 now 
shows that the map 
Y(T) > Y(SpIT]) 


is a also a trivial fibration. The previous lemma then implies that Y satisfies the Segal 
condition. o 


These Reedy fibrant objects satisfying the Segal property are quite convenient to 
work with and it is helpful to single them out: 


Definition 12.9 A dendroidal Segal space is a Reedy fibrant dendroidal space satis- 
fying the equivalent conditions of the preceding lemma. 
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So, by definition, an arbitrary dendroidal space X has the Segal property if and 
only if it has a Reedy fibrant replacement which is a dendroidal Segal space. 
Let us observe the following easy consequence of the definition. 


Lemma 12.10 Let X be a Reedy fibrant dendroidal space. Then X is a dendroidal 
Segal space if and only if for each monomorphism of simplicial sets M — N, the 
map (XN Jo — (X™)o is an inner fibration between dendroidal sets. In particular, 
if X is a dendroidal Segal space then for each k > 0 the dendroidal set Xg is an 
co-operad. 


Proof For a map A — B between dendroidal sets and a map M — N between 
simplicial sets, (XY )y — (X™ )o has the right lifting property with respect to A > B 
in the category dSets if and only if X(B) — X(A) has the right lifting property 
with respect to M — N in the category sSets, as follows immediately from the 
definitions. Applying this to inner anodynes A — B, the first statement is clear. The 
second statement follows by taking M — N to be the inclusion Ø — A[k]. m 


We now list several fundamental examples of dendroidal Segal spaces. 


Example 12.11 (i) Let P be a simplicial operad with set of colours C. If for each 
sequence c], ..., Cn, C of colours the space P(cj,...,Cn;c) of operations is a Kan 
complex, then NP is a projectively fibrant dendroidal space. Indeed, for a tree T, 
fixing a planar structure on T gives an identification 


NPT) = | | | [Peo 


where the coproduct ranges over all functions a: E(T) — C assigning colours to 

the edges of T and the product ranges over the vertices of v of T. Moreover, for a 

vertex v with input edges e1, . . ., e,, and output edge e, we have written a(v) for the 

sequence a(e;),...,a(é,), a(e). The right-hand side is clearly a Kan complex. 
From this description of NP(T), we also see that 


NP(T) > NP(Sp[T]) 


is in fact an isomorphism. Since NP is not necessarily Reedy fibrant, we cannot 
immediately conclude that NP satisfies the Segal condition. However, we may still 
apply the criterion of Lemma 12.7. So write T = T 0, Ty and consider the square 


NP(T) ——> NP(7;) 


l { 


NPT) ——> NP(n), 


which is a pullback by our discussion above. The fact that NP(77) is discrete implies 
that the bottom and right maps are Kan fibrations. But then Lemma 7.51 guarantees 
that the square is also a homotopy pullback. 
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(ii) Let X be an co-operad. Then we can define a dendroidal space X by 
X(T), = dSets(J[n] 8 T, X). 


By Example 11.16, J[-] & T provides a cosimplicial resolution of a tree T (in the 
operadic model structure, say), and we can somewhat informally write 


X(T) = Map(T, X). 


By the homotopy invariance properties of Map, it is then immediate that X isa 
dendroidal Segal space, using that X itself is an co-operad. 

(iii) Recall that for a simplicial operad P whose spaces of operations are Kan 
complexes, as in (i) above, we have defined an co-operad w*P with 


w*P(T) = sOp(W(T), P). 


Here W(T) is the Boardman—Vogt resolution of the free operad Q(T) generated by 
the tree T. Thus, continuing example (ii), we can define for each simplicial operad a 
dendroidal Segal space 

NP := wP. 


The relation between this dendroidal space and the ordinary nerve NP is discussed 
in Section 14.6. 


We conclude this section with a brief discussion of the weak equivalences (in 
the model category dSpacesp) between dendroidal Segal spaces and the notion 
of homotopy operad of a dendroidal Segal space. To this end, we first introduce 
some notation. Let X be a Reedy fibrant dendroidal space. An object of X is by 
definition a vertex of the simplicial set X(77). For objects x1, . . ., Xn, x of X, we write 
X(X1,.--,Xn3X) for the pullback 


X (x1, . -> Xn; X) —> X(Cn) 


(X1; ----Xn,X) 


A[O] ——== X(AC,). 


Recall that ôC, is the coproduct of copies of 7 indexed by the edges of the n-corolla, 
so X(0C,) = <0 X(n). The lower map picks out the vertices x1, ..., Xn for the 
input edges of C, and x for the output. Notice that the map X(C,;,) — X(ôCn) is a 
Kan fibration between Kan complexes by the assumption that X is Reedy fibrant. 
Hence the fibre X(x1,...,%,;x) is also a Kan complex and the square is in fact a 
homotopy pullback. We will think of the simplicial set X(x1, . . . , Xn; x) as the ‘space 
of operations’ in X from x1,..., Xn to x. 
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Definition 12.12 A map f: X — Y between dendroidal Segal spaces is fully faithful 
if for each sequence x4, . . ., Xn, X of objects in X, the induced map 


X(X1,---,Xni X) > Y (f (x1)... fn); F(x) 
is a weak homotopy equivalence of Kan complexes. 


Proposition 12.13 Let f: X — Y be a map between dendroidal Segal spaces. Then 
the following are equivalent: 


(1) The map f is a weak equivalence in dSpaceSp, i.e., X(T) — Y(T) is a weak 
homotopy equivalence for each tree T. 

(2) The map X(T) — Y(T) is a weak homotopy equivalence for each tree T with at 
most one vertex (i.e., T is ņ or a corolla). 

(3) The map f: X — Y is fully faithful and X(n) — Y(n) is a weak homotopy 
equivalence. 


Proof It is clear that (1) implies (2). The equivalence between (2) and (3) can be 
seen as follows. Consider the square 


l l 


X(0Cn) ——> Y(ôCn), 


in which the bottom map is a weak homotopy equivalence by the assumption on 
X(n) — Y(n). Then the top map is an equivalence if and only if it induces an equiv- 
alence on fibres over any (x1, ..., Xn, X) E X(OC,,) and (f(x1),..., f(%n), f(x) € 
Y(0C,,). Indeed, this is clear from the fact that the vertical maps are Kan fibrations 
and their resulting long exact sequences on homotopy groups. Finally, to see that (2) 
implies (1), observe that in the square 


XT) ——— Y(T) 


} $ 


X(Sp[T]) —— Y(SpIT]) 


the vertical maps are trivial fibrations, as indicated. So the upper map is a weak 
equivalence if and only if the lower one is. But X(Sp[T]) is an iterated pullback of 
the form 


X(Sp[T]) = X(C,,) XX(7) X(C,,) XX(n) Aon XX(7) X(C,,,) 


where vj,...,¥, are the vertices of T and C,,,...,C,,, denote the corresponding 
corollas. Each map X(C,,) — X(7) involved in this pullback is a Kan fibration by 
the Reedy condition, so the (iterated) pullback is also a homotopy pullback. The 
same applies to Y. So assumption (3) implies that X(Sp[T]) — Y(Sp[7]) is a weak 
homotopy equivalence and hence so is X(T) — Y(T). m 
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For later use we now introduce the homotopy operad ho(X) of a dendroidal Segal 
space X. This ho(X) is an operad in the category of sets with colours given by the 
set X(7)9 of objects of X. Given a tuple of colours x1, . . ., Xn, x, the corresponding 
set of operations in ho(X) is defined by 


ho(X)(x1, -< <, Xn; X) =o Sie . -x Xn; x)). 


To make ho(X) into an operad we should describe the composition of operations, 
which is defined using the Segal property of X. To be precise, suppose é € X(Cm) 
and é € X(Cn) represent operations of ho(X), such that the root of the corolla 
&, corresponds to one of the leaves e of the corolla &). Then the Segal property 
of X guarantees the existence of an element ¢ € X(Cn °e Cm) that restricts to é 
and é on the leaf and root corolla, respectively. The composite operation ¿2 oe & is 
represented by the inner face ðe ¢. The verification that ho(X) is a well-defined operad 
is straightforward (and similar to our earlier analysis of the operad tY associated to 
an co-operad Y). For example, associativity of the composition is guaranteed by the 
fact that X(T) — X(Sp[T]) is a trivial fibration for trees T built from three corollas. 
We leave the details to the reader. 


12.2 Complete Dendroidal Segal Spaces 


In the previous section we introduced dendroidal Segal spaces, which are the ana- 
logues in the category of dendroidal spaces of the oo-operads in the category of 
dendroidal sets. However, it is not quite true that the model category dSets (with the 
operadic model structure) and the model category dSpacesp, for dendroidal Segal 
spaces are Quillen equivalent. For this to work, one needs to localize dSpacesgs 
further with respect to completeness. We will explain this concept in this section 
and prove the Quillen equivalence just alluded to in Theorem 12.22. Also, we will 
give various interpretations of the notion of completeness that will be technically 
convenient in the sequel. 


Definition 12.14 A dendroidal space X is complete if it is local with respect to 
either of the two endpoint inclusions 7 — J, interpreted as a morphism of discrete 
dendroidal spaces. In other words, X is complete if 


Map(J, X) => Map(7, X) 
is a weak homotopy equivalence. 


Remark 12.15 Notice that for a dendroidal space X, completeness depends only on 
the underlying simplicial space i*X, since 7 — J lies in the image of the embedding 
i,: sSets — dSets. Notice also that if X is Reedy fibrant, we may identify Map(A, X) 
with X(A), as discussed in the previous section. This applies in particular to A = J 
and A = 7. 
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According to Theorem 11.37, the model category dSpacesp, admits a left Bous- 
field localization dSpacesp>c with respect to either of the two morphisms 7 — J, 
characterized by the property that its fibrant objects are the complete dendroidal 
Segal spaces. Recall that in the category of dendroidal sets, the morphisms 7 — J 
are operadic equivalences. Hence, in order to ‘force’ dSpacesp, to become Quillen 
equivalent to the category dSets equipped with the operadic model structure, it is 
only natural to consider the localization dSpaces gsc with respect to the completion 
just defined. 

We will now characterize the complete dendroidal Segal spaces (i.e., the fibrant 
objects of dSpacesp< ) in terms of lifting properties. 


Proposition 12.16 A dendroidal space X is a complete dendroidal Segal space if 
and only if it has the extension property with respect to the following three classes 
of maps: 


(a) The maps 
T BA*[n] UOT m Ajn] > T w Ajn] 


for each tree T and eachn > 1,0 < k <n. 
(b) The maps 
T 8 0A[n] U AF[T] & A[n] > T w Afan] 


for each tree T, each inner edge e of T, and eachn > 0. 
(c) The maps 
Jw dA[n] Un K Afan] — J x Afnan] 


for eachn > 0. 


Proof A dendroidal space X is Reedy fibrant if and only if the maps X(T) —> X(T) 
are Kan fibrations for every tree T. This is equivalent to X having the extension prop- 
erty with respect to the maps (a). Such a Reedy fibrant X satisfies the Segal condition 
if and only if the fibration X(T) — X(A°[T]) is a weak homotopy equivalence, for 
each tree T and inner edge e of T. In other words, a Reedy fibrant X is a dendroidal 
Segal space if and only if it has the extension property with respect to the maps of 
(b). Finally, X is then complete if and only if the Kan fibration X(J) — X(n) is a 
weak equivalence, which is the same as having the extension property with respect 
to the maps of (c). o 


Another way to reformulate these lifting conditions is as follows. 


Lemma 12.17 Let X be a dendroidal space. Then the following are equivalent: 


(1) X is a complete dendroidal Segal space. 

(2) For any monomorphism M —> N of simplicial sets, (XN)ọ —> (X™)o is an 
operadic fibration of dendroidal sets. Moreover, this fibration is trivial if M —> N 
is anodyne. 

(3) For any n > 0, the map X^ — x®^l is an operadic fibration of dendroidal 
sets. Moreover, for any n > O and 0 <i < n the face map 
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di : Xn > Xn-1 
is a trivial fibration. 


Proof We first show the equivalence between (1) and (2). By definition, X is Reedy 
fibrant if X(T) — X(OT) is a Kan fibration for each T. In other words, for any 
anodyne map M —> N there exists a lift in any square of the form 


M —> X(T) 


L d 


N —> X(T). 


But this lifting problem is equivalent to 


OT ——> (X^) 


L l 


showing that (X")y — (X™)o is a trivial fibration. If X is Reedy fibrant, then the 
same argument shows that (X)y — (X™ )o is an inner fibration between oo-operads, 
for any monomorphism M — N, if and only if X has the Segal property (as already 
observed in Lemma 12.10). Finally, it also shows that X is then complete if and only 
if (X")y — (X™)o has J-path lifting, for any monomorphism M — N. By Theorem 
9.32(c), the operadic fibrations between oo-operads are precisely the inner fibrations 
with J-path lifting. 

Clearly (2) implies (3). For the converse, observe that the class of monomor- 
phisms of simplicial sets M — N such that (X^ )y — (X™)p is a (trivial) fibration is 
saturated and closed under two-out-of-three (among monomorphisms). The conclu- 
sion then follows from the fact that the boundary inclusions dA[n] — A[n] generate 
all monomorphisms as a saturated class, and that the face maps 0;: A[n — 1] — A[n] 
generate all anodyne maps as a saturated class closed under two-out-of-three among 
monomorphisms. m 


Up to now, we have been considering the category dSpaces of dendroidal spaces 
as the category sSets?” of simplicial presheaves on the Reedy category Q. As has 
already become clear above, it is sometimes useful to view this category as that of 
simplicial objects in dSets: 


sSets?” = dSpaces = dSets*”. 


In order to not confuse the two points of view, we will always write a dendroidal space 
X as a functor Q°P — sSets as in the previous section and denote the corresponding 
simplicial object A — dSets by tw(X), the twist of X. So we have an equality of 
sets 
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tw(X)n(T) = X(T)n : 


We can regard dSets*” as a model cate gory giving it the Reedy model structure with 
respect to the Reedy category A and the operadic model structure on dSets. This 
model structure is different from the Reedy model structure dSpacesp we have been 
considering. However, the descriptions of complete dendroidal Segal spaces above 
admit the following reformulation in these terms: 


Corollary 12.18 A dendroidal space X is a complete dendroidal Segal space if and 
only if both X and tw(X) are Reedy fibrant, in the categories sSets®” and dSets*”, 
respectively. 


Proof Being Reedy fibrant in sSets®” means having the extension property with 
respect to the maps (a) of Proposition 12.16, whereas being Reedy fibrant in dSets*” 
means having the extension property with respect to the maps (b) and (c) of the same 
proposition. m 


This gives yet another interpretation of complete dendroidal Segal spaces. Indeed, 
consider a dendroidal space X such that tw(X) € dSets*” is Reedy fibrant with 
respect to the Reedy structure of A. According to Lemma 12.17(3), X is then a 
complete dendroidal Segal space if and only if all face maps dj: Xn — Xn-1, which 
are already fibrations by the latter Reedy condition, are also weak equivalences. We 
record this observation for convenience: 


Corollary 12.19 A dendroidal space X is a complete dendroidal Segal space if and 
only if tw(X) is Reedy fibrant, interpreted as an object of dSets*”, and homotopically 
constant, in the sense that for any a: [m] —> [n] in A the map 


a”: Xn > Xm 
is an operadic equivalence of dendroidal sets. 
For our next few results it will be convenient to observe the following: 


Lemma 12.20 The two Reedy model structures on dSpaces, arising from its identi- 
fication with sSets?” and dSets*” respectively, have the same cofibrations. 


Proof For each of these two, the cofibrations are generated by the maps of the form 
T x ôAf[n] U OT m Afnan] > T x Afa], 


for trees T and n > 0. o 


Since any model structure is uniquely characterized by its cofibrations and its 
fibrant objects, it follows from the lemma and Corollary 12.19 that the model category 
dSpaces gsc for complete dendroidal Segal spaces may alternatively be characterized 
as the left Bousfield localization of the Reedy model structure on dSets*” for which 
the local objects are the homotopically constant ones. We record the following 
consequence for future reference: 
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Corollary 12.21 Let X be a Reedy fibrant dendroidal space (with respect to the 
Reedy structure of Q). Then in the model category dSpaceSpsc, the object X admits 
a fibrant replacement by a complete dendroidal Segal space X so that for eachn > 0, 
the map Xn > X, isan operadic equivalence of dendroidal sets. 


Proof As already observed in the proof of Lemma 12.17, the fact that X is Reedy 
fibrant implies that the face maps 


di: Xn > Xn-1 


are trivial fibrations of dendroidal sets. In particular, the simplicial object tw(X) € 
dSets*” is homotopically constant. Any Reedy fibrant replacement tw(X) —> Y in 
particular induces operadic equivalences tw(X), — Yn for all n > 0, so that Y is 
also homotopically constant. But then Corollary 12.19 implies that Y corresponds to 
a complete dendroidal Segal space in sSets?”. m 


Now consider the adjoint pair 


dis; 
dSets <— dSpaces. 
dis* 


For a dendroidal space Y, the right adjoint takes the degree zero part dis*Y = Yo. The 
functor dis; assigns to every dendroidal set X the corresponding discrete dendroidal 
space with (dis|X)(T), = X(T). As a simplicial object 


A”? — dSets: [n]  (dis!X), = X, 


it is constant in the variable n. By the discussion above, the fibrant objects of 
dSpacespsc are the homotopically constant dendroidal Segal spaces, which should 
make the following plausible: 


Theorem 12.22 The adjoint pair (dis), dis") is a Quillen equivalence between the 
operadic model structure on dSets and the model category ASpaces gsc for complete 
dendroidal Segal spaces. 


By the discussion preceding the theorem, it is really a special case of the following 
easy observation: 


Lemma 12.23 Let € be a model category and let sê be the category of simplicial 
objects in € equipped with the Reedy model structure. Then the constant simplicial 
object functor con: € —> s€ is a left Quillen functor, which becomes a Quillen 
equivalence for the left Bousfield localization of s€ whose fibrant objects X are the 
homotopically constants ones, whenever that localization exists. 


Proof It is clear that for the Reedy model structure on s€, the evaluation at 0 functor 
evo: sÊ — € preserves fibrations and trivial fibrations, so con and evo form a Quillen 
pair. For an object E in €, write con(E) > E fora Reedy fibrant replacement in s€. 
Then E > E, is a weak equivalence for each n > 0, so by two-out-of-three each 
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face map E, > Eni isa weak equivalence and Eis homotopically constant, hence 
local. The fact that E — Ep is a weak equivalence then shows that the derived unit 


E — RevoLcon(E) 


(which may be identified with E — Eo if E is cofibrant) is a weak equivalence. 
As to the derived counit, for a fibrant object X in s€ this is the map con(X9) > X 
which is always a weak equivalence in degree 0, and hence a weak equivalences in 
all degrees precisely by the assumption that X is homotopically constant. m 


Example 12.24 Let X be an co-operad. In Example 12.11(ii) we constructed a 
corresponding dendroidal space X, for which X (T) is a model of the mapping 
space Map(T, X). Since 7 — J is an operadic equivalence of dendroidal sets, 
Map(J, X) — Map(ņ, X) is a weak equivalence of simplicial sets. Hence X is com- 
plete. 

In a bit more detail, recall that we explicitly defined 


X(T), = dSets(J[n] 8 T, X). 


One can think of this construction as the “geometric realization - singular complex’ 
adjunction with respect to the cosimplicial object J[e]. 


lela 


dSets*” zZ dets. 
ing; 


This is a Quillen adjunction by Proposition 10.25 and becomes a Quillen equivalence 
for the localization of dSets*” as in the lemma; indeed, the composition of dis, 
followed by | - |y is the identity. Since Ldis; is an equivalence, the same is true for 
L| - |z. When we identify the localization of the lemma with dSpacesgsc as above, 
we can write this Quillen pair as 


lela 


dSpacespsc Ge dSets. 
J 


Example 12.25 Let X be a dendroidal Segal space. If X(C1) — X(y) is a weak 
equivalence, then X is complete. Indeed, in order to show that X(J) — X(7) is 
also a weak equivalence, consider the collection of monomorphisms M — N of 
simplicial sets for which X(i;N) — X(i,M) is a weak equivalence. This collection is 
saturated and closed under two-out-of-three (among monomorphisms). Moreover, it 
contains all inner horn inclusions because X has the Segal property, as well as the 
two inclusions A[0] — A[1] by hypothesis. But then it must contain all simplicial 
anodyne maps, i.e., all trivial cofibrations in the Kan—Quillen model structures. In 
particular, it contains A[0] > J. 


Remark 12.26 In some cases it is more convenient to work with the projective model 
structure dSpacesp, with the corresponding localizations dSpacesp, by the Segal 
condition and dSpaces psc also with respect to 7 — J. These localizations exist by 
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Proposition 11.25 and we get the following diagram of left Quillen functors and left 
Quillen equivalences (with all functors simply the identity, of course): 


dSpacesp ——-> dSpacesp,; ———> dSpacespsc 


bot | 


dSpaces,z; ——> dSpacesp, ——> dSpacespsc. 


Then a projectively fibrant object X is local for the PSC-localization if and only if a 
Reedy fibrant replacement of X is a dendroidal complete Segal space. The following 
example is an illustration of this situation. 


Example 12.27 Let P be a simplicial operad and assume all its spaces of operations 
are Kan complexes. We noticed in Example 12.11 that NP is a projectively fibrant 
dendroidal space satisfying the Segal condition. In many examples, P has just one 
colour and the space P(1) of unary operations is contractible. This is the case 
for (simplicial) versions of the little n-cubes operad E,,, for instance, and for the 
Barratt-Eccles operad. For such an operad P, the map NP(C1) — NP(n) is the 
map P(1) — A[0], which is a weak equivalence by hypothesis. The same is then 
true for a Reedy fibrant replacement of NP, making it a dendroidal complete Segal 
space. Hence NP itself is a fibrant object in dSpaces psc, but not necessarily in 
dSpacespsc. 


Example 12.28 Let P be a discrete operad, i.e., an operad in the category of sets, 
and write C for the set of colours of P. One can construct a simplicial object P in 
the category of discrete operads as follows. In simplicial degree n, the set of colours 
of P, is the set of strings of isomorphisms in (the underlying category of) P of the 
form . : "7 

C: co > ci > > Cpe 


For such strings zl, oe zt and c, an operation @ in P, (€, 2 jk: Cc) is a sequence 
of operations a; € Pict, ie ay ee ;c;), for i = 0,...,n, which are compatible with 


the specified isomorphisms. The simplicial structure maps relating these P, are 
defined exactly as for the nerves of categories. Thus, d; : P, > P,- 1 deletes the ith 
component. Clearly, each such face map is surjective on colours and fully faithful on 
operations. For a fixed n, the dendroidal set N @,„) is the nerve of a discrete operad, 
hence a dendroidal strict inner Kan complex. The same is true for N P(dA[n]) and 
one easily checks that 


NP, = NP(A[n]) > NP(OA[n]) 


is a fibration between oo-operads. The maps N P, >N P,-1 are weak equivalences 
of co-operads because P„ > P, is essentially surjective and fully faithful, so N P 
is a fibrant object in dSpacesgsc. In other words, N Pisa complete dendroidal 
Segal space. As con(NP) —> N P gives a weak equivalence of dendroidal sets in each 
simplicial degree, it is a weak equivalence in dSets” and hence in dSpacespsc. 
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Therefore our construction of NP yields an explicit fibrant replacement (or “com- 
pletion’) of NP in dSpacespgsc. In fact, the reader can unravel the definitions to find 
that _ 

NP, (T) = dSets(/[n] ® T, NP), 


so this is just a special instance of Example 12.24. 


12.3 Complete Weak Equivalences 


In this section we discuss the weak equivalences in the model category dSpaces gsc 
for complete dendroidal Segal spaces in more detail. We shall call a map of dendroidal 
spaces f: X — Y a complete weak equivalence if it is a weak equivalence in 
dSpacespsc. This model category is defined as a left Bousfield localization of the 
category dSpaces,p of dendroidal spaces with the Reedy model structure and we have 
seen in the previous section that it can also be viewed as a left Bousfield localization 
of the category dSets*” of simplicial objects in dendroidal sets, equipped with 
the Reedy model structure coming from A. In particular, the latter perspective 
immediately gives the following property of the complete weak equivalences: 


Proposition 12.29 Let f : X — Y be a map of dendroidal spaces. If for each simpli- 
cial degree n > 0 the map fn: Xn — Yn is an operadic weak equivalence between 
dendroidal sets, then X — Y is a complete weak equivalence. 


Lemma 8.49 states that in a left Bousfield localization, the local weak equivalences 
between local objects are also weak equivalences in the original model category. 
Hence we can also immediately record the following. 


Proposition 12.30 Let f: X — Y be a map between complete dendroidal Segal 
spaces. Then the following statements are equivalent: 


(1) f: X — Y is a complete weak equivalence. 

(2) f induces a weak homotopy equivalence X(T) — Y(T) between Kan complexes 
for each tree T in Q. 

(3) f induces an operadic equivalence Xn — Y, between œ-operads for eachn > 0. 

(4) f induces an operadic equivalence Xy — Yo. 


Proof The equivalence between the first three statements follows by the comment 
preceding the proposition, interpreting dSpacespsc as a left Bousfield localization 
of the Reedy model structures on sSets?” for statement (2) and on dSets*” for 
statement (3). Statement (4) is equivalent to (3), because each face map d;: Xn — 
Xn-1 is a trivial fibration for a complete dendroidal Segal space X. m 


In Theorem 9.45 we characterized the operadic equivalences between co-operads 
as those maps that are fully faithful and essentially surjective. We now aim for 
a similar description of weak equivalences between (complete) dendroidal Segal 
spaces. Recall that to define fully faithful maps between co-operads, we used the 
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‘space of operations’ in an oo-operad X (which is a dendroidal set) defined by a 
pullback 


X(x, Es sta Ý) — Map(Cn, X) 


l 


Ajo] Ls Map(ðC,, X). 


The functor sending a dendroidal space Y to its underlying dendroidal set Yọ is 
right Quillen with respect to the model structure dSpacesgsc (cf. Theorem 12.22), 
which makes it straightforward to compare this ‘space of operations’ to the one for 
dendroidal Segal spaces given in Section 12.1: 


Lemma 12.31 (i) Let Y be a complete dendroidal Segal space. Then for any se- 
quence of objects yı, . . -, Yn, Y E€ Y(1)o there is a natural weak homotopy equiv- 
alence 


Yoi,- -<s Yn3 Y) = Y (Yi; -< -> Yn Y). 


(ii) Consequently, a map f : X — Y between complete dendroidal Segal spaces is 
fully faithful if and only if fo: Xo — Yo is a fully faithful map of œ-operads. 


Proof This follows from Proposition 11.11 applied to the adjoint pair (dis), dis*). 5 


Remark 12.32 Note that item (i) in particular shows that for a complete dendroidal 
Segal space Y, the homotopy operad ho(Y) is naturally isomorphic to the homotopy 
operad t(Yo) associated to the dendroidal set Yo. 


Next, let us take a closer look at ‘essential surjectivity’. Consider a map f: X —> 
Y between complete dendroidal Segal spaces. Recall that the corresponding map 
Jo: Xo — Yo between cv-operads is said to be essentially surjective if for any 
y € Y(n) there exists an x € Xo(7) and a ‘path’ J — Yọ connecting f(x) to y. 
Another way to express this is by saying that there exists a lift as follows: 


Y(J) 


Pi 


AlO] Gaya YD x YO). 


The completeness of Y implies that Y (J) is a path object for the Kan complex Y (n). 
More precisely, in the diagram 


Yn) ——> Y(J) 


ag. 


Y(n) x Y(n), 


the horizontal map is a weak equivalence by completeness, whereas the vertical map 
is a fibration by Reedy fibrancy of Y. Another path object for Y (7) would of course 
be just Y(77)4""!. This shows the consistency of the following definition. 
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Definition 12.33 A map f: X — Y between complete dendroidal Segal spaces is 
essentially surjective if any of the following equivalent conditions holds: 


(1) For any object y € Y(7)o there exists an object x € X(7)o anda path A[1] — Y(7) 
connecting f(x) to y. 

(2) For any object y € Y(7)o there exists an object x € X(7)o and a path J —> Yo 
connecting f(x) to y. 

(3) The induced morphism of homotopy operads ho(X) — ho(Y) is essentially 
surjective. 


Now that we have discussed the meanings of ‘fully faithful’ and ‘essentially 
surjective’ in the context of both co-operads and complete dendroidal Segal spaces, 
we can state the following variant of the previous proposition. 


Corollary 12.34 Let f : X — Y be a map between complete dendroidal Segal spaces. 
Then the following statements are equivalent: 


(1) f: X — Y is a complete weak equivalence. 

(2) f: X — Y is a fully faithful and essentially surjective map of complete dendroidal 
Segal spaces. 

(3) fo: Xo > Yo is a fully faithful and essentially surjective map of c0-operads. 


Proof The fact that (1) is equivalent to (3) is clear from the previous proposition and 
the characterization of operadic equivalences between ovo-operads as the fully faithful 
and essentially surjective maps. By the discussion above, (2) is also equivalent to 
(3). Indeed, f: X — Y is fully faithful if and only if fo: Xo — Yo is fully faithful 
by Lemma 12.31, while essential surjectivity of f is equivalent to that of fo by 
formulations (1) and (2) of the definition above. Oo 


It is harder to show (and perhaps a bit surprising) that the equivalence between 
(1) and (2) of the corollary also holds if X and Y are dendroidal Segal spaces that 
are not necessarily complete. Without completeness, we cannot identify the space 
X(X1,..-,Xn3 x) with the space Xo(x1,..., Xn; x) associated to the co-operad Xo and 
the different versions of Definition 12.33 are no longer equivalent. Thus, in addition 
to the notion of fully faithful map between Segal spaces already introduced in Section 
12.1, we use version (3) of Definition 12.33 for essential surjectivity. Explicitly: 


Definition 12.35 A map of dendroidal Segal spaces f: X — Y is essentially sur- 
jective if the induced morphism of homotopy operads ho(X) — ho(Y) is essentially 
surjective. 


The main result of this section is as follows: 


Theorem 12.36 Let f: X — Y be a map of dendroidal Segal spaces. Then f is a 
complete weak equivalence if and only if f is fully faithful and essentially surjective. 


Remark 12.37 The theorem can be interpreted as saying that the model category 
dSpacespsc for complete dendroidal Segal spaces is the localization of the model 
category dSpacesp, for dendroidal Segal spaces with respect to the fully faithful 
and essentially surjective maps. 
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A map f of dendroidal Segal spaces is fully faithful and essentially surjective 
if and only if f is fully faithful and induces an equivalence of homotopy operads; 
in particular, the class of such maps is clearly closed under two-out-of-three. We 
have already seen that the statement of the theorem is true for complete dendroidal 
Segal spaces, so in fact it suffices to prove that any dendroidal Segal space X has 
a completion (i.e., a fibrant replacement in dSpacesgsc) via a fully faithful and 
essentially surjective map. Thus, the theorem is a consequence of the following 
result. 


Proposition 12.38 Let X be a dendroidal Segal space. Then there exists a completion 
u: X — Xş by a map which is fully faithful and a bijection on objects: 


X(n)o > X¢(n)o. 


Proof As in Example 12.24, we may associate to each of the co-operads X, a 
complete dendroidal Segal space Sing ;(X,,), defined by 


Sing (Xn)(T)m = dSets(J[m] ® T, Xn). 


Thus Sing ;(X.) is now a simplicial object in dendroidal spaces, i.e., a bisimplicial 
dendroidal set, and we define X to be its diagonal: 


Xa (T) := Sing; (OG) nw 


The map J[n] — J[0] = 7, which is an operadic equivalence, defines a map of 
dendroidal spaces X —> X, which in simplicial degree n is the operadic equivalence 
of dendroidal sets 

Xn(—) > dSets(J[n] 8 —, Xn). 


By Proposition 12.29 it is then a complete weak equivalence. Let X> X; be a Reedy 
fibrant replacement of dendroidal spaces and let u: X —> X; be the composition. 
Then u is also a complete weak equivalence. The construction of this Reedy fibrant 
replacement by the small object argument involves pushouts along maps of the form 
(a) in Proposition 12.16, which are isomorphisms in ‘bidegrees’ (77,0), i.e., do not 
add new objects. Since X(7)y) —> X(n)o is an isomorphism, so is X(7) > X-(n)o. It 
thus suffices to prove Lemmas 12.39 and 12.40 below. m 


Lemma 12.39 The dendroidal Segal space X; is complete. 

Lemma 12.40 The map u: X > Xr is fully faithful. 

Proof (of Lemma 12.39) Observe that for fixed n and T, the face maps 
Sing (Xn)(T) > Sing; (Xn-1)(T) 


are trivial fibrations of simplicial sets. Indeed, let us write ô J [m] for the union of the 
subobjects 0;: J[m — 1] — J[m] (as we have previously been doing for cosimplicial 
objects). Then a lifting problem as in the square on the left is equivalent to a lifting 
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problem as in the square on the right: 


dA[m] ——-+ Sing(X,)(T) A[n — 1] ——+ X(J[m] ®T) 
sA ar 
| a | | ee | 
Alm] —> Sing ;(Xn-1)(T) Afla] ———> X(0dJ[m] 8 T). 


The map on the very right is a Kan fibration because X is Reedy fibrant and ðJ [m] 8 
T — J[m] & T is a normal monomorphism of dendroidal sets, so these lifting 
problems indeed have solutions. Then the fundamental property of bisimplicial sets 
(Corollary 10.27) guarantees that the simplicial set X(T) is weakly equivalent to 
X(T), for any tree T. The latter is local in dSpacesp,c by Example 12.24. Hence 
any Reedy fibrant replacement of Xisa complete dendroidal Segal space. m 


Proof (of Lemma 12.40) Recall the notation Hom(A, Y) for the ‘internal hom’ be- 
tween dendroidal sets A and Y, defined by 


Hom(A, Y)\(T) = dSets(A 8 T, Y). 


The proof consists of three steps. First of all, we replace the dendroidal space 
X by an equivalent object. Recall that Sing; (Xn )(T) is a model for the mapping 
space Map(T, X,,). By Example 11.16 and 11.14(b) it is naturally equivalent (via a 
trivial fibration) to the mapping object ki*Hom(T, X,,). Hence Corollary 10.27 (the 
fundamental property of bisimplicial sets) implies that the map 


X(T) > diag(ki*Hom(T, X.)) 


is a weak equivalence of simplicial sets, for any T. We define X to be a Reedy fibrant 
replacement of the dendroidal space 


T + diag(ki*Hom(T, X.)). 


Hence it suffices to prove that X — X is fully faithful. Observe that the dendroidal 
space above is also naturally a subobject of the diagonal of the bisimplicial dendroidal 
set 

Hom(A[e], X.). 


To be more precise, write X¥!! for the dendroidal space of which the n-simplices 
are described by 
(XE) (7), = (ki*Hom(T, Xn)) „- 


Then X is, by construction, a Reedy fibrant replacement of the diagonal of xe le} 


Since Theorem 6.51 states that ‘equivalences are determined pointwise’, one may 
also regard the elements of X¥!'"|(7T),, as the maps 


é: A[m] @T > Xn 
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such that for every edge e of T, the restriction ée: A[m] — Xn sends every edge of 
A[m] to an equivalence in X,. 

The second step is to reduce the problem to showing that the “constant path map’ 
X — Xl! is fully faithful. Indeed, if this is the case, then so is the iterated map 


X => XE xy -xy XEM 
into an m-fold pullback. But the map 
XP) XEU xy... xy KEE 


arising from the inclusion of the ‘intervals’ with endpoints (i, i + 1) into A[m], is 
a trivial fibration by the Segal condition. So then X — Xl"! is fully faithful as 
well. If this holds for every m, then X —> diag(XF [ely — X is also fully faithful, as 
follows easily from Corollary 10.27. This proves that it is indeed enough to show 
that X — XFU! is fully faithful. 

For the third and final step, fix a sequence of objects x1, ..., Xk, x of X. Then 
X(x1, . . ., Xk; X) is the pullback 


X(x, as -> Xk; X) =} X (Cx) 


l 


A[0] ————> X(C). 
Let us consider a similar pullback for X#!"!, as in the left square of 


XEUN (x1, 2.2, xx) —— XECH — X(C @ C1) 


| l | 


A[o] ————+ X£"'l(@C,) —> X(C 8 C1), 


where we have identified x1, ..., xg, x with their images under X — XEU], The 
square on the right is a pullback as well, precisely because equivalences are deter- 
mined pointwise as already noted above. Thus, if we show that the outer rectangle 
in the diagram 


X(xp. xx) — XEU... xx) —> X(C 8 C1) 


i l | 


A[0] = ALO] — X(0C; 8 Ci), 


is a homotopy pullback, it follows that the square on the left is a homotopy pullback 
and thus X(x1,...,%%3.x) —> XUN (x, ..+,Xk3X) is a weak homotopy equivalence, 
as desired. 
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Now Cx ® C; is the union of two shuffles G and H, 


x 


whose intersection (which is just a k-corolla Cg) we denote by F. Thus 
X(Ck 8 C1) = X(G) Xx(F) X(H). 
The Segal condition for X now gives homotopy equivalences 
X(H) = X(C1) Xx) X(Cx) 


and 
X(G) = X(Ck) Xx X(C. 


Pulling back along the map from A[0] picking out x1,..., Xg, x therefore gives 
homotopy pullback squares 


X(x, ae <> Xk; X) a X(H) 


l ! 


A[O] ————+ X(Ci) xx) X(OCx), 


X(x1, os <> Xk; X) ———> X(G) 


i l 


A[0] ———+ X(ACk) Xx X(Ci)*. 
Combining these squares with the observation 
(X(C1) xxo X(OCk)) Xx(acy) (X(PCk) Xxx X(C1)*) = X(ACx 8 C1) 
then shows that 


X (x1, 665% 5X) ——> X(G) xxr) X(A) 


l 


Al0O0] —————_+ X(C 8 C1) 


is a homotopy pullback square. But this is precisely the outer rectangle from our 
previous diagram. We conclude that X > Xl is fully faithful and the proof of the 
lemma is complete. m 
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12.4 The Tensor Product of Dendroidal Spaces 


The aim of this section is to show that the tensor product of dendroidal spaces behaves 
well with respect to the model structures we have introduced. In particular, we will 
see that it admits a derived functor and defines a symmetric monoidal structure on the 
homotopy category Ho(dSpacesgsc). By Theorem 12.22 this category is equivalent 
to the homotopy category Ho(dSets) associated with the operadic model structure, 
which therefore inherits a symmetric monoidal structure as well. In particular, this 
result improves on our earlier statements that the tensor product gives a well-defined 
symmetric monoidal structure on the homotopy category of open dendroidal sets. 

The tensor product of dendroidal spaces can be characterized as follows. For 
representable dendroidal spaces S x A[m] and T & A[n], with trees S and T, their 
tensor product is given by 


(S m A[m]) @ (T m A[n]) = (S @T) m (A[m] x Afr). 


Moreover, the tensor product preserves colimits in each variable separately. 

For model categories €, D, and €, let us say that a functor F: € x D —> € is 
a left Quillen bifunctor if F preserves colimits in each variable separately and for 
cofibrations i: K — L in € and j: M —> N in D, the map 


F(K,N) UF(K,M) F(L, M) =} F(L, N) 


is a cofibration in € that is moreover trivial if i or j is trivial. With this terminology 
we can formulate the main technical result of this section as follows: 


Theorem 12.41 The tensor product of dendroidal spaces defines a Quillen bifunctor 
dSpaces psc X dSpaces psc — dSpacespsc. 


Observe that in the domain we are using the projective model structure for com- 
plete dendroidal Segal spaces, whereas the target has the Reedy version. At the level 
of homotopy categories this difference is irrelevant; in particular, we will deduce the 
following consequence of the theorem at the end of this section. 


Corollary 12.42 The tensor product of dendroidal spaces defines a symmetric 
monoidal structure on the homotopy category Ho(dSpaces psc). 


We start the proof of the theorem with a simple observation: 


Lemma 12.43 The tensor product of dendroidal spaces defines a left Quillen bifunc- 
tor 
dSpacesp x dSpacesp — dSpaces,p. 


Proof Generating (trivial) cofibrations for the projective model structure on den- 
droidal spaces are maps of the form T x M — T m N with T a tree and M —> N 
a generating (trivial) cofibration for the Kan—Quillen model structure for simplicial 
sets. For another such map S$ & K — S m L, their pushout-product is the map 
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(S@T)&(K XN Ugxm LX M) —>(S8T)R(LxN). 


This is a Reedy cofibration (since S ® T is normal and hence Reedy cofibrant) that 
is moreover a weak equivalence whenever K — L or M — N is. m 


Remark 12.44 The preceding proof demonstrates why the Reedy model structure 
has to be used in the target; generally the dendroidal set $ & T is not representable 
and there is no reason for it to be a projectively cofibrant dendroidal space. Still, the 
use of the projective model structure in the domain is necessary, because it makes 
the family of generating cofibrations small enough for the result to hold. 


To see how the tensor product interacts with the localizations for the Segal and 
completeness conditions, we will again use the combinatorics of shuffles as in Section 
6.3. Recall that for trees S and T, their set of shuffles is partially ordered with minimal 
element the shuffle obtained by grafting copies of S on top of T and maximal element 
the one where copies of T are grafted on top of S. The partial ordering is defined by 
‘shuffling down’ the vertices of S through those of T. 

The following is the crucial input to proving Theorem 12.41. Unlike the results of 
Section 6.3 it does not require any assumptions (such as openness) on our dendroidal 
spaces. Those assumptions were necessary in the case of dendroidal sets to guarantee 
that the relevant pushout-products were normal monomorphisms; we will see that 
the map featuring in the proof below is of a simpler form and can be checked to be 
anormal monomorphism without further hypotheses. 


Lemma 12.45 The tensor product of dendroidal spaces is compatible with the Segal 
condition in the sense that it defines a left Quillen bifunctor 


dSpacesp,; x dSpaces ps — dSpacesps. 


Proof By Lemma 12.7, we can characterize the model category dSpacespy as 
obtained from dSpaces p by localizing with respect to the ‘grafting maps’ 


(S Ue R) m A[n] U (S oe R) m AA[n] > (S oe R) m Afr] 


where S and R are trees, e is a leaf of S and simultaneously the root of R, and n > 0. 
Given Lemma 12.43 above, it therefore suffices to prove that the pushout-product of 
a map as above with a generating cofibration T x M — T m N is a weak equivalence 
in the model category dSpacesp,. (Here M — N is a monomorphism of simplicial 
sets.) Such a pushout-product is of the form 


X aV Uyw YRU-YRV 


with X = (S Ue R) 8T, Y = (S oe R) 8 T, and U — V the monomorphism of 
simplicial sets 


OA[n] x N Uasjnjxm Aln] x M > A[n] x N. 
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To show that this is a trivial cofibration in dSpacespg, it suffices to show that the 
map 
(S Ue R) @T > (S oe R) OT 


is an inner anodyne map of dendroidal sets. 
We begin by observing that this map is a normal monomorphism; indeed, the 
codomain is normal and the square 


{e} 8T ——> RT 


l 


S&T ——+ (So, R)@T 


is easily seen to be a pullback. We may therefore view (S Ue R) 8T as a subobject of 
(Soe R) ®T. (This is where the current proof is simpler, and applies more generally, 
than that of Lemma 6.24.) 

Write ve for the root vertex of R, which is also the top vertex of the edge e in the 
tree S oe R. Any shuffle Q of (S oe R) ®T will have one or several vertices of the 
form ve ® t, for t an edge of T, and we will call the outgoing edges e ® t of such 
vertices special edges. Now consider a filtration 


(S Ue R)@T =: Ap © Ay CAC, (JA = (Soe ROT 


by adjoining the shuffles of So, R and T one by one, in some order that is compatible 
with the partial ordering on shuffles described above the lemma. If A;+1 is obtained 
from A; by adjoining some shuffle Q, we define a further filtration 


A; = ADC A} CAP G, 


by adjoining all of the outer faces P (possibly of high codimension) of Q one by 
one, in some order that extends the partial ordering of inclusion. Consider a step 
Al ie Al +l in this filtration, adjoining some outer face P of Q. As usual we write 
I(P) for the set of inner edges of P. Furthermore, write Xp C /(P) for the subset 
consisting of special edges e 8t as defined above. Without loss of generality we may 
assume that Xp is nonempty; indeed, if it is not, then P is entirely contained in either 
SQT or R @T and the inclusion Al (e Ae is the identity. 

Now write J(P) = I(P) — =p and for every H C J(P), write P” for the tree 
obtained from P by contracting all edges in the complement J(P) — H. Adjoining 
the P” to Ai in some order that extends the partial ordering of inclusion of subsets 
of J(P), we obtain a further filtration 


MSA EAN CAP ces, | AM ex uPpea”, 
k 
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‘ ; ; i,k k+l oa... ; 
We will now argue that each inclusion A? (e A? + adjoining some tree P”, is 


inner anodyne. Suppose that P” is not yet contained in a, Then we can argue the 
following: 


(1) Any outer face of P¥ is contained in Al by our induction on the size of P. 

(2) Any inner face of P” contracting an edge of J(P) is in Ae by our induction on 
the size of H. 

(3) Any inner face F contracting a special edge (or multiple such edges) in Xp 
cannot be contained in a, Indeed, it is clear that if such an F would be in Ao, 
then P¥ itself would already have been contained in Ap. Also, F cannot factor 
through any earlier shuffle P’. Indeed, contracting special edges can only create 
overlap with other shuffles in which the vertex ve has been shuffled further down. 
o 


Now Lemma 6.22 implies that Ale (e Anen is a pushout of the inner anodyne map 


AŽ’ [PË] > P”. o 


We are now almost done proving the main results of this section: 


Proof (of Theorem 12.41) After Lemma 12.45 it only remains to show that the 
tensor product of dendroidal spaces also respects the localization with respect to 
completion. To be precise, it will suffice to show that the pushout-product of a map 


J m dA[n] U {0} wA[n] > J m Afn] 


with a generating projective cofibration of the form T 8 M — T m N is a weak 
equivalence in the model category dSpacesgsc. As in the proof of the previous 
lemma, that pushout-product can be rewritten in the form 


XRV Uyxygw YRU —>YRV 
with X = {0} 8 T, Y = J & T, and U — V the monomorphism of simplicial sets 
OA[n] x N Uasjnjxm Aln] x M > A[n] x N. 


Hence it suffices to show that {0} x T — J &T is trivial cofibration in the operadic 
model structure on dendroidal sets. This follows from Proposition 9.28. m 


Proof (of Corollary 12.42) It follows from Theorem 12.41 that the tensor product 
indeed gives a well-defined functor on homotopy categories. To verify that this is a 
symmetric monoidal structure, it remains to check associativity. To do this, we will 
argue that the associator maps of the kind 


(X@YI@Z HX @Y@Z 
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are weak equivalences whenever X, Y, and Z are cofibrant objects of dSpaces psc 
(cf. Remark 9.48). By the usual skeletal induction it suffices to do this for dendroidal 
sets represented by trees T1, T2, and T3. Since Sp[T] — T is a trivial cofibration, 
we can reduce further to the case of corollas. In that case we explicitly verified that 
these associators are inner anodyne in Proposition 6.32. m 


12.5 Closed Dendroidal Spaces 


For many (simplicial or topological) operads P of interest, the space P(0) of nullary 
operations is contractible, or even equal to a point. This is the case for the operads 
E,, of little n-cubes, for example. In this section we study variants of the theory of 
dendroidal spaces which take these conditions into account. Amongst other things, we 
will show that a dendroidal Segal space X for which all spaces of nullary operations 
are contractible may be replaced, up to weak equivalence, by one for which these 
spaces equal a point. In fact, we will prove that the homotopy theory of co-operads 
X with such contractible spaces of nullary operations may be presented in terms of 
presheaves on the smaller category Q of closed trees. 

We will see below that dendroidal Segal spaces X with X(—; x) equal to a point, 
for each object x, can naturally be studied in terms of the following category: 


Definition 12.46 The category of closed dendroidal spaces is the category of sim- 
plicial presheaves on the category Q of closed trees: 


=o 
cdSpaces := sSets? . 


To discuss dendroidal spaces Segal spaces X satisfying the weaker condition that 
X(—; x) is contractible, we introduce the following terminology. 


Definition 12.47 A dendroidal space X is weakly closed if for each tree T in Q with 
closure T C T, the restriction map X(T) — X(T) is a weak equivalence. 


Remark 12.48 The property of being weakly closed is evidently invariant under 
weak equivalence in the projective or Reedy model structure on dSpaces. In particu- 
lar, any weakly closed dendroidal space X has a Reedy fibrant replacement Y which 
is still weakly closed. For such a Y, the restriction maps Y(T) — Y(T) are trivial 
fibrations. 


We will mostly be interested in the property of being weakly closed for (complete) 
dendroidal Segal spaces. For these, we observe the following: 
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Proposition 12.49 Let X be a dendroidal Segal space. Then the following properties 
are equivalent: 


(1) X is weakly closed. 

(2) For each nullary vertex v in a tree T, the map X(T) — X(0,T) is a trivial 
fibration. 

(3) The map X(N) —> X(n) is a trivial fibration. 


Proof Of course (3) is the special case of (2) where T = 7. Also (1) follows from 
(2) by repeatedly applying the latter condition to the nullary vertices of T — T and 
(2) follows from (3) by noticing that 


X(T) =<? X(T) XX(7) X(n) 


is a weak equivalence by the Segal condition. m 


By the above proposition, the weakly closed dendroidal Segal spaces are the 
fibrant objects in the left Bousfield localization of the model category dSpacesgs 
with respect to the map 7 — 77. We will denote this localization by 


dSpacesgs, wcl 


and we use similar notations for the analogous localizations by 7 — 7 of the model 
category dSpacespsc and the projective variants dSpacesp, and dSpacespsc. 
Notice in this context that 7 — 7 is a Reedy cofibration, but not a projective one. 
We will now describe these localizations in a different, simpler way. 
Recall the adjoint pair 
cl — 
Q P A Q 

incl 
between the categories of closed trees and all trees. As above, we often use the 
abbreviated notation T for the closure cl(7). The inclusion and closure functors 
induce adjoint pairs 

in 


cl; cl; 
cdSpaces [—? dSpaces z —> cdSpaces 


incl cl 


satisfying 
chincl, =id,  cl* = incl). 


The functor incl; is fully faithful, so it embeds cdSpaces as a full subcategory of all 
dendroidal spaces. Its essential image consists precisely of those dendroidal spaces 
X for which the restriction X(T) — X(T) is an isomorphism for each tree T. 

These adjoint pairs are Quillen pairs for the projective model structure. The cate- 
gory cdSpaces also carries a Reedy model structure, where generating cofibrations 
are the maps of the form 


aT & A[n] UT m OA[n] > T x Afnan]. 
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Here n > 0, T is any closed tree, and 0.47 is the union of all its closed faces (which 
are the inner faces, together with the root face if it exists). These maps are also 
Reedy cofibrations in dSpaces and it is readily verified that incl, is also a left Quillen 
functor with respect to the Reedy model structures. (The same is not true, however, 
for the functor cl;. Indeed, cl; does not preserve normal monomorphisms, as we have 
seen before.) 

For a closed tree T, the union of all the closed corollas indexed by the internal 
vertices of T forms the closed spine of T, denoted 


Spal] =| JG >T. 


The projective and Reedy model categories cdSpacesp and cdSpacesę can be 
localized with respect to these closed spine inclusions to produce model categories 
cdSpacesp, and cdSpacesp, respectively. The fibrant objects in cdSpacesgs will 
be referred to as closed dendroidal Segal spaces. 


Proposition 12.50 The functors incl, and cl, define left Quillen functors 


incl, : edSpacesp, — dSpaces pg, 
incl, : cdSpacesp, — dSpacesps, 
cl,;: dSpacesp,; — cdSpaces pg. 


Proof We already observed that these are left Quillen functors for the projective and 
Reedy model structures, before localizing with respect to (closed) spine inclusions. 
So it suffices to prove that incl, and cl; send these localizing maps to weak equiva- 
lences. For incl), we have to check that for a closed tree T, the inclusion Sp,[T] > T 
is a trivial cofibration in dSpacesp,. Using induction on the size of T, this follows 
from the following grafting property of a closed corolla onto a closed tree T. Con- 
sider a nullary vertex v of T attached to an edge e and a closed corolla Cy. We can 
graft Cy onto 0,7 by identifying the root edge of Cy with the edge e to obtain a new 
tree T’. Then we may factor the closed spine inclusion of T’ as 


SpylT’] > T Uz Ck > T”. 


The first map is a pushout of the closed spine inclusion Sp,,[T] — T and hence a 
trivial cofibration by the inductive hypothesis. The second map fits into a square 


(T Un 7) Ug Ck oT Un Ck 


| | 


T Ug Ck —————> T. 


The vertical maps are inner anodyne, so that the bottom horizontal map is a trivial 
cofibration. 
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Checking that cl; is left Quillen is only slightly more involved since we have to 
work with the projective model structure. Again using an induction on the size of 
trees, we now consider a tree S with a leaf e and a corolla Cp to be grafted onto S 
to obtain a new tree S’. We have to prove that Lcl, sends $ Ue Ck — S to a weak 
equivalence in cdSpaces pş (or equivalently in cdSpacesp,). The pushout A as in 


na ðA] — SUC, 


l l 


n @ A[1] ———> A 


is a projectively cofibrant replacement of S Ue Cx, where the top map picks out the 
edge e in S and the root of Cp. Then cl; sends A to a similar pushout A in cdSpaces, 


7@0A[1] — 3 SUG 


| ! 


7) A[1] ——> 


This object A is a projectively cofibrant replacement of S Uz Ck and S Uy Ck > S’ 
is a weak equivalence in dSpacesgs by the closed analogue of Lemma 12.7. This 
completes the proof of the proposition. m 


Theorem 12.51 (a) The composition of the left Quillen functor incl, : cdSpacesgs —> 
dSpacesgs with the localization dASpacesęps — dSpacesgs woa is a Quillen 
equivalence. 

(b) The left Quillen functor cl): dSpacesps — cdSpacesp, induces a Quillen 
equivalence ASpaces ps wc — edSpaces ps. 


Proof Since the Reedy model structures in (a) are Quillen equivalent to the projective 
ones, both statements can be proved simultaneously by considering the diagram 


cdSpaces ps Er dSpaces ps aan cdSpaces ps. 


-7 
Í Ja or 


dSpaces ps wci 


Here f; is the composition id,incl,. Since cl, sends the localizing map 7 — 7 to 
an isomorphism, it factors through a left Quillen functor g, as in the diagram. Now 
observe that g, fı is the identity functor. Moreover, for a dendroidal space X and a 
tree T, 

g fX(r) = XQ) 


and the map X(T) — X(T) (which is the counit of the adjoint pair (incl), incl*) in 
disguise) provides a natural map g* f*(X) — X which is a weak equivalence if X is 
a local object in dSpaces psw: This proves the theorem. Oo 
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Corollary 12.52 Every weakly closed dendroidal Segal space is weakly equivalent 
to a dendroidal Segal space X for which X(T) — X(T) is an isomorphism for every 
tree T. 


Proof This follows from the theorem together with the fact that the X as in the 
corollary are exactly the objects in the essential image of the functor incl; = cl*. o 


As observed in Remark 4.14, the tensor product of dendroidal sets restricts to 
one on the category of closed dendroidal sets and the functor cl, respects the tensor 
product. By defining the tensor product of simplicial presheaves on Q degreewise, 
we obtain a tensor product on cdSpaces for which incl; and cl; are again monoidal, 
in the sense that for dendroidal spaces (or closed dendroidal spaces, respectively) X 
and Y, there are natural isomorphisms 


ch(X @Y) = ch(X) @cl(Y) 
incl\(X & Y) = incl)(X) @ incl\(Y). 


However, observe that incl; does not preserve the unit, which is 7 in cdSpaces, but 7 
in dSpaces. In Proposition 4.26 we observed that the tensor product behaves better 
on closed dendroidal sets than on general ones, because for normal monomorphisms 
A — Band C — D of closed dendroidal sets, the pushout-product map 


A®DUBEC>BeD 


is again a normal monomorphism. It follows that cdSpacesp, behaves very much like 
a symmetric monoidal model category, the only failure being that the associativity 
maps for the tensor product are only trivial cofibrations (for cofibrant objects) rather 
than isomorphisms. Let us record this explicitly as follows. 


Theorem 12.53 The tensor product of closed dendroidal spaces has the following 
properties: 


(a) If A — B and C —> D are normal monomorphisms, then so is 
A®DUB®C>BeD. 


Tf one of the two is in addition a weak equivalence, then so is the pushout-product 
map. 
(b) For normal closed dendroidal spaces A\,..., An, the associator maps (cf. Section 
4.4) 
A, @:+-@(Aj @---@A;)@---@A, > A, D: An 


are trivial cofibrations in cdSpaces pgs. 
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12.6 Reduced Dendroidal Spaces 


In the previous section we considered the homotopy theory of co-operads for which 
the spaces of nullary operations X(—; x) are contractible, for each colour x of X, and 
showed that it can be presented in terms of simplicial presheaves on the category 
© of closed trees. In this section we will specialize further, considering operads 
for which in addition the unary operations are invertible. We will relate these to 
simplicial presheaves on the full subcategory Q,eq of Q on the closed trees without 
unary vertices. We will refer to such trees as reduced closed trees. 


Definition 12.54 The category of reduced dendroidal spaces is the category of 
simplicial presheaves on the category of reduced closed trees: 


redSpaces := sSets o”, 


We will use such reduced dendroidal spaces as a model for the following kinds 
of dendroidal spaces: 


Definition 12.55 A dendroidal space X is weakly reduced if it is weakly closed 
and for each degeneracy o: T — S in Q, the map o*: X(S) — X(T) is a weak 
equivalence. 


Remark 12.56 The same terminology is used in a more restrictive sense for (un- 
coloured) operads. A simplicial or topological operad P is reduced (resp. weakly 
reduced) if P(O) and P(1) equal a point (resp. are weakly contractible). For example, 
the operads E,, are weakly reduced. 


Remark 12.57 Observe that the property of being weakly reduced is invariant under 
weak equivalence. 


The category redSpaces is simpler than that of all dendroidal spaces in several 
respects. First of all, the combinatorics of the category Qreq are simpler than those of 
Q. Secondly, we will prove in this section that for weakly reduced dendroidal spaces, 
the notion of completeness is redundant and therefore plays no role in the theory. 

For dendroidal Segal spaces, the property of being weakly reduced can be formu- 
lated as follows. 


Proposition 12.58 Let X be a weakly closed dendroidal Segal space. Then the fol- 
lowing properties are equivalent: 


(1) X is weakly reduced. 

(2) The map X(n) — X(Cı) associated to the degeneracy Ci — n is a weak 
equivalence. 

(3) For any surjection T — S in Q from a tree T to a tree S without unary vertices, 
the map X(S) — X(T) is a weak equivalence. 
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Proof AmapT — S as in (3) is a composition of degeneracies, so (3) follows from 
(1). Furthermore, (2) is a special case of (3) and of (1), so it remains to prove that 
(2) implies (1). Let oy: T — S be degeneracy, deleting a unary vertex v of T. Then 
we can write T as a grafting T; o Cy o T2, where C, is the unary corolla with vertex 
v. By the Segal condition, the horizontal morphisms in the diagram 


X(S) ————— X(T) xxm X(T) 


} l 


X(T) —— X(T1) xxm X(C1) xxm X(T2) 


are weak equivalences. The map on the right is the pullback of the weak equivalence 
X(n) — X(Cı) along the projection 


X(T) Xx(m) X(C1) xxm XX (T2) > X (C1). 


Since this map is a fibration by the Reedy fibrancy of X, this pullback is also a weak 
equivalence. m 


It follows from this proposition that the weakly reduced dendroidal Segal spaces 
are the fibrant objects in the left Bousfield localization of dSpacesg ,,.; by the map 
Cı — 7. We will denote this localized model category by 


adSpaces rg wred: 


Let us observe that this model category is in fact a localization of the model category 
dSpacespsc for complete dendroidal Segal spaces: 


Proposition 12.59 Any weakly reduced dendroidal Segal space is complete. 


Proof Let X be a weakly reduced dendroidal Segal space. Consider the class of 
all monomorphisms M — N of simplicial sets for which the corresponding map 
X(ii\N) — X(i)M) is a trivial fibration. It contains the inner anodynes, since X is 
Segal, as well as the two inclusions A[0] — A[1] by the proposition above. Since the 
class under consideration is saturated, it must then contain all anodyne maps (i.e., 
all trivial cofibrations in the Kan—Quillen model structure). In particular, it contains 
A[0] — J. Hence X(J) — X(n) is a trivial fibration and X is complete. o 


We will now follow the same strategy as in the previous section and prove 
a Quillen equivalence between the model category dSpacesgs,wreg and a smaller 
model category of reduced dendroidal spaces. The category Qreq inherits a Reedy 
structure from Q, so that we may consider the projective and Reedy model structures 
on the category redSpaces. These can be localized for the closed spine inclusions of 
trees as in the previous section, so that we obtain a square of model categories and 
left Quillen functors (each of which is the identity) as follows: 
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rcdSpaces p ———> rcedSpaces,p 


l l 


redSpacesps ——> redSpacespg. 


Consider the inclusion functor 
incl: Qed >Q 

of reduced trees into closed trees. This functor has a left adjoint 
red: Q —> Qed 


which sends a closed tree T to its ‘reduction’ red(T); the unit of this adjunction 
T — incl(red(7)) is the maximal degeneracy which collapses all the unary vertices 
in T. Exactly as in the previous section, these functors induce Quillen pairs for the 
projective model structures on simplicial presheaves, 


incl; 
redSpaces p zZ? cdSpacesp, 
incl* 


red; 
cdSpaces p = redSpaces p, 
red* 


and red, o incl; is the identity since red o incl is. Moreover, incl; is easily seen to 
preserve Reedy cofibrations (in fact, it preserves closed boundaries of closed trees), 
hence also induces a Quillen pair 


incl, 
redSpacesp — cdSpaces p. 
incl* 
Theorem 12.60 These Quillen pairs factor through the localizations with respect to 
the Segal condition and induce Quillen equivalences 


incl; 
redSpacesps z? cdSpacesgs,wred 


incl* 


and 
red; 


cdSpaces pg wred z? redSpaces ps. 
T 


re 


Proof We begin by verifying that these functors are indeed compatible with local- 
ization with respect to the Segal condition. Clearly incl; preserves closed spines and 
therefore gives a left Quillen functor 


incl; : redSpacesp, — cdSpacesps. 
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To see that red; similarly gives a left Quillen functor from cdSpacesp, to 
redSpacesp,;, we have to consider projectively cofibrant replacements as in the 
proof of Proposition 12.50. Using induction, it suffices to show that for a closed 
tree T and a grafting T’ = T o7 Cn obtained by replacing a nullary vertex v of T 
by a closed corolla Cn, the functor Lred; sends T Un C, — T’ to a weak equiva- 
lence in redSpaces py. To this end, consider the projectively cofibrant replacement 


of A — T Uy Cn defined as the pushout 


78 ôA] — TUC, 


l l 


7 & A[1] —— B. 
If n = 1 then red, maps this to the pushout 


7 Un —> red\T U7 


l l 


7 & A[1] —— B’. 
Note that B’ then also fits in a pushout square 


n ———> redT 


|: |: 
78 A[1] ——> z’, 
while red;(T’) = red,(7), so that the resulting map B’ — red,(T’) is indeed a weak 


equivalence. 
For n > 1, the reduced dendroidal space red) B is given by the pushout 


7 & OA[1] ——> red\T LIC, 


! l 


7 & A[1] — B”. 
Now observe that B” exactly defines a projectively cofibrant replacement of red;(T’) 


in the same style; in particular, the map B” — red;(T’) defines a weak equivalence. 
Now consider the diagram 


redSpaces ps ty cdSpaces ps; es redSpaces ps. 


1 ! - X 
ae Je = “ 


cdSpaces ps wrea 
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Then red; factors through a left Quillen functor g, as indicated, because red, sends 
the localizing map Cı — 7 to an isomorphism. Moreover, red,incl, is the identity, 
while for X in cdSpaces and T a closed tree, 


incl,incl*(X)(T) = red*incl*(X)(T) = X(red(T)). 


For local X, the counit incl,incl*(X) — X is a weak equivalence by definition. Hence 
Lf; and Lg, are mutually quasi-inverse functors, which completes the proof. m 


Finally, we may combine Theorems 12.60 and 12.51 to obtain the following. 


Corollary 12.61 The pairs 


incl; 
redSpacesr; G—* dSpacesps wred 
incl* : 


and 
redcl; 


dSpaces ps wrea L— redSpaces ps. 


cl*red* 
are Quillen equivalences. 


To conclude this section, we observe that all of the statements above have evident 
variants for open dendroidal spaces. Write Q? į for the category of open reduced 
trees, defined as the full subcategory of the category Q° of open trees on the trees 
without unary vertices. Then define the category of reduced open dendroidal spaces 
as the corresponding category of simplicial presheaves: 


rodSpaces := sSets Cro”, 


We say an open dendroidal space X € odSpaces is weakly reduced if for every 
degeneracy o: T — S in Q, the map o*: X(S) — X(T) is weak equivalence. Then 
we have the following analogue of Corollary 12.61, proved in precisely the same 
way: 


Theorem 12.62 The pairs 


incl; 


rodSpacesgs zt OdSpaces zg wred 
incl* ° 


and 
red; 


odS paces ps wred z? rodSpaces ps. 
red* 


are Quillen equivalences. 


12.7 Simplicial Spaces 519 


12.7 Simplicial Spaces 


In this section we summarize how the results of this chapter specialize once we 
restrict to simplicial (rather than dendroidal) spaces. Essentially we recover Rezk’s 
theory of complete Segal spaces, which he proposed as a model for higher category 
theory. Theorem 12.66 below states that the category of simplicial spaces, equipped 
with a model structure in which the fibrant objects are the complete Segal spaces, is 
Quillen equivalent to the category of simplicial sets equipped with the Joyal model 
structure. In other words, the homotopy theory of complete Segal spaces is equivalent 
to that of co-categories. 

Recall that the slice category dSets/7 can be identified with the category sSets 
of simplicial sets. Similarly, regarding 7 as a discrete dendroidal space, we find an 
equivalence of categories 


dSpaces/7 ~ sSpaces, 


where the right-hand side is of course just alternative notation for the category of 
bisimplicial sets. However, it is convenient (and important) to keep track of the two 
different simplicial directions; one of them is the ‘categorical’ direction, the other 
the ‘space’ direction. In particular, the model structures we consider in this section 
do not treat the two simplicial coordinates symmetrically. Although the results of 
this section follow trivially from the more general statements for dendroidal spaces 
proved before, we do collect them here for the convenience of the reader. 

We briefly recall the relevant definitions. Throughout this section, we think of 
objects of the category sSpaces as functors 


X: A? — sSets 
and use notation accordingly. 


Definition 12.63 A simplicial space X satisfies the Segal condition if for every n > 2, 
the map 
X(A[n]) > Map(Sp[n], X) 


is a weak homotopy equivalence of simplicial sets. A Segal space is a Reedy fibrant 
simplicial space X satisfying the Segal condition. 


Alternatively, the definition can also be expressed as saying that X(A[n]) is 
equivalent to the iterated homotopy pullback of the terms X(A[O, 1]),..., X(A[n — 
1,n]), and it is this form of the Segal condition one often finds in the literature. 
According to Lemma 12.7, the Segal condition admits the following reformulation. 
Forn > 2 and 0 < k < n, write A[0, k] and A[k, n] for the subsimplices of A[n] 
spanned by the vertices 0, .. ., k and k,..., respectively. 
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Lemma 12.64 A simplicial space X satisfies the Segal condition if for any n > 2 
and 0 < k < n, the square 


X(A[n]) ——> X(A[0, k]) 


l C 


X(Alk,n]) ——> X(Al0) 
is a homotopy pullback. 


Definition 12.65 A simplicial space X is complete if the map of simplicial sets 
J — A[0] induces a weak homotopy equivalence of simplicial sets 


Map(A[0], X) — Map(J, X). 


We write sSpaces gsc for the category of simplicial spaces equipped with the left 
Bousfield localization of the Reedy model structure for which the fibrant objects are 
the complete Segal spaces. Below we record the simplicial versions of the two main 
theorems of this chapter. Of course most statements from the preceding sections 
have such a specialization; we leave it to the reader to formulate these explicitly. 

Consider the adjoint pair 


dis; 
sSets Z—* sSpaces. 


dis* 


for which dis* sends a simplicial space X to its degree zero part Xo, whereas dis) 
assigns to a simplicial set the corresponding discrete simplicial space. Then Theorem 
12.22 yields the following statement: 


Theorem 12.66 The adjoint pair (dis), dis*) is a Quillen equivalence between the 
Joyal model structure on sSets and the model category sSpaceSpsc for complete 
Segal spaces. 


Recall that a complete weak equivalence is a map X — Y of simplicial spaces 
which is a weak equivalence in the model category sSpacespsc. We record the 
following special case of Theorem 12.36: 


Theorem 12.67 Let f: X — Y be a map of simplicial Segal spaces. Then f is a 
complete weak equivalence if and only if f is fully faithful and essentially surjective. 


To conclude this section we describe some important examples, emphasizing the 
fact that a complete Segal space should be thought of as a model for a homotopy 
theory. 


Example 12.68 If C is a (small) category, its nerve NC is an oo-category. As in 
Example 12.24, there is an associated simplicial space NC which can be explicitly 
described as follows: 
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NC([n])e = sSets(J[e] x A[n], NC). 


The right-hand side can alternatively be written as sSets(J[e], N(C!”!)). For a cate- 
gory D let us write iso(D) for the maximal groupoid contained in D. In other words, 
iso(D) is obtained from D by discarding all non-invertible morphisms. With this 
notation we may write 


NC({n]) = Niso(Cl”!). 


The right-hand side is the nerve of a groupoid and hence a Kan complex. Of course 
much more is true: Example 12.24 guarantees that NC([n]) is in fact a complete 
Segal space. This space is often called the classifying diagram of C. 


Example 12.69 The previous example may be generalized in the following way. 
Consider a small category C and a subcategory W, which will play the role of the 
‘weak equivalences’. Call a natural transformation œ between functors F, G: [n] > 
C a weak equivalence if each of the components œe: F(c) — G(c) of «œ is contained 
in W. Write W(C!”!) for the subcategory of CI” consisting of those morphisms (i.e., 
natural transformations) that are weak equivalences. Then we may form a simplicial 
space N(C, W) by setting 


N(C, W)({n]) = NW(C™). 


In particular, if we take W = iso(C), then we retrieve the previous example: 


N(C, iso(C)) = NC. 


In general, there is no reason to expect the simplicial space N(C, W) to be acomplete 
Segal space. However, if € is a model category and W is its class of weak equiva- 
lences, then any Reedy fibrant replacement of N(€, W) is a complete Segal space. 
Moreover, for objects x and y of €, the mapping spaces Mape (x, y) and N(E€, W)(x, y) 
(as defined above Definition 12.12) are weakly equivalent, see [129]. 


Historical Notes 


Most of the material in this chapter is a reworking of the papers [40, 41]. As ex- 
plained, the results all specialize to analogous results for simplicial spaces proved 
earlier. In particular, the theory of complete Segal simplicial spaces was introduced 
by Rezk [129], who also proved the simplicial version of the characterization of com- 
plete weak equivalences between Segal spaces (Theorem 12.36). The equivalence 
between complete Segal spaces and the Joyal model structure on simplicial sets was 
demonstrated by Joyal—Tierney [94]. 
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Left Fibrations and the Covariant Model 
Structure 


In Section 9.5 we introduced the covariant model structure on a slice category 
dSets/B, for a fixed dendroidal set B. This model category represents the homotopy 
theory of ‘B-algebras’, as we will see in Section 13.5. The first aim of this chapter 
is to establish the analogous structure for the category of dendroidal spaces over a 
fixed dendroidal space B. We will do this in Section 13.1 and demonstrate that the 
covariant model structure on dSpaces/B is Quillen equivalent to the covariant model 
structure on dSets/Bo in the case when B is a complete dendroidal Segal space (cf. 
Proposition 13.7). In Section 13.3 we establish a form of ‘homotopy invariance’ 
for the covariant model structure. To be precise, we will show that a complete weak 
equivalence between dendroidal Segal spaces A and B induces a Quillen equivalence 
between the covariant model structures on dSpaces/A and dSpaces/B. In order to 
prove this result in the stated generality we will need a digression on simplicial 
systems of model categories (Section 13.2), which helps to relate the covariant 
model structure on dSpaces/B to that on the categories dSets/B,, for n > 0. 

The main aim of this chapter is to relate left fibrations to algebras for operads. If 
P is a simplicial operad, then the homotopy theory of P-algebras can be described 
through a ‘projective model structure’, which we introduce in Section 13.4. Then 
in Section 13.5 we establish a Quillen equivalence between this model structure on 
the category of P-algebras and the covariant model structure on the slice category 
dSpaces/NP. This result has a number of very useful consequences, including the 
‘straightening-unstraightening equivalence’ for left fibrations over co-categories. We 
discuss these corollaries in Section 14.8 at the end of the next chapter, after we have 
established an equivalence of homotopy theories between co-operads and simplicial 
operads. 
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13.1 The Covariant Model Structure on Dendroidal Spaces 


In this section we will introduce the analogue of the covariant model structure on 
dendroidal sets (cf. Section 9.5) in the context of dendroidal spaces. Consider a fixed 
dendroidal space B. The slice category dSpaces/B inherits model structures from 
the Reedy model structure and the projective model structure on dSpaces, denoted 
dSpacesp /B and dSpaces p/B, respectively. The covariant model structures will be 
left Bousfield localizations of these; to be precise, there will be one for the Reedy 
model structure and a Quillen equivalent one for the projective model structure. 
Recall that a left fibration of dendroidal sets is a map that has the right lifting 
property with respect to inner horns and leaf horns. Alternatively, we characterized 
left fibrations over a dendroidal set B as fibrant objects in a localization of the 
operadic model structure on the slice category dSets/B with respect to the leaf 
inclusions of trees. Our first aim is to introduce the analogous notion for dendroidal 
spaces. For given objects p: X — Band q: Y — B of dSpaces/B, let us write 


Map (X,Y) 


for the mapping space between them, leaving the maps p and q implicitly understood. 
Recall that for a tree T, we write [T] for the coproduct of copies of 7 indexed by the 
leaves of T. 


Definition 13.1 A map p: X — B of dendroidal spaces is a left quasifibration if for 
any tree T and any map T — B, the map 


Map ,(T, X) > Map (€I7], X) 


is a weak homotopy equivalence. In other words, p is a left quasifibration if it is local 
with respect to the leaf inclusions [T] — T over B. We say X — B is a Reedy left 
fibration (resp. a projective left fibration) if it is a left quasifibration that is moreover 
a Reedy fibration (resp. projective fibration) of dendroidal spaces. 


Remark 13.2 Since the Reedy and projective model structures on dSpaces/B are 
Quillen equivalent, the homotopy type of the mapping space Map a(X, Y) with respect 
to either of these is the same. Hence the definition of left quasifibration is independent 
of which of the these two model structures on dSpaces/B is used. 


The mapping space Map,(X, Y), with respect to either the Reedy or the projective 
model structure, is straightforward to describe. If Y — B is a Reedy (resp. projective) 
fibration and X is Reedy (resp. projectively) cofibrant, we can use the cosimplicial 
resolution X & A[e] of X to compute (a model of) this mapping space as 


Map ,(X, Y), = (dSpaces/B)(X m A[n], Y). 


In other words, Map,(X, Y )n is the pullback 
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Map p(X, Y), ——> dSpaces(X m A[n], Y) 


! | 


A[0] ————> dSpaces(X m A[n], B), 


where the vertex defining the lower arrow is the composite of the projection mor- 
phism X m A[n] — X with the given map X — B. Thus, if B itself is Reedy (resp. 
projectively) fibrant, we can rewrite this pullback as 


Mapp(X, Y) ——> Map(X, Y) 


l { 


A[0] ———> Map(X, B), 


where the two mapping spaces on the right are taken in the model category dSpaces g 
(resp. dSpacesp). Notice that for this model of the mapping space, the morphism 
on the right is a Kan fibration, since Y — B is assumed to be a fibration and X is 
assumed cofibrant. Note that the objects T and ¢[T] featuring in Definition 13.1 are 
both Reedy and projectively cofibrant, so that the preceding discussion applies to 
describe the mapping spaces featuring in that definition. 

The following characterization of left quasifibrations is analogous to that of 
dendroidal Segal spaces in Lemma 12.7. It is a particularly convenient criterion, 
since it does not make reference to any particular model structure. 


Lemma 13.3 A map X — B of dendroidal spaces is a left quasifibration if and only 
if for every tree T, the square 


X(T) ——+ B(T) 


l 


XIT) —> BEIT) 
is a homotopy pullback. 


Proof Without loss of generality we may assume that X — B is a Reedy fibration, 
since it can always be replaced by such without changing the homotopy type of X(T). 
It follows from the discussion preceding the lemma that the map Mapg(T, X) > 
Map ,(¢[T7], X) may be identified with the map between the fibres of the horizontal 
maps in the square of the lemma over a specified vertex of B(T), i.e., a fixed 
map T — B. Since the horizontal maps are Kan fibrations under our assumptions, 
those fibres are also homotopy fibres. The lemma now follows from the observation 
that a square as above is a homotopy pullback if and only if the induced map 
of homotopy fibres (over any vertex of B(T)) of the horizontal maps is a weak 
homotopy equivalence. m 
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Example 13.4 Let P be a simplicial operad, with associated dendroidal space NP. 
The following example will play a key role in our comparison between left fibrations 
over VP and P-algebras in Section 13.5. Let A be a simplicial P-algebra. Then we can 
define a dendroidal space N(P, A) over NP by applying the construction of Example 
3.20(h) in each simplicial degree. More explicitly, if T is a tree, then an element 
of NP(T), consists of labellings of the edges of T by colours of P and the vertices 
of T by operations of P in simplicial degree n, compatible with the labelling of the 
edges by colours. An n-simplex of N(P, A)(T) consists of the same data, together 
with the assignment of an n-simplex of A to each leaf of T; more precisely, if a leaf 
lis labelled by a colour c of P, then it should be assigned an n-simplex in A(c). The 
map N(P, A) — NP is simply the projection forgetting this final assignment. It is 
clear from this description that 


N(P, A)T) > N(P, A)ELT) Xnecetry NPT) 


is an isomorphism. In other words, N(P, A) — NP is a ‘strict’ left fibration. If 
the simplicial sets P(c1, . . ., Cn; c) of operations in P are Kan complexes, then the 
map NP(T) — NP(€[T]) is a Kan fibration; indeed, the simplicial set NP(€[T]) is 
discrete. It then follows from Lemma 7.51(1) and Proposition 8.67 that the pullback 
square 


NE, A(T) ———> NP(T) 
N(P, A)(E[T]) —> NP(E[T]) 


is also a homotopy pullback, so that Lemma 13.3 guarantees that N(P, A) —> NP is a 
left quasifibration. If one assumes that all the simplicial sets A, are Kan complexes, it 
is even a projective left fibration. We will see later that general (projective or Reedy) 
left fibrations X — NP can be interpreted as P-algebras up to coherent homotopy. 


For later reference, we now review several equivalent formulations of the condition 
of being a Reedy left fibration. 


Lemma 13.5 Fora Reedy fibration X — B between dendroidal spaces, the following 
are equivalent: 


(1) X > Bis a Reedy left fibration. 
(2) For any tree T, the map 


X(T) > XIT) xsery BO) 


is a trivial fibration. 
(3) For any tree T and any inner or leaf horn A*[T| —> T, the map 


X(T) > X(A*[T]) XB(az[r} B(T) 


is a trivial fibration of simplicial sets. 
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Proof Since X — B is a Reedy fibration, the maps of items (2) and (3) are always 
Kan fibrations. The equivalence between (1) and (2) follows from Lemma 13.3 
and the condition of Lemma 7.51 for homotopy pullback squares. The equivalence 
between (2) and (3) follows from Proposition 6.41, which states that the inclusions 
€[T| — T ‘generate’ the class of leaf anodynes in the appropriate sense. Oo 


According to Theorem 11.37, the Bousfield localization of the Reedy model 
structure on dSpaces/B with respect to the leaf inclusions £[T] — T exists, with T 
ranging over all trees in Q. We will call this the Reedy covariant model structure 
and denote the resulting model category by (dSpaces p/B)coy. Similarly, Proposition 
11.25 guarantees the existence of the corresponding localization of the projective 
model structure, which we denote by (dSpaces p/B)coy and refer to as the projective 
covariant model structure. 


Theorem 13.6 The fibrant objects of the Reedy covariant model structure on 
dSpaces/B are the Reedy left fibrations X — B. If B is a dendroidal Segal space, 
then the covariant model structure is a left Bousfield localization of the model cate- 
gory dSpacesgs/B. If B is moreover complete, then it is a left Bousfield localization 
of dSpacesgsc/B. 


Proof The fibrant objects of (dSpacesp/B)coy are the maps X — B which are 
fibrant as objects of dSpacesp/B and local with respect to the maps ¢[T] — T. By 
definition, these are the Reedy left fibrations. To argue that (dSpacesp/B)coy is also 
a left Bousfield localization of dSpacesp,;/B in the case where B is a dendroidal 
Segal space, we should check that every Reedy left fibration X — B is fibrant as 
an object of dSpacesp,/B. The fibrant objects of the latter model category are the 
fibrations X — B in the model category dSpacesp,;, which by Lemma 8.50 are 
exactly the Reedy fibrations X — B with X a local object, i.e., a dendroidal Segal 
space. But the fact that X is a dendroidal Segal space follows immediately from the 
fact that both X — B and B — x are inner fibrations, i.e., have the right lifting 
property with respect to the maps 


T x Ajn] U AS[T] R Afan] > T m Afa] 


for every tree T and inner edge e of T (cf. Lemma 13.5(3)). Similarly, for the final 
statement of the theorem it suffices to show that for a Reedy left fibration X — B 
with B a complete dendroidal Segal space, X is also complete. But X — B has the 
right lifting property with respect to all maps of the form 


iN x ôAfn] UiM x Aja] > iN x Afa], 


where M — N is a left anodyne map of simplicial sets. In particular, we may 
consider the map {0} — J and conclude that if B is complete, then so is X. m 


The comparison with the covariant model structure on dendroidal sets (as opposed 
to spaces) is now quite straightforward: 
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Proposition 13.7 Let B be a dendroidal complete Segal space, with associated o0- 
operad Bo. Then there is a Quillen equivalence 


dis) 
(dSets/Bo)coy Z—* (dSpacesz/B)coy. 
dis* 


Proof For a dendroidal complete Segal space B, the previous theorem tells us that 
we can interpret (dSpaceSp / B) coy as a left Bousfield localization of dSpacesgsc/B. 
Now the Quillen equivalence 


dis, 
dSets = dSpacesgsc 


dis* 
of Theorem 12.22 gives another Quillen equivalence by slicing over B (cf. Example 
8.47(j)), which we denote by 
dis; 
dSets/By Z—* dSpacesgsc/B. 
dis* 


Clearly, dis; sends the localizing [7] — T over Bo to localizing maps over B, so it 
induces a further Quillen pair 


dis: 
(dSets/Bo)cov 2 (dSpacesgsc/B)cov- 
1S 


In other words, the right Quillen functor dis* preserves local objects. But for a 
complete Segal space X, the first Quillen equivalence above yields that 


Mapaspacesp sc (T,X) = Mapasets(Z. dis* X) 


and similarly with B for X and/or €[T] for T. Hence X — B is local with respect to 
the maps £[T] — T if and only if Xp — Bo is; in other words, dis” also detects local 
objects. This implies that the last Quillen pair above is in fact a Quillen equivalence.O 


We include the following easy characterization of the weak equivalences between 
fibrant objects in the Reedy covariant model structure on dSpaces/B, similar to 
the one in Theorem 9.63 for dendroidal sets. A similar characterization holds for 
the projective model structure and a projectively fibrant B, as will be discussed 
shortly. We will refer to weak equivalences in the Reedy covariant model structure 
as covariant equivalences over B. 


Proposition 13.8 For a map 


xX ————_> Y 


No 
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between Reedy left fibrations in dSpaces/ B, the following statements are equivalent: 


(1) The map is a covariant equivalence over B. 

(2) For each vertex b € B(n)o, the map Xp — Yp between the fibres is a weak 
homotopy equivalence of Kan complexes. 

(3) The map X(n) —> Y(n) is a weak homotopy equivalence of Kan complexes. 


Proof By Lemma 8.49, the weak equivalences between local objects in a Bousfield 
localization coincide with the weak equivalences in the original model category. In 
this case, this means that the covariant equivalences between Reedy left fibrations 
coincide with the usual equivalences in the Reedy model structure, which are the 
maps such that X(T) — Y(T) is a weak homotopy equivalence for each tree T. It 
follows that (1) implies (3). The maps in (2) arise from considering the fibres of 
the Kan fibrations X(7) — B(n) and Y(7n) — B(y), so clearly also (2) and (3) are 
equivalent. To see that (3) implies (1), observe that since X — B and Y — B are 
Reedy left fibrations, the map X(T) — Y(T) is a weak homotopy equivalence if and 
only if 
XIT) xgery BT) > YET) xsery BY) 


is a weak homotopy equivalence. This map is the pullback along B(T) > B(€[T]) 
of the map 


X(€[T]) > Y(E[T]) 


BEITI 


between Kan fibrations over B. Since B(€[T]) is a product (indexed over the leaves 
of T) of copies of B(7), and similarly for X and Y, it suffices to show that 


X(n) > Y(n) 


B(n) 


is a weak equivalence between Kan fibrations over B(ņ). But that is precisely the 
content of (3). o 


We conclude this section with some remarks on the projective covariant model 
structure, which will sometimes be convenient to use. For a fixed projectively fibrant 
dendroidal space B and a Reedy fibrant replacement f : B — B’ of it, consider the 
composition of left Quillen functors 


dSpaces p/B í dSpacesp/B’ 4 dSpaces p/B’. 


The first is composition with f whereas the second is just the identity, interpreted 
as a left Quillen functor from the projective to the Reedy model structure. Since f 
is a weak equivalence between projectively fibrant objects, the functor f is part of a 
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Quillen equivalence by Example 8.47(i). Also, id, is evidently a Quillen equivalence, 
since the weak equivalences in the projective and Reedy model structure coincide. 
Now localize the model category dSpaces,p/B to the projective covariant model 
structure (dSpacesp/B)coy and observe that pushing forward this localization to 
dSpacesp/B’ gives the Reedy covariant model structure (dSpaces p/B)coy. Hence 
we find: 


Proposition 13.9 The adjoint pair 
f 1 
(dSpaces p /B)cov = (dSpaces z/B’) coy 


is a Quillen equivalence. 


One can now use this Quillen equivalence to transfer results about the Reedy 
covariant model structure to the projective model structure, as we will for example 
see in Remark 13.27. 


13.2 Simplicial Systems of Model Categories 


In Chapter 12 we made good use of the fact that the category dSpaces of dendroidal 
spaces can be identified with the category dSets” of simplicial objects in dSets 
and therefore carries two different Reedy model structures: one with respect to the 
Reedy structure of Q, the other one with respect to that of A. We wish to apply 
this point of view to the covariant model structure on dSpaces/B established in the 
previous section. However, for general B the category dSpaces/B is not directly 
identified with a category of simplicial objects. Indeed, for a constant dendroidal 
space B = con(Bo) one would have 


dSpaces/B = (dSets/By)*”, 


but if the assignment 
AP — dSets: [n] > Bn 


is not constant then there is no such formula. Thus, the way in which the covariant 
model structure on dSpaces/B is obtained from some kind of Reedy model structure 
with respect to A is more subtle. The next section aims to explain how this can be 
understood, using a more flexible viewpoint on Reedy model structures developed 
in the current section. 

We begin with the following general definition. Throughout this section, we will 
assume our model categories to be cofibrantly generated. 


Definition 13.10 A simplicial system of model categories is a A°?-shaped diagram 


oe) So SS. 
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of model categories and left Quillen functors, for which the simplicial identities hold 
up to coherent natural isomorphism. 


Remark 13.11 (1) For our purposes, the crucial example to have in mind is the 
following. If X. is a simplicial object of a model category €, then we obtain a 
simplicial system of model categories 


&/Xo E= &/X, EZ Eo = = 


for the slice model structures on the categories €/X; or any modification of these 
model structures for which the adjoints pairs €/X, @ €/Xm induced by the simpli- 
cial structure maps Xn — Xm remain Quillen pairs. 

(2) One precise way of expressing the definition above is in terms of pseudofunc- 
tors from A°? into the 2-category of model categories, left Quillen functors, and 
natural isomorphisms between these. We will not spell this out in detail, as the only 
examples we will have to deal with are of the type above. 

(3) If E. is a simplicial system of model categories, we shall denote the Quillen 
pair induced by a morphism a: [m] — [n] in A by 


The reader is advised to pay attention to the direction of the functors here. 


For a simplicial system of model categories €., we can construct a new category 
T(€,), which we will refer to as the totalization of €,, as follows. Its objects are pairs 
(X, 6) where X = {X,,}n>0 is a sequence of objects X, in En and 6 assigns to each 
a: [m] —> [n] in Aa map 


ba: Xn > Ela) (Xn). 


These @q are required to be functorial in œ and compatible with the coherence 
isomorphisms of €,, in the sense that for a: [m] — [n] and 8: [n] — [J], the 
diagram 


xı — > EBAn) 


Je [ewro 


E(Ba)*(Xm) ——> EBY El Xm) 
commutes. By adjunction, the maps 6a correspond to maps 
Ba: E(a)(Xn) > Xm 


and the objects of [(€.) could of course also have been expressed in this form. For 
two objects (X, 8) and (Y, T) in P(€.), a morphism f : (X, 0) — (Y,7) is a sequence 
of morphisms 
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Jn: Xn > Yn, 


compatible with @ and r in the sense that each square of the form 


Xn f n Yp 


Ua Ta 
$ Elah x 
Ela) (Xm) > Ela) Yn) 
commutes. 


Example 13.12 For a simplicial object X. in a model category €, the category 
T(£€/X.) can be identified with €4"/X. 


There is an evident forgetful functor 
g: TE) > | [en 
n20 


sending an object (X, 6) to the sequence of objects {Xn }n>0. This functor has a left 
adjoint 


gi: | [En > rE.) 


n20 


It can be described explicitly as follows: for an object X = {Xn}n>0, we have 


Xhn= || EDE. 
B: [n]>Ik] 


together with (adjoint) structure maps 
Ba: E(a)(Y(X)n) > GX) 
for each a: [m] — [n] being defined by 


Oa 


E(a)\(yi(X)g) ----------------7---------------> Gm 
Le: inik] E(@) E(B) (Xe) Uy: imig EX) 


Le: injik] E(B) (Xe) 


where the morphism on the lower right sends the summand for £ to the one for 
y = Ba via the identity map. 

We will refer to the model structure of the following proposition as the projective 
model structure on T(E,). 
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Proposition 13.13 The category T(E.) carries a model structure for which 


Pp! 
Inazo En — T(E.) 
g 


is a Quillen adjunction with the property that y* detects fibrations and weak equiv- 
alences. This model structure is left proper whenever each Ey, is. 


Proof The product [ |„>ọ € carries an evident model structure for which the classes 
of fibrations, cofibrations, and weak equivalences are defined coordinatewise. The 
projective model structure on T(E.) is now obtained by transfer along the adjoint 
pair y; and y*. The conditions for transfer are easily verified, using that y* preserves 
colimits. Oo 


We now wish to refine this projective model structure on T(E.) and describe 
a Quillen equivalent ‘Reedy model structure’. To this end, we introduce notation 
analogous to the one in Section 10.1 and define for an object (X, 6) in T(€.) and 
n = 0 the objects X(0A[n]) and deg(X,,) in En by 


X(AA[n}) = m EPX), 
B: [k]>[n] 
deg(X),= lim &(7):(Xe), 
c: [n]>[k] 


where 8 and o range over proper injections and surjections in A, respectively. Note 
that the structure maps 6g and 6,, of (X, 0) together induce maps 


deg(X)n > Xn > X(dAln]) 


in En. We then define a morphism (X, 6) —> (Y, T) in '(€.) to be a Reedy fibration 
if for each n > 0 the map 


Xn > X(dA[n]) Xy(aatny) Yn 
is a fibration in En. Similarly, it is a Reedy cofibration if for each n > 0 the map 
deg(Y)n Udeg(X) Xn > Yn 


is acofibration in En. 


Theorem 13.14 The Reedy fibrations and cofibrations defined above are part of 
a model structure on the category T(E.) in which the weak equivalences are the 
same as for the projective model structure. The identity functor is a left Quillen 
equivalence from the projective model structure of Proposition 13.13 to this Reedy 
model structure. Finally, the Reedy model structure is left proper whenever each En 
is. 

A first step towards the proof of the theorem is the following fact, which is 
analogous to Proposition 10.11. 
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Lemma 13.15 A map X — Y in T(E.) is both a Reedy fibration and a weak equiva- 
lence if and only if for each n > 0 the map 


Xn > X(OA[n)) Xyaatn Yn 
is a trivial fibration in En. 


Proof Forn > 0 let us write M, for the full subcategory of A/[n] whose objects are 
the monomorphisms [k] — [n] in A. Then M, is a Reedy category in which every 
morphism is positive. An object (X, 8) in T(E.) yields a functor 


X: MP > En 
for each n, defined on objects a: [k] — [n] by 
X(a) = E(a)*(Xx) 


and on morphisms y as in 


k] —————+ 


” [1] 
Ne 
n 


by the map X™(8) — X” (æ) given by the commutative diagram 


X()(B) =— €(6)*(Xi) 

! EB) (0y) 

| E(B) EO Xi) 
X™(a) == E(a)"(Xi). 


If X — Y is a Reedy fibration in '(€.) then for each n > 0 the map X™® > ¥ isa 


Reedy fibration in eM This puts us in a position to use the analogue of the lemma 
for ordinary Reedy model structures, namely Proposition 10.11. First of all, if 


Xn > X(dA[n]) XY(dA[n]) Yn 


is a trivial fibration for each n > 0, then X™ — Y is a trivial Reedy fibration in 
the Reedy model structure with respect to M,,, hence a weak equivalence there. So 
Xa) — Y™(a) is a weak equivalence for each n and each a: [k] > [n] and in 
particular so is X, — Y, itself. This proves one direction of the lemma. 


13.2 Simplicial Systems of Model Categories 535 


For the converse, suppose X, — Yn is a weak equivalence for each n > 0. Since 
op 
X™ — y™ is a Reedy fibration in eMn , it is also a projective fibration. In other 
words, X(a) — Y™ (a) is a fibration for each a, or Ela)" (Xy) > Ela)" (Yy) is a 
fibration for each n > 0 and each a: [k] — [n]. In particular so is X, — Yn, so that 
it is a trivial fibration for each n > 0. But trivial fibrations are preserved by right 
Quillen functors, so E(@)*(X,) — E(a@)*(¥;) is a trivial fibration for each a as above. 
So X™ — Y™ is a weak equivalence in the Reedy model structure with respect to 
M,,, so that 
Xa) > Xa) Xyonaa) Ya) 


is a trivial fibration for each a. For œ = id this precisely means that 
Xn > X(dA[n]) Xy(aatny) Yn 


is a trivial fibration. o 


As a next preparation for the proof of the theorem, we consider two classes of 
morphisms in I'(€.), which are intended to be the generating cofibrations and trivial 
cofibrations. For an object A in €,,, define two objects in I'(€.), heuristically denoted 
A Į Af[n] and A x OA[n], by setting 


(AwAln)x = || Eww, 


BeAln]x 


(AmóAn = || EBA. 


peðAln]k 


In other words, in the first sum £ ranges over all maps [k] — [n], and in the second 
sum only over the nonsurjective ones. For a: [k] — [L], the adjoint structure map 


Ba: E(a)\((A B A[n})1) > (A m Aln])x 
sends the summand €(a),€(8);(A) of E(a)(A & A[n]); for B: [J] — [n] to the 
summand of (A & A[n]), for the composition Ba: [/] — [n] via the isomorphism 
Ela) E(B), = E(Ba);. These structure maps evidently restrict to structure maps 
Ba: E(a)((A m AA[n]))) > (AB AlN] 
and we obtain a morphism 
Aw dA[n] — AR Ajn] 


inT(€,). 
Next, let J be the saturation in I'(€,) of the set of morphisms of the form 


A R Afan] Usanoan BB OA[n] > Bw An], 
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where A — B ranges over generating cofibrations in E€, for all n > 0, and let J be 
defined similarly but with A — B ranging over generating trivial cofibrations. 


Lemma 13.16 For a (trivial) cofibration A — B in En the map defined above is a 
(trivial) Reedy cofibration in T(€,). 


Proof In simplicial degree k, we can write deg(B x A[n]), as 


deg(B a A(n}x =| | | | EEA), 
© B 


where o ranges over all proper surjections o: [k] — [/] and £ over all maps 
[Z] — [n] in A. Since any a: [k] — [n] factors uniquely as 


[k] > E] > [n] 
where o is a proper surjection if and only if œ is not a monomorphism, we find that 


deg(B m Afnk = || €@(B), 


a: [k]>[n] 
with «œ ranging over non-injective maps. So for A — B in En, the degree k part of 


(A B A[n] Usnaain] BB OA[n]) U deg(B m A[n]) > Bw A[n] 


is the coproduct indexed by maps a: [k] > [n] of maps €(a);B > E(a))B if a is 
not the identity, and A — B if a is the identity on [n]. This shows that 


A B A[n] Usgaatn] B R OA[n] > BB Afnan] 


is a Reedy cofibration if A — B is a cofibration, and clearly a weak equivalence for 
each k if A — B is moreover a weak equivalence. m 


Lemma 13.17 A map X —> Y in T(E.) is a Reedy fibration (respectively a trivial 
Reedy fibration) if and only if it has the right lifting property with respect to J 
(respectively 3). 


Proof For an object X in T (€. ), there are natural bijective correspondences between 
maps A R A[n] —> X in T(E.) and A > X, in €,, and similarly for A R ôðA[n] —> X 
and A — X(dA[n]). From this it is clear that X — Y is a Reedy fibration in I'(€.) if 
and only if it has the right lifting property with respect to all the generating trivial 
cofibrations of the form 


A B A[n] UAgó[sjn] B R OA[n] > B m Afa] 


where A —> B is a generating trivial cofibration in €,,. Using Lemma 13.15, a similar 
statement holds for a trivial Reedy fibration. This proves the lemma. m 
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Lemma 13.18 The classes of Reedy cofibrations and trivial Reedy cofibrations in 
I(€.) are saturated. In particular, they contain J and g respectively. 


Proof Dual to the objects A m A[n] and A m 0A[n] defined above, we can define, for 
each object A in En, two objects Al”! and Al”! in P(E.) by 


Am, = || eye), 
B: [n]>[k] 
(ave, = || EBA, 
B: In] >Ik] 
with the obvious structure maps 8. Here the first product is over all maps 8: [n] > 
[k], the second product only over the non-identity maps 8. Then for an object X 
in T(E.) there are bijective correspondences between maps X — Al” in r(€.) and 
Xn > Ain E,. Similarly, maps X — A®*!"! correspond to maps deg(X), — A. So 
X — Y is a Reedy cofibration if and only if for any trivial fibration B — A in Ep, 
the map X — Y has the left lifting property with respect to 


Bil — Al X pdegin] pean. 


This shows that the class of Reedy cofibrations is saturated. In particular, by Lemma 
13.16, it contains the class J. Since the saturation of the maps 


A B A[n] Usgaatn] B R OA[n] > BB Afnan] 


where A — B isa trivial cofibration is obviously contained in the weak equivalences, 
the class J is contained in the trivial Reedy cofibrations. o 


Based on the lemmas above, the proof of Theorem 13.14 is now straightforward: 


Proof (of Theorem 13.14) We prove the existence of the model structure; the veri- 
fication of the further claims in the theorem is completely straightforward and left to 
the reader. As usual, axioms (M1-3) obviously hold. For the factorization axioms, 
the small object argument gives for each morphism X — Y in I(€.) a factorization 
into a morphism in J followed by a morphism having the right lifting property with 
respect to J and a similar factorization for J. By Lemmas 13.17 and 13.18, these 
are in particular a factorization into a Reedy cofibration followed by a trivial Reedy 
fibration and by a trivial Reedy cofibration followed by a Reedy fibration. So it 
remains to prove the lifting axiom. To this end, consider a commutative square 


U —> X 
o d 
V —> Y 


where U — V is a Reedy cofibration and X — Y is a Reedy fibration. If X — Y is 
also a weak equivalence, we can use Lemma 13.15 to find lifts Vp, —> X, compatible 
with the structure maps by induction on n. Indeed, having found such compatible 
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lifts for all k < n yields a commutative square 


Un Udeg(U)n deg(V)n — ~ > Xn 


l l 


Va ————> X(ôAfn]) Xrðsn) Yn 


in which a diagonal gives the required lift for n. This provides the inductive step. 

If on the other hand U — V is a weak equivalence, we factor U — V as 
U — W —> V, where U — W is in J and W — V has the right lifting property 
with respect to all maps in J. Then by two-out-of-three, the map W — V is also a 
weak equivalence, hence a trivial fibration. Then by the first part of the lifting axiom 
just proved, U — V is a retract of U — W. Moreover X — Y has the right lifting 
property with respect to U — W by Lemma 13.17. Composing these two lifts (as in 
the retract argument) provides the required lift V — X: 


"| 


This completes the proof of the theorem. m 


Remark 13.19 The argument above indeed shows that J and g are classes of gener- 
ating cofibrations and trivial cofibrations, respectively. 


We wish to emphasize a particular left Bousfield localization of T(E). Let us 
assume that each €,, is a left proper cofibrantly generated model category whose 
cofibrations are monomorphisms, satisfying the conditions for the existence of lo- 
calizations. Then the same is true for the Reedy model structure on '(€,) and in this 
case we observe the following. 


Proposition 13.20 Under the above assumptions, the category T(E.) carries a model 
structure in which the cofibrations are the Reedy cofibrations and the fibrant ob- 
jects are the Reedy fibrant objects (X,@) with the additional property that for each 
a: [n] > [m], the map ba: Xm —> Elay (Xn) is a weak equivalence. 


We denote the model category of the proposition by I\,(€.). 


Proof By two-out-of-three for the weak equivalences, the condition on the Reedy 
fibrant objects (X, 0) is equivalent to the condition that for each face map 0;: [n—1] > 
[n], the corresponding face map 


Xn => E(0;)"(Xn-1) 
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is a weak equivalence. This map is a fibration if X is Reedy fibrant and a trivial 
fibration if and only if X has the right lifting property with respect to the maps of 
the form 

A B Afa] Vana; a(n] B B O;A[n] > Bw Afa] 


for each generating cofibration A — B in En. So taking the left Bousfield localization 
with respect to these maps gives the desired result. m 


The construction of the Reedy model structure is functorial in the simplicial 
system of model categories €., in the following sense. Define a Quillen pair 


between simplicial systems to be a sequence of Quillen pairs 


(Gn)! 


which are compatible with the simplicial structure maps up to coherent natural 
isomorphism. More precisely, as part of the structure of the Quillen pair (%1, y*), 
we require for each a: [n] — [m] in A a natural isomorphism between the two 
compositions in the square 


as (Ym)! Fon 


[ew [so 


En (Pn)! Fn 


and these are required to be compatible with the isomorphisms for € and F associated 
to each composition [7] =; [mn] E [Z]. 

Proposition 13.21 A Quillen pair p, : Ee Z F. : gy" induces a Quillen pair between 
the Reedy model categories 


Ty) : T(E.) 2 TF.) : Ty)”. 


The Quillen pair is compatible with the localizations introduced above and induces 
a similar pair Ty(E.) 2 Ty(F-). Moreover, if each pair ((Yn)1, Yj) is a Quillen 
equivalence, then so is (1(y), (¢)*). 


Proof The functor I'(y), is defined on an object of (X, 6) of ['(€.) by 
T), ))n = (Pn) (Xn), 
with structure maps defined by 


(¢n)19a 
Fa) (Pm) (Xm)) = (Gn) 1E(@) (Xm) ee (Yn)\(Xn), 
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and similarly for [(y)*. It is readily verified that this is indeed a Quillen pair for 
the Reedy model structures. Moreover, '(y)* clearly maps the fibrant objects of the 
localization I\,(F.) to those of I\,(€.), hence restricts to the claimed Quillen pair 
between localizations. m 


13.3 Homotopy Invariance of the Covariant Model Structure 


In this section we will apply the construction of the total model category ['(€.) of 
a simplicial system of model categories, as in the previous section, to the problem 
of homotopy invariance of the covariant model structure. To be precise, we aim to 
show that a complete weak equivalence of dendroidal Segal spaces A — B induces 
a Quillen equivalence between the covariant model structures on the slice categories 
dSpaces/A and dSpaces/B (cf. Corollary 13.26 below). 

Recall from Proposition 9.62 that if A — B is an operadic equivalence of oo- 
operads, then the induced Quillen pair 


(dSets/A) coy z>? (dSets/B)cov 


is a Quillen equivalence. Exactly the same argument applies to dendroidal spaces 
and yields the following proposition. We remark right away that we will prove a 
stronger version of this result in Corollary 13.26 below. 


Proposition 13.22 Let A — B be a map between dendroidal Segal spaces. If A — B 
is a weak equivalence in the model category ASpaceSpg (i.e., if A(T) —> B(T) is a 
weak homotopy equivalence for each tree T), then the induced Quillen pair 


(dSpacesg/A)cov <— (dSpacesz/B)coy 


is a Quillen equivalence. 


Proof By Brown’s lemma it suffices to show this for a trivial fibration f: A —> B 
between dendroidal Segal spaces. Such an f induces a Quillen equivalence 


dSpacesps;/A Z—* dSpacesgs/B 
by Example 8.47(i). To see that this pair also induces a Quillen equivalence between 


the covariant localizations, note that the left adjoint sends localizing morphisms 
€[T]| — T over A to localizing maps over B. Conversely, any localizing morphism 


Ar) —— T 


w 


B 
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over B is in the image of the functor dSpacesp,/A — dSpacesp, /B because any 
map T — B may be lifted along the trivial fibration A —> B. m 


To prove a sharper result, we will now identify the model category 
(dSpacesg/B)coy with a model category of the form I,(€.) discussed in the pre- 
vious section. This identification will explain how the covariant model structure on 
dSpaces/B is related to the different covariant model structures on the categories 
dSets/B,, for n > 0. 


Theorem 13.23 Under the identification of the category dSpaces/B with 
T(dSets/B.) (cf. Example 13.12), the model structures T,,((dSets/Be)coy) and 
(dSpacesp/B)coy coincide. 


Proof Let us denote the adjoint functors between the categories involved by 


yı 
T(dSets/B.) z> dSpaces/B. 
T 


This adjoint pair is an equivalence of categories. The functor w* sends an object 
X — B to the pair (X., 6) of objects X, — Bn in dSets/B,, for n > O and structure 
maps 

Oa: Xn = Xm XBm Bn 


for a: [m] —> [n] given by the simplicial structure of X and of B. 

First of all, it is straightforward to verify that under the equivalence yy the cofi- 
brations in the Reedy model structure on IT(dSets/B.) associated to the operadic 
or covariant model structures on the categories dSets/B, correspond to the Reedy 
cofibrations on dSpaces/B. It thus suffices to prove that this equivalence identifies 
the fibrant objects of one model category with those of the other. The following 
arguments are very similar to those proving Lemma 12.17 and the reader might like 
to compare them. 

The fibrant objects in (dSpacesz/B)coy are the Reedy left fibrations X — B. By 
Lemma 13.5, these are the maps of dendroidal spaces p: X — B having the right 
lifting property with respect to the following two kinds of morphisms: 


(a) The maps 
T BA‘ [n] U OT m Afan] > T x Afnan] 


for any tree T and O < k < n. 
(b) The maps 
T x ðAfn] U A*[T] x A[n] > T x Afa] 


for any tree T and any inner or leaf horn A*[T] of T. 


Indeed, (a) encodes the Reedy condition, whereas the right lifting property with 
respect to the maps of (b) then makes p a left fibration. Condition (b) can equivalently 
be stated as saying that for any monomorphism M — N of simplicial sets, the 
resulting map 

X(N) = X(M) XB(M) B(N) 
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is a left fibration of dendroidal sets. In particular, if (b) is satisfied, then the maps 
Xn > Bn and X(dA[n]) X B(dA[n]) Bn > Bn 


are left fibrations, the second one being a pullback of the left fibration X(0A[n]) —> 
B(OA[n]). Moreover, X, —> X(AA[n]) XB(@a{n}) Bn is also a left fibration and hence 
a fibration in the covariant model structure on the category dSets/B,, by Theorem 
9.59. Equivalently, y*p is a Reedy fibrant object of '((dSets/B.) oy) in the sense of 
Theorem 13.14. 

Conversely, if w*p is Reedy fibrant, then the maps 


Xn > X(OA[n]) XB(atn) Bn 


are covariant fibrations over Bn (in particular, left fibrations) and therefore p has the 
right lifting property with respect to the maps (b). For the remainder of this proof, 
assume that p has this lifting property. 

It remains to show that p additionally has the right lifting property with respect 
to the maps of (a) if and only if w*p is a local object of I\,((dSets/B.)coy), i.e., if 
and only if for each a: [m] — [n], the associated map 


Oa: Xn = Xm XBm Bn 


is a weak equivalence. By two-out-of-three, it suffices to consider monomorphisms 
a, in which case the map above is a left fibration by the Reedy condition. Now 
consider the class A of monomorphisms M — N of simplicial sets for which the 
map 

X(N) => X(M) XB(M) B(N) 


is a trivial fibration. Clearly, A is saturated and closed under two-out-of-three among 
monomorphisms. If p has the right lifting property with respect to the maps of (a), 
then A contains all anodyne maps between simplicial sets, so in particular each 69 
is a weak equivalence. Conversely, if the maps 4g are weak equivalences for the 
face inclusion a = 6;: [n — 1] — [n], then A must contain all anodyne maps. In 
particular, p will then have the right lifting property with respect to the maps of (a). 
This completes the proof. m 


Corollary 13.24 Let 
X — Y 
B 


be a map of dendroidal spaces over B. If X, — Y, is a covariant equivalence over 
Bn for every n = 0, then X —> Y is a covariant equivalence over B. 


Proof The assumption clearly implies that y*(X — Y) is a weak equivalence in 
the Reedy model structure on T ((dSets/Be)cov). Hence it is also a weak equivalence 
in the localization I,,((dSets/B.)coy) and thus a covariant equivalence over B by 
Theorem 13.23. m 
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Let us return to the invariance problem. In Proposition 13.22 our hypothesis was 
that A — B is a map of dendroidal Segal spaces for which A(T) —> B(T) is a weak 
homotopy equivalence of simplicial sets for every tree T. The identification of model 
categories of Theorem 13.23 now yields a similar result if A — B has the property 
that A, — Bn is an operadic equivalence of dendroidal sets for each n > 0: 


Proposition 13.25 Let A — B be a map between dendroidal Segal spaces. If An —> 
Bn is an operadic equivalence of dendroidal sets for each n > Q, then the induced 
Quillen pair 

(dSpacesp/A)coy Z? (dSpacesp/B)cov 


is a Quillen equivalence. 


Proof The dendroidal sets A„ and B, are co-operads, so as already remarked at the 
beginning of this section, Proposition 9.62 shows that the Quillen pairs dSets/A,, 2 
dSets/B,, are Quillen equivalences for the covariant model structures. It follows 
from Proposition 13.21 that the Quillen pair 


T'((dSets/A. cov) <— T'((dSets/B. )cov) 
is a Quillen equivalence as well. Moreover, this Quillen equivalence restricts to 


one between the localizations I, ((dSets/A. )coy) and I, ((dSets/B.)coy), so that the 
identification of Theorem 13.23 yields the result. m 


As a consequence, we obtain the following sharpening of Proposition 13.22. 


Corollary 13.26 Let A — B be a complete weak equivalence between dendroidal 
Segal spaces. Then the induced Quillen pair 


(dSpacesg/A)cov Z? (dSpacesg/B)cov 


is a Quillen equivalence. 


Proof If A and B are themselves complete dendroidal Segal spaces, then the corol- 
lary is a special case of Proposition 13.22 (and also of Proposition 13.25, for that 
matter). Thus it suffices to prove that each Reedy fibrant dendroidal space A admits 
a completion A so that A, > A, is an operadic equivalence for every n > 0. This 
follows from Corollary 12.21. m 


Remark 13.27 Using Proposition 13.9, we can also deduce a projective version of 
the previous corollary. To be precise, if A — B is a morphism of fibrant objects in 
dSpaces pş which is a complete weak equivalence (i.e., is a weak equivalence in the 
localization dSpaces psc), then the Quillen pair 


(dSpaces p/A)coy Z—* (dSpacesp /B)cov 


is a Quillen equivalence. 
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To conclude this section we observe a slight further sharpening of the previous 
remark. Indeed, it is not necessary to require A and B to be projectively fibrant: 


Corollary 13.28 Suppose A — B is a morphism of dendroidal spaces, both of which 
satisfy the Segal property. If this morphism is a complete weak equivalence, then the 
Quillen pair 

(dSpacesp/A)coy <— (dSpacesp/B) oy 


is a Quillen equivalence. 


Proof This corollary follows from Remark 13.27 if we can show that for any pro- 
jective weak equivalence of dendroidal spaces f: A — A’ the adjunction 


fi 
(dSpaces p / A) cov = (dSpaces p/ A’) cov 


is a Quillen equivalence. For the projective model structures dSpacesp/A and 
dSpacesp/A’ this follows from Example 8.47(j) and the fact that dSpacesp is a 
right proper model category. To see that this equivalence respects the covariant lo- 
calization, it suffices to show that the derived functors Rf* and Lf, preserve local 
objects. This is evident for f*, since its left adjoint f) sends localizing morphisms 
€[T| — T to localizing morphisms. To see that f; preserves local objects we use the 
criterion of Lemma 13.3; indeed, that lemma makes it clear that a map X — Aisa 
left quasifibration if and only if the same is true for the composite X — A’. m 


13.4 The Homotopy Theory of Algebras 


Let P be a simplicial operad. The main result of this chapter will come in the 
next section, when we establish a Quillen equivalence between the category of P- 
algebras and the category dSpaces/NP, equipped with the covariant model structure. 
To prepare for this result we need a suitable model structure on the category of P- 
algebras, which is what we establish in the present section. We also include several 
important examples, such as the category of simplicial categories (or operads) with 
fixed set of objects (or colours), which will be useful later. 

Write C for the set of colours of P. Recall that a P-algebra is a collection of 
simplicial sets {Ac }ccc equipped with maps of the form 


P(ci,...,Cn3C) X Ac, XX Ac, > Ac 
satisfying the usual axioms for associativity, symmetry, and unitality. 


Theorem 13.29 The category Algp of P-algebras carries a cofibrantly generated 
model structure in which a morphism f: A — B is a weak equivalence (resp. a 
fibration) if the morphism fe: Ac — Be is a weak homotopy equivalence (resp. a 
Kan fibration) of simplicial sets for every c € C. This model structure is right proper. 
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Remark 13.30 We will refer to the model structure of the theorem as the projective 
model structure. In the special case where P has only unary operations (so can 
be thought of as a simplicial category), the category of P-algebras is precisely the 
category of simplicial functors P — sSets. The model structure of the theorem is then 
the projective model structure already discussed in the case of ordinary categories 
in Example 7.46. 


Note that once the model structure of Theorem 13.29 is established, the fact that it 
is right proper follows immediately from the corresponding fact for the Kan—Quillen 
model structure on the category of simplicial sets. Let us therefore focus on proving 
the existence of the projective model structure. As before, write U for the forgetful 
functor 

Algp > I] sSets: A {Achcec 
cec 

and Freep for its left adjoint, forming the free P-algebra on a C-indexed collection 
of simplicial sets. Then the model structure of Theorem 13.29 is defined in such 
a way that f is a weak equivalence or fibration if and only if U(f) is such. In the 
terminology of Section 7.7, the projective model structure on Algp is transferred 
along U. We will call a morphism f of P-algebras a projective trivial cofibration 
if it lies in the saturation of the class of morphisms of the form Freep(i), where i 
ranges over the trivial cofibrations of the category Į [eec sSets. To prove Theorem 
13.29 it suffices to check that the conditions of Theorem 7.44 are satisfied; in other 
words, it will suffice to verify that every projective trivial cofibration is in particular 
a weak equivalence in Algp. Observe that (by construction) every projective trivial 
cofibration has the left lifting property with respect to fibrations in Algp, as defined 
in Theorem 13.29. The proof of that theorem is complete once we have settled the 
following: 


Lemma 13.31 A projective trivial cofibration i: A — B of P-algebras is a weak 
equivalence. 


Proof The proof we present here is often referred to as ‘Quillen’s path object 
argument’. All it requires is the existence of a product-preserving fibrant replacement 
of simplicial sets, meaning a functor 


R: sSets — sSets 


and a natural map ax: X — R(X) satisfying the following: 


(1) For any X the simplicial set R(X) is a Kan complex. 
(2) For any X the map ax is a weak homotopy equivalence. 
(3) The functor E preserves finite products. 


One example of such an R is the composite Sing o | — |, relying on the fact that 
geometric realization preserves products, and «œ the unit map. (Readers familiar with 
Kan’s Ex™-functor will realize that this is another such functor.) 

The fact that R preserves products implies that for any P-algebra A the collection 
R(A) is naturally a P-algebra again, using the structure maps 
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P(ci,...,Cn3c) X R(Ac,)X +++ X R(Ae,,) 
2 R(P(c1,..-.n3€)) X R(Ac,) X +++ X R Aen) 
= R(P(c1,...,¢n3C) X Ac, X +++ X Ac, ) 
— R(A;). 
Write R(B)4!'! for the ‘path space’ of the algebra R(B): it is defined by 
(REBA) := (R(B)<) 


with evident structure maps inherited from R(B). Observe that the simplicial sets 
(R(B)AU)).. are still Kan complexes. Evaluation at 0 defines a trivial fibration 


evo: R(B)^l — R(B) 


and, pulling back along the map R(A) aus R(B), a trivial fibration 
R(A) Xap) RB)“  R(A). 


This fibration admits a section using the ‘constant path’ map R(B) > R(B)SUI, 
formally defined by restriction along the map A[1] — A[0]. This section is then a 
weak equivalence and defines the upper horizontal map in the following commutative 
square: 


A ——> R(A) Xa) R(B)AU! 


| fp 
B ——*—__-» R(B). 


The vertical map on the right is given by evaluation at 1: in detail, it is the composite 
R(A) Xray R(BY — R(BY SS R(B). 
Alternatively, this map can be factored as 
R(A) Xrcpy R(B)“"! — R(A) xr) R(B)"!! = R(A) x R(B) > R(B). 


The first morphism is the pullback of the fibration R(B)^H — R¢B)®4" and hence 
itself a fibration; the last morphism is a fibration because R(A), is a Kan complex 
for any c € C. It follows that the right vertical morphism in the square above is 
a fibration. Projective trivial cofibrations have the left lifting property with respect 
to fibrations, so a lift in the square exists. Since the horizontal maps in the square 
are weak equivalences, the two-out-of-six-property of weak homotopy equivalences 
(cf. Proposition 7.35) implies that all maps in the square are weak equivalences. In 
particular this proves that i is a weak equivalence, as desired. m 
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Example 13.32 (a) Let S be a set and consider the category sOp, of S-coloured 
simplicial operads and morphisms between them that are the identity on colours. 
This category sOpy is itself the category of simplicial algebras for a coloured operad 
Os (cf. Example 1.22) and thus admits a projective model structure as in Theorem 
13.29. Let us briefly recall this operad Os and describe the weak equivalences and 
fibrations of sOp, explicitly. The set of colours of Os can be taken to be the set 
of S-coloured corollas (cf. Section 1.4), i.e., the set of corollas C equipped with a 
labelling E(C) — S of their edges by elements of S. An operation from a collection 
Ci, ..., Ck of S-coloured corollas to a further S-coloured corolla C then consists of 
a tree T with k vertices vj, ..., vk, equipped with a labelling of the edges of T by 
elements of S, with the following extra data: 


e An isomorphism of S-coloured corollas C,, = C; foreach 1 <i < k. 
e An isomorphism of the S-coloured corolla C with the S-coloured corolla obtained 
from T by contracting all of its inner edges. 


The tree T should be thought of as representing a way of composing k operations 
(represented by the coloured corollas C;) into a single operation (represented by the 
coloured corolla C). Composition of operations in Og is defined by grafting such 
S-coloured trees. One verifies that these data indeed define a coloured operad Os 
and that its algebras are precisely (coordinate-free) S-coloured operads as defined in 
Section 1.4. 

Now considering the projective model structure on sOp; = Algo,, we see that 
a morphism y: P — Q of S-coloured simplicial operads is a weak equivalence 
(resp. a fibration) precisely if the corresponding morphism of underlying S-coloured 
collections is a weak equivalence (resp. a fibration). In other words, y is a weak 
equivalence (resp. a fibration) if and only if for every sequence of colours c1, . . . , Cn, C, 
the map 

Peu,...€n,c* P(c, seer Ons c) > Q(c1, seo ns c) 


is a weak homotopy equivalence (resp. a Kan fibration) of simplicial sets. 

(b) The previous example can be specialized to the category sCats of simplicial 
categories with set of objects S and functors between them that are the identity on 
objects. To be precise, there is an operad Ps with set of colours S x S, and a unique 
operation 

((c1, di), ++ ++ (Ck, dk)) > (c1, dk) 


whenever di = cj+1 for every 1 < i < k — 1. The category of simplicial Ps-algebras 
is easily identified with sCats, so that the latter admits a projective model structure 
by Theorem 13.29. A functor y: C — D is a weak equivalence (resp. a fibration) in 
this model structure if and only if for every pair of objects (c, d), the induced map 


Yc,a : C(c, d) > D(c, d) 


is a weak homotopy equivalence (resp. a Kan fibration) of simplicial sets. 
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We conclude this section with a discussion of cofibrant objects in the category of 
P-algebras; a convenient characterization of such will be useful later. For simplicity 
(and because it covers all the examples we will need), take P to be an operad in 
Sets. By the construction of the projective model structure via transfer, a family of 
generating (trivial) cofibrations in Algp can be obtained by applying the left adjoint 
functor Freep to the generating (trivial) cofibrations in the category [Js sSets. Let 
us make this explicit. For c € S and a simplicial set A, write c & A for the S-indexed 
collection that takes the value A at c and @ elsewhere. Then the morphisms 


Freep(c ® (OA[n] — A[n])) and Freep(c & (Ak [a] — A[n])) 


for c e C and 0 < k < n form a set of generating cofibrations (resp. trivial 
cofibrations) for the projective model structure on Algp. 


Definition 13.33 A simplicial P-algebra A is s-free if for each n there exists a 
collection of elements G, in the algebra A, such that the following hold: 


(1) The P-algebra A,, is free on Gn, i.e., the canonical map Freep(G,,) — An is an 
isomorphism. 

(2) For any surjection a: [n] — [m] in A, we have a*(G,,) © Gy. In words, a 
degeneracy of a generator is another generator. 


Clearly any s-free algebra A can be built from the initial P-algebra by a compo- 
sition of pushouts of morphisms of the kind Freep(c ® (dA[n] — Al[n])), one for 
every element of G, that is ‘non-degenerate’, meaning not in the image of some 
a*: Gm — Gn with m < n. It follows that s-free simplicial P-algebras are cofibrant. 
Conversely, observe that anything built from the initial P-algebra by pushouts along 
Freep(c ® (OA[n] — A[n])) is in particular s-free. 


Lemma 13.34 A simplicial P-algebra A is cofibrant if and only if it is a retract of 
an s-free algebra. 


Remark 13.35 If A is s-free, then in particular it is ‘degreewise free’, in the sense 
that A, is a free P-algebra. Thus, any cofibrant P-algebra is a retract of a degreewise 
free algebra. 


Proof The ‘if? direction is clear from the discussion above the lemma. For the 
converse, write 0 for the initial P-algebra (which is just the collection of nullary 
operations {P(—;c)}-es) and suppose A is cofibrant. We may factor the morphism 
i: 0 — Aas a composition of j: 0 — B and p: B —> A, with j a composition of 
pushouts of morphisms of generating cofibrations Freep(c ® (dA[n] — A[n])) and 
p a morphism with the right lifting property with respect to those. Then B is s-free 
and p is a trivial fibration. Lifting in the square 
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shows that A is a retract of B. o 


Example 13.36 (a) Consider a category C and the associated category sSets®” of 
simplicial presheaves. Interpreting C°? as an operad with only unary operations, 
the free algebra on an object c is precisely the representable functor C(-, c). Thus, 
Lemma 13.34 in particular implies that any projectively cofibrant simplicial presheaf 
on C is a retract of a presheaf that is degreewise a coproduct of representables. 
(Observe that the resolution in Proposition 10.30 thus provides an explicit cofibrant 
replacement of simplicial presheaves.) 

(b) Consider the operad Ps of Example 13.32(b) for which the algebras are 
precisely categories with set of objects S. The set of colours of Ps is Sx S. A 
collection of sets {Acq} indexed by S x S is precisely a directed graph with set 
of vertices S, with the elements of Ac a representing edges from c to d. The free 
Ps-algebra on A is then the free category on that directed graph. Lemma 13.34 
characterizes the cofibrant simplicial categories; in particular, it implies that any 
cofibrant simplicial category is a retract of a simplicial category C with the property 
that for every n the category C, is free on a directed graph. 


13.5 Algebras and Left Fibrations 


The goal of this section is to establish the promised Quillen equivalence between 
the covariant model structure on the category dSpaces/ NP and the projective model 
structure on the category of simplicial P-algebras, for P a simplicial operad. We 
will do this in Theorem 13.37. At the end of this section we include some first 
consequences, namely the facts that the absolute covariant model structure on dSets 
is a ‘model’ for the homotopy theory of E..-spaces and the Picard model structure 
‘models’ the homotopy theory of infinite loop spaces. Many more results, such as 
the ‘straightening-unstraightening equivalence’ for left fibrations over co-categories, 
can be deduced from Theorem 13.37. However, we postpone a discussion of these 
to Section 14.8, when we have a better grasp of the adjoint pair (w), w*) relating 
dendroidal sets and simplicial operads. 

Let P be an operad in Sets. Recall from Section 9.5 that the nerve construction 
for algebras defines an adjoint pair 


Fp 
dSets/NP Z? Algp. 
/ ca gp 


Here the right adjoint sends a P-algebra A in Sets to the left fibration of dendroidal 
sets N(P, A) — NP. A T-dendrex of N(P, A) consists of a map é: Q[T] — NP 
together with a labelling of each leaf / of T by an element of the set Aziz). The left 
adjoint Fp is characterized by the fact that it sends a representable £: Q[T] — NP 
to the free P-algebra generated by the leaves of T with their labelling by a colour of 
P provided by £. 
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Now if P is a simplicial operad and Algp the category of P-algebras in the category 
of simplicial sets, we may apply the construction of the previous paragraph levelwise 
to obtain an adjunction 


Fi 
dSpaces/NP = Algp. 
(P,-) 


Here NP is now the dendroidal space defined by (VP), = N(P,,). The aim of this 
section is to establish the following: 


Theorem 13.37 Suppose P is a Ł-free simplicial operad. Then the adjoint pair 
(Fp, N(P, —)) described above is a Quillen equivalence between the projective co- 
variant model structure on the category dSpaces/NP and the projective model 
structure on the category Algp of simplicial P-algebras. 


The proof of the theorem will be a straightforward combination of the following 
three lemmas. 


Lemma 13.38 The functor 
N(P, -): Algp > (dSpacesp/NP)cov 
is right Quillen. 


Proof It is clear that N(P, —) sends fibrations and weak equivalences in Algp to fi- 
brations and weak equivalences in dSpaces p /NP, respectively. Thus, by Proposition 
11.24, it suffices to verify that N(P, —) sends fibrant objects of Algp to local objects 
for the Bousfield localization (dSpacesp/NP)coy of dSpaces p. But this is precisely 
the content of Example 13.4. m 


Lemma 13.39 The functor 
N(P,—): Algp > (dSpaces p /NP)cov 
preserves and detects arbitrary weak equivalences. 


Proof It is clear that a map f: A — B of P-algebras is a weak equivalence if and 
only if N(P, f) is a weak equivalence with respect to the projective model structure 
on the category dSpaces/NP. Now pick a square in Algp of the form 


where the vertical maps are weak equivalences and A and B are fibrant. Then f is 
a weak equivalence if and only if g is a weak equivalence; moreover, our previous 
observation implies that this is the case if and only if N(P, g) is a weak equivalence 
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with respect to the projective model structure. But since this is a map between 
fibrant objects in the covariant model structure, this is the case if and only if N(P, g) 
is a weak equivalence in the covariant model structure by virtue of Lemma 8.49. 
Applying N (P, —) to the square above, we see that this is the case if and only if N(P, f) 
is a weak equivalence in the covariant model structure, completing the proof. m 


The previous two lemmas do not need the hypothesis that P is Ł-free. This is only 
necessary for the following statement: 


Lemma 13.40 Let X “> NP be a cofibrant object of Spaces p/NP. Then the unit 
X — N(P, Fp(X)) is a covariant weak equivalence of dendroidal spaces over NP. 


Proof By Example 13.36(a), any projectively cofibrant dendroidal space X is a re- 
tract of a dendroidal space Y with the property that Y,, is a coproduct of representables 
Q[T ] for every n. Thus it suffices to prove the lemma for such Y. Moreover, by Corol- 
lary 13.24 it suffices to prove that for every n, the morphism Y, — N(Pp, Fp,, (Yn)) is 
a covariant weak equivalence of dendroidal sets over NP,,. This follows immediately 
from Corollary 9.68. m 


We are now in a position to prove the promised result: 


Proof (of Theorem 13.37) Suppose X — NP is a cofibrant object of dSpaces p /NP 
and choose a fibrant replacement Fp(p) — A in Algp. Then Lemmas 13.39 and 13.40 
imply that the composite 


X — N(P, Fp(X)) > NP, A) 


is a weak equivalence. As a consequence, the derived unit id — RN (P, —) o LFp is 
an isomorphism. By Lemma 13.39, the assertion that the derived counit 


LFp o RN(P, -) = id 


is also an isomorphism can be verified after postcomposing with RN(P, —). But then 
the assertion follows from the triangle identity 


RN(P, -) — > RN(P, -) o LFp o RN(P, -) 


Oe J 


RN(P, -) 


and two-out-of-three. o 


We conclude this section with some first consequences of Theorem 13.37. 


Corollary 13.41 Let E~ be any Ł-free simplicial operad equivalent to Com (such 
as the Barratt-Eccles operad). Then there exist zigzags of Quillen equivalences 
between the categories dSpaces, dSets (both equipped with the absolute covariant 
model structure) and the category Algg „ of Eoo-spaces equipped with the projective 
model structure. 
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Proof The comparison between the covariant model structures on the categories 
of dendroidal spaces and dendroidal sets is a consequence of Proposition 13.7. 
Theorem 13.37 provides a Quillen equivalence between the (projective) covariant 
model structure on dSpaces/NE,, and Algg_. Finally, the forgetful functor 


(dSpaces/NE..)coy —> ASpaces,,, 


is the left adjoint in a Quillen equivalence by Remark 13.27. m 


The fibrant objects of the absolute covariant model structure on the category of 
dendroidal sets are precisely the left dendroidal Kan complexes. We saw in Section 
9.6 that for a left dendroidal Kan complex X, the category t(i*X) is naturally 
a symmetric monoidal groupoid. In particular, the set of connected components 
mo(i* X) inherits the structure of a commutative monoid by identifying it with the set 
of isomorphism classes of objects in t(i* X). In Section 9.7 we introduced the Picard 
model structure on the category of dendroidal sets. It is the Bousfield localization 
of the (absolute) covariant model structure characterized by the fact that its fibrant 
objects are the dendroidal Kan complexes, i.e., those dendroidal sets having the 
extension property with respect to all horn inclusions A*[T] — T of trees. In 
Proposition 9.86 we saw a convenient alternative description of these fibrant objects; 
indeed, if X is already fibrant with respect to the covariant model structure (i.e., is 
a dendroidal left Kan complex), then it is fibrant for the Picard model structure if 
every object of t(i*X) admits an inverse with respect to the tensor product. In other 
words, a dendroidal left Kan complex X is fibrant in the Picard model structure if 
the monoid zo(i* X) is in fact a group. 

To state the following, recall that an E.,.-space Y is called grouplike if the commu- 
tative monoid 7oY is a group. Write Alg, for the full subcategory of the category 
of E.o-spaces on the grouplike objects. 


Corollary 13.42 The zigzag of Quillen equivalences of the previous corollary in- 
duces an equivalence of homotopy categories 


Ho(dSetspicara) ~ Ho(Alg’? ). 


Proof The homotopy category Ho(dSetspicarq) can be identified with the full subcat- 
egory of Ho(dSetscoy) spanned by the dendroidal left Kan complexes X satisfying 
the condition above, i.e., for which the commutative monoid 7o(i* X) is a group. For 
a dendroidal space Z that is covariantly fibrant, the underlying bisimplicial set i*Z is 
homotopically constant in both simplicial directions: in the original simplicial direc- 
tion by completeness (cf. Corollary 12.19) and in the other one by the fact that for a 
linear tree T and its unique leaf /, the restriction Z(T) — Z(ņı) is a weak homotopy 
equivalence. In particular, i* Zo and Z(7) are weakly equivalent as simplicial sets, 
hence have the same set of connected components. 

If Y is an E.-space, then clearly moY is ao(N(Eo, Y)(7)). By the preceding 
discussion, this agrees with i*N(E., Y )o, which is the set of connected components 
of the corresponding dendroidal set. This gives the identification of the subcategories 
of ‘grouplike’ objects on both sides. m 


13.5 Algebras and Left Fibrations 553 


Remark 13.43 It is a classical result that the homotopy theory of grouplike E..- 
spaces is equivalent to that of connective spectra [112]. Thus the previous corollary 
shows that the Picard model structure on the category of dendroidal sets provides 
another model for the homotopy theory of connective spectra. 


Historical Notes 


While the covariant model structure on dendroidal sets goes back to [77], the covari- 
ant model structure on dendroidal spaces was first studied in [23]. Both references 
prove versions of the ‘homotopy invariance’ of the covariant model structure (The- 
orem 13.26). Our proof of this result is new and uses the notion of totalization 
of a simplicial system of model categories, reminiscent of the category of sheaves 
on a simplicial space as described by Deligne [48]. The projective model structure 
for algebras over a (coloured) simplicial operad is discussed in many places in the 
literature. The case of simplicial algebras over an ordinary operad already follows 
from Quillen’s work [123], but his arguments apply to the more general case as 
well; this is made explicit by Rezk [128]. Model structures for algebras over oper- 
ads in a differential graded context were studied by Hinich [83]; for algebras and 
operads in more general model categories we refer to [16]. A comprehensive recent 
account, including an extensive bibliography of references on the subject, is given 
by Pavlov—Scholbach [121]. The relation between the model category of P-algebras 
and the covariant model structure on the category of dendroidal spaces over NP 
has many precursors; we will discuss the relation to the literature in more detail in 
the historical notes of the next chapter, after we have proved corresponding results 
about the covariant model structure on slice categories of dendroidal sets, rather than 
spaces. The results of Section 13.5 first appeared in [23]. 
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Chapter 14 g 
Simplicial Operads and oo-Operads 


In this final chapter we fulfil one of the main promises of this book, namely we 
prove that the homotopy theory of co-operads is equivalent to that of simplicial (or 
topological) operads. To prepare for this, Sections 14.1 and 14.2 establish some 
rather classical material on the homotopy theory of simplicial categories, most of it 
going back to the work of Dwyer and Kan. Then in Section 14.3 we establish a model 
structure on the category of simplicial operads in which the weak equivalences are 
the fully faithful and essentially surjective maps (in an appropriate interpretation 
of those terms). When restricting to simplicial categories, thought of as simplicial 
operads with only unary operations, this model structure specializes to the well- 
known Bergner model structure. 

In Section 14.5 we establish the first form of an equivalence between the homotopy 
theory of dendroidal spaces and that of simplicial operads. This requires us to work 
with a model structure on the category of dendroidal spaces that is slightly different 
from the ones we have considered before, which we establish in Section 14.4. Finally, 
in Section 14.6, we deduce from these results that the homotopy-coherent nerve 
functor w* provides a Quillen equivalence from the category of simplicial operads 
to the category of dendroidal sets, equipped with the operadic model structure. As 
a corollary, we reproduce the important result that the homotopy-coherent nerve 
provides a Quillen equivalence from the category of simplicial categories to the 
Joyal model structure on the category of simplicial sets. 

Many applications of the theory of c0-operads concern operads with only a single 
colour and therefore we devote Section 14.7 to this special case. Several arguments 
and results simplify considerably there; in particular, the notion of completion can 
be circumvented. As such, the reader only interested in the case of a single colour 
could start reading this section immediately and refer back to others as needed. We 
include an application of the theory of dendroidal spaces that has turned out to be 
important in the literature, namely that the space of maps between simplicial operads 
P and Q with a single colour can equivalently be computed as the mapping space 
(with respect to the projective model structure) between the dendroidal spaces NP 
and NQ, cf. Corollary 14.42. 
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In the concluding Section 14.8 we record some further consequences of our results 
in this chapter and the previous one. In particular, we will see that for an co-operad X, 
there is an equivalence of homotopy theories between the category of algebras for the 
simplicial operad wX and the covariant model structure on the category dSets/X. 
This specializes to a version of Lurie’s ‘straightening-unstraightening’ equivalence 
when X is a simplicial set. 


14.1 Simplicial Categories with Fixed Objects 


In this section we review some of the classical homotopy theory of simplicial cate- 
gories. Fix a set O. We write sCatg for the category of (small) simplicial categories 
with O as their set of objects and functors between them that are the identity on 
objects. In Example 13.32(b) we observed that sCatg admits a model structure in 
which a functor y: C — D is a weak equivalence (resp. a fibration) if 


Px,y: C(x, y) > D(x, y) 


is a weak homotopy equivalence (resp. a Kan fibration) of simplicial sets, for every 
pair of objects x, y € O. Let us fix some terminology for these classes of maps. 


Definition 14.1 A functor y: C — D between simplicial categories (not necessarily 
with fixed set of objects) is fully faithful if 


Px,y: C(x, y) > Dlglx), v(y)) 


is a weak homotopy equivalence for each pair of objects x, y of C. We call ọ a local 
fibration if each x,y is a Kan fibration. 


Recall from Example 13.36(b) that a simplicial category C is cofibrant precisely 
if it is a retract of an s-free simplicial category D, i.e., a simplicial category for 
which each D, is free on a set of arrows G, and these generating sets can be chosen 
so that a*(Gm) © Gn for each surjective map a: [n] — [m] in A. For later use we 
observe that the property of being cofibrant is preserved by ‘restriction of objects’. 
To be precise, if f: M — O is an injective function between finite sets, then there 
is a functor 

f*: sCato > sCaty 


sending a simplicial category with objects O to the full subcategory on the objects 
M (regarding M as a subset of O via f). 


Lemma 14.2 For any injective function f as above, the restriction f* preserves 
cofibrant simplicial categories. 


Proof By the characterization of cofibrant objects quoted above it suffices to check 
this for s-free simplicial categories. Suppose C is the free category F(G) on some 
directed graph G with vertices O. Then one can form a new graph f'G with vertices 
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M and edges from m to m’ given by the finite strings 
m> >S 0,73 mM 


with n > 0 and o; € O — M. (Here the case n = O just refers to edges m — m’ in 
G.) Then clearly f*C is free on the graph f'G. Applying this observation levelwise 
to an s-free simplicial category with objects O, we see that f* of it is another s-free 
category. m 


Recall the functor 
To: SSets — Sets 


sending a simplicial set X to its set 79X of connected components. It is left adjoint 
to the functor assigning to a set the corresponding discrete simplicial set. Explicitly, 
ToX is the colimit over A°? of X or (more efficiently) just the coequalizer of the 
two maps do, dı: Xı — Xo. Since the functor mg preserves products, it defines a 
corresponding functor 

zo: sCat — Cat 


from the category of simplicial categories to that of categories by applying 7 to 
‘spaces of morphisms’. More precisely, any simplicial category C defines a category 
moC having the same set of objects as C and with 


(t0C)(c, d) := mo(C(c, d)). 


The remainder of this section will be devoted to the following result of Dwyer and 
Kan. It can be paraphrased as saying that if all morphisms in a cofibrant simplicial 
category C are invertible up to homotopy, then actually inverting them does not 
affect the homotopy type of C. We write C[C7!}] for the localization of C at all of 
its morphisms: it is the simplicial category which in degree n is obtained from the 
category C,, by formally inverting all of its morphisms. 


Theorem 14.3 Let C be a cofibrant simplicial category for which moC is a groupoid. 
Then the localization functor C — C[C™'] is fully faithful, hence a weak equivalence 
of simplicial categories. 


Remark 14.4 It is possible to establish a more general result, where one inverts only 
acertain subset W of the morphisms in C under the weaker assumption that only the 
morphisms in W go to isomorphisms in z gC. We will not need this added generality 
here. 


We prove the theorem at the end of this section, after establishing some prelimi- 
nary lemmas. Recall that we may take the nerve of a simplicial category C to obtain 
a bisimplicial set NC: 

NCp,a = N(Cp)q- 


For the duration of this section we denote the diagonal 6* NC by BC and refer to it as 
the classifying space of C. It follows immediately from the fundamental property of 
bisimplicial sets (Corollary 10.27) that a fully faithful functor of simplicial categories 
C — D induces a weak homotopy equivalence of classifying spaces BC — BD. 


558 14 Simplicial Operads and co-Operads 


Lemma 14.5 Jf C is a cofibrant simplicial category, then the localization C > 
C[C"!] induces a weak homotopy equivalence of classifying spaces BC =~ 
B(C[C"')). 


Proof By Corollary 10.27 it suffices to show that for each p, the map N(C,) > 
N(Cp [C5 ') is a weak homotopy equivalence of simplicial sets. We will argue that 
this works for any free category D, generated by some graph G. That graph may 
equivalently be thought of as a simplicial set with vertices those of G and one non- 
degenerate 1-simplex for every edge of G. Viewing G as a simplicial set in this way, 
we have D = T(G). There is an evident inclusion G — ND, which we claim to be 
a weak homotopy equivalence. The lemma then follows from this. Indeed, a graph 
has the homotopy type of a disjoint union of wedges of circles, and in particular 
has vanishing higher homotopy groups z, for n > 1 (at an arbitrary basepoint). 
It is well known (and rather easy to see) that for any category C, the localization 
map NC — N(C[C™']) gives an isomorphism on fundamental groupoids and that 
moreover N(C[C7!]) has vanishing higher homotopy groups, being a disjoint union 
of classifying spaces of discrete groups. In particular, if NC itself has vanishing 
homotopy groups in dimensions n > 1, then the localization map is a weak homotopy 
equivalence. 

It remains to prove our claim. First observe that this is clear in the case where 
G has no edges at all (so that G — ND is even an isomorphism). Then one proves 
the general case by induction on the edges of G. Indeed, if H is built from G by 
adjoining a single edge f, there are squares as follows, the right obtained from the 
left by applying Nr: 


ðA] — G dA[1] ———> ND 
| l l l 
Al] —> H, Al] —> NLS). 


The one on the left is a pushout, whereas Proposition 5.25 states that on the right the 
map from the pushout A[1] Usap] ND to N(D[f]) is inner anodyne, so in particular 
a weak homotopy equivalence. The cube lemma and the inductive hypothesis on D 
then show that H — Nrt(H) = N(D[f]) is a weak homotopy equivalence as well. o 


Lemma 14.6 Jf C is a simplicial category for which moC is a groupoid, then the 
simplicial set C(c, d) is a model for the path space of BC from c to d, i.e., it is 
naturally weakly equivalent to the homotopy pullback of the maps 


A[0] & BC & Ajo]. 
Proof Consider the simplicial functor 
C(c, —): C —> sSets: d+» C(c, d). 


We may form its homotopy colimit (as in Section 10.6) 
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hocolime C(c, —) = 6° (hocolime,, Cp(c, —)) 
and obtain a projection map 
hocolim C(c, —) — BC. 


Observe that its fibre over a vertex d € BC is precisely the simplicial set C(c, d). On 
the other hand, we claim that its homotopy fibre is the homotopy pullback described 
in the lemma. To see this, we first observe that the inclusion of the ‘initial vertex’ 


ide: A[O] — hocolim C(c, —) 


is a weak homotopy equivalence. Indeed, it can be obtained by taking the diagonal of 
a map of bisimplicial sets which in degree p is the inclusion ide : A[0] — N(c/C,). 
Since id, is initial in c/C,, the nerve of the latter category is weakly contractible. 
We conclude that the homotopy fibre of hocolim C(c, —) — BC at d is equivalent to 
the homotopy fibre at d of the map 


A[0] > BC 


as desired. 

It remains to argue that the fibre and homotopy fibre of the map hocolim C(c, —) > 
BC agree up to weak homotopy equivalence. The assumption that zoC is a groupoid 
implies that any morphism f: d — e in Co induces a weak homotopy equiva- 
lence fa: C(c,d) — C(c,e). Thus, the functor C(c, —) satisfies the hypothesis of 
Proposition 10.36, concluding the proof. m 


Proof (of Theorem 14.3) Suppose C is a cofibrant simplicial category with mC is 
a groupoid. We should argue that for any objects c and d of C, the map 


C(c, d) > C[C-!|(c, d) 


is a weak homotopy equivalence of simplicial sets. By Lemma 14.6 it suffices to 
show that the map of classifying spaces BC — B(C[C™']) is a weak homotopy 
equivalence, which is precisely the statement of Lemma 14.5. m 


14.2 Equivalences in Simplicial Categories 


In Corollary 5.52 we proved that an edge f: A[1] — X of an œ-category X is an 
equivalence if and only if f extends along the inclusion A[1] — J. In this section 
we establish an analog of this fact for simplicial categories, which is one of the key 
ingredients in establishing the Bergner model structure for simplicial categories (cf. 
Corollary 14.13). We will use this analog in the next section to provide a model 
structure on the category of simplicial operads. We begin by specifying the relevant 
version of the ‘interval’ J. 
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Definition 14.7 Let O = {0,1}. A categorical interval is a simplicial category E 
with objects O such that: 


(a) E is cofibrant in sCato, 

(b) the category oE is the free isomorphism (0 = 1), and 

(c) the functor E — zoE is a local weak equivalence (so all mapping spaces in E 
are weakly contractible). 


A morphism f: c —> d ina simplicial category C is called an equivalence if the 
image of f in oC is an isomorphism. Writing [1] for the ‘free morphism’ category 
(0 — 1), the main result of this section can be formulated as follows. 


Theorem 14.8 A morphism f : c — d ina simplicial category C is an equivalence 
if and only if the corresponding functor [1] — C extends to a functor E — C from 
a categorical interval. 


Proof Without loss of generality we may assume that the set of objects of C is O = 
{0, 1}; indeed, we can pull back a general C along the map of objects {0, 1} — ob(C) 
induced by f. Also, we may assume that oC is a groupoid, simply by restricting 
to those components of the mapping spaces C(c, d) corresponding to isomorphisms 
in moC and observing that f can only map into such components. Finally, we may 
replace C by acofibrant simplicial category. Indeed, since the category [1] = (0 — 1) 
is cofibrant in sCatg, the map f will factor through such a replacement. 

Write J for the free isomorphism (0 = 1). Then the functor f: [1] — C gives a 
functor 7 — C[C7!], which we may factor as a local trivial cofibration followed by 
a local fibration: 


I >> Ip —» C[C!]. 
Then f factors through the pullback D in the following square: 


D —> Ir 


| 4 


c —s Cc |], 


The bottom arrow is fully faithful by Theorem 14.3; since sCatg is a right proper 
model category, the top arrow is fully faithful as well. It follows that D satisfies 
requirements (b) and (c) of Definition 14.7. Simply taking a cofibrant replacement 
D > D now provides a categorical interval through which f factors. m 


In the next section we will have to construct a certain set of generating trivial 
cofibrations using categorical intervals. For this purpose it will be useful to know 
that one can bound the cardinality of the intervals E appearing in Theorem 14.8: 


Proposition 14.9 In the statement of Theorem 14.8 the categorical interval E can 
be arranged to be countable, meaning a simplicial category with countably many 
morphisms in each simplicial degree. 
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The proof of the proposition relies on the following observation: 


Lemma 14.10 Let f: A — X be a map of simplicial sets with A countable and X 
weakly contractible. Then there exists a factorization of f as in 


in which i is a monomorphism and B is a simplicial set that is both countable and 
weakly contractible. 


Proof This is essentially a special case of Lemma 8.14, or alternatively of our 
arguments concerning the ‘countable approximation property’ in Section 11.5. Since 
those arguments simplify considerably in this case, let us describe a direct proof here 
for the reader’s convenience. Factor f as a monomorphism i: A — Y followed by a 
trivial fibration p: Y — X. Assume we have a functorial anodyne map Z — E(Z) for 
any simplicial set Z, such that E preserves monomorphisms and E(Z) is countable 
whenever Z is countable. (Such an E can always be produced abstractly from the 
small object argument as in Lemma 8.25, or one takes Kan’s Ex®-functor.) Then in 
particular we have the square 


A >> E(A) 


ld 


Y >> E(Y). 
Since E(Y) is a contractible Kan complex there exists a homotopy 
h: A|1] x EY) > E(Y) 


with ho = idgyy) and hı a constant map. We will inductively define countable 
simplicial subsets of Y, starting from Bo := i(A), 

i(A) = Bo CB) CB G. 
Assuming B; has been defined, we construct B;,; in the following way. Consider 
the simplicial subset Co := E(B;) of E(Y). Inductively define C; := h(A[1] x Cj-1) 
for all j = 1. Then Cœ := U; Cj is still countable and h restricts to a contracting 


homotopy 
h: A[1] X Co > Co. 


Now let B;+ı be any countable simplicial subset of Y such that B;+ı contains B; and 
E(Bi+1) contains Cæ (cf. Lemma 8.25). Note that the inclusion E(B;) — E(B;+1) is 
nullhomotopic, since it factors through Ca. It follows that ); E(B;) is contractible. 
Therefore B := |J; B; is weakly contractible (and still countable), proving the 
lemma. m 
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Proof (of Proposition 14.9) Suppose that E is a categorical interval. We will show 
that the inclusion of objects O = {0,1} — E can be factored as a cofibration O — D 
followed by a fully faithful functor D — E with D a countable categorical interval. 
To do this, we inductively construct cofibrant countable simplicial categories D™® 
with functors as in the following diagram: 


DO) := 0 »>— DO > DM DÖ >. 


l 


E. 


As indicated in the diagram, we start our construction by setting DC) := O. Now 
suppose n > 0 and D'-) has been constructed. Let i,j € O and consider the 
corresponding mapping space A;; = DG, j). Applying Lemma 14.10 to the map 
Ai; — E(i, j) yields a factorization A;; — Bi; — E(i, j) with Bi; countable and 
weakly contractible. Now construct D” by forming the pushout 


Hep Cig] —> DO? 


J | 


Ua CilBy] — D”. 


Here Cı[A;;] denotes the simplicial category with objects i, j, and nonidentity 
morphisms A;; from i to j. Finally, define D := lim | D). Then D is clearly cofibrant 
and countable; it remains to show that its mapping spaces are weakly contractible. 
But observe that for each n, the map 


DDG, j) > DG j) 
factors through the weakly contractible space B;; by construction. Thus 


A ys (OYA 
DG, j) = lim D" (i, j) 


is weakly contractible as well. m 


We conclude this section with a useful observation on isofibrations of simplicial 
categories. Recall that an isofibration of categories is a functor gy: C — D such 
that for any object c of C and any isomorphism g: (c) — d in D, there exists an 
isomorphism f : c > d in C with y(f) = g. We will say that a functor ọ of simplicial 
categories is an isofibration if zoy is an isofibration between ordinary categories. 


Proposition 14.11 A functor y: C — D between simplicial categories is an isofi- 
bration whenever it has the right lifting property with respect to the maps {0} > E, 
where E ranges over the set of countable categorical intervals. The converse is also 
true if ọ is assumed to be a local fibration. 
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Proof Suppose that ¢ has the stated lifting property. To see that it is an isofibration, 
suppose that c is an object of C and g: (c) — d is an isomorphism in moD. Then 
Theorem 14.8 and Proposition 14.9 imply that g can be extended to a functor from a 
countable categorical interval E to D. Lifting this to a functor E — C in particular 
determines an isomorphism f in moC with y(f) = g. 

For the converse, assume that ¢ is an isofibration and a local fibration. Consider 
a lifting problem of the form 


{0} —— C 


UA 
ae 


E 3D. 


The bottom horizontal arrow in particular gives an equivalence g: (c) — din D. 
By assumption there exists a morphism f: c — d in C such that g and (f) have the 
same image in 7D. In other words, g and y(f) are in the same path component of the 
simplicial set D(y(c), d). Since C(c, d) > D(y(c), d) is a Kan fibration, there must 
then also exist a vertex f’ € C(c, d) with y(f’) = g. Thus we find a commutative 
diagram 


m -5 c 


= 


and it suffices to show that there exists a lift in this square. Without loss of generality 
we may assume that the sets of objects of C and D are O = {0,1} and ọ is the 
identity on objects; indeed, if not, we can always pull back C and D to the set of 
objects of E. Thus we may consider the square above as a lifting problem in sCato. 
Writing P for the pullback in the square, the resulting map [1] — P extends over 
a categorical interval F by Theorem 14.8. Now observe that the functor F — E is 
a weak equivalence (since both are categorical intervals) and factor it as a trivial 
cofibration F — G followed by a local trivial fibration G — E. Lifting in the two 
squares 


F —> C [1] —> G 
pih Td 
G—>D E Í E 


provides a functor kl: E — C solving our previous lifting problem. m 
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14.3 A Model Structure for Simplicial Operads 


The aim of this section is to construct a model structure on the category sOp 
of simplicial operads in which the weak equivalences are the fully faithful and 
essentially surjective maps. Here a map y: P — Q of simplicial operads is said to 
be fully faithful if for every tuple of colours (c1,...,Cn, d) of P, the map 


P(c1,.--,€nid) > Q(Y(c1), «--, (En); P(A) 


is a weak homotopy equivalence of simplicial sets. The map ọ is called essentially 
surjective if the map oy is essentially surjective as a map between operads in sets. 
By definition, this means that the corresponding functor between underlying cate- 
gories (obtained by restricting oP and zgQ to unary operations only) is essentially 
surjective. 

Before stating the main result of this section we introduce some more terminology. 
In analogy with the case of simplicial categories from the preceding sections, we say 
that a map y: P — Q of simplicial operads is a local fibration if each of the maps 


P(ci, . -> Cn3 d) > Qll), . - -» PCen); P(A) 


is a Kan fibration of simplicial sets. We will say that ọ is an isofibration if the 
corresponding functor of underlying simplicial categories is an isofibration. Recall 
that this means that for any object p of mpP and isomorphism g: (p) > q in 70Q, 
there exists an isomorphism f in moP with y(f) = g. 


Theorem 14.12 There exists a model structure on the category sOp of simplicial 
operads as follows: 


(1) The weak equivalences are the fully faithful and essentially surjective maps of 
simplicial operads. 

(2) The fibrations are the maps of simplicial operads that are both local fibrations 
and isofibrations. 


The cofibrations are those maps having the left lifting property with respect to the 
trivial fibrations. 


The theorem in particular yields a model structure on the category sCat of 
simplicial categories by regarding it as the slice category of sOp over the trivial 
operad. This is known as the Bergner model structure: 


Corollary 14.13 There exists a model structure on the category sCat of simplicial 
categories in which the weak equivalences are the fully faithful and essentially 
surjective functors and the fibrations are those functors that are both local fibrations 
and isofibrations. 
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For a simplicial set A and n > 0 we write t(C,,)[A] for the simplicial operad with 
colours {0, 1,...,m} and 


(Cn)[A](,...,2:0) = A 


as its only nontrivial space of operations. This operad can be thought of as (t applied 
to) the corolla C„ with leaves 1,...,n, root 0, and unique vertex labelled by A. By 
slight abuse of notation we will also write 7 for the trivial operad with one colour 
and no non-identity operations; it would be more precise to write T(77), but it should 
always be clear whether we mean an operad or a dendroidal set. 

To prove Theorem 14.12 we introduce two classes of maps. First, let € be the set 
consisting of the following two kinds of morphisms: 


(C1) The morphisms 1(C,,,)[OA[n]] > t(C,,)[A[n]] for m,n > 0. 
(C2) The morphism @ > 7. 


The elements of € will serve as generating cofibrations for the model structure of 
Theorem 14.12. Secondly, write A for the set consisting of the following morphisms: 


(Al) The maps t(C)[A*[n]] > t(Cn)[A[n]] forn > 1,m > 0, and0 < k <n. 

(A2) All the maps 7 — E, where E ranges over the countable categorical intervals 
(in the sense of Definition 14.7), thought of as simplicial operads with only 
unary operations. 


These will play the role of generating trivial cofibrations. Indeed, we have the 
following characterizations: 


Lemma 14.14 A map of simplicial operads is a fibration (resp. a fibration and a 
weak equivalence) if and only if it has the right lifting property with respect to all 
the maps in A (resp. all the maps in C). 


Proof Let y: P — Q bea map of simplicial operads. Clearly ¢ is a local fibration if 
and only if it has the right lifting property with respect to the maps (A1). Proposition 
14.11 then implies that it is also an isofibration if and only if it has the right lifting 
property with respect to (A2). 

If y has the right lifting property with respect to (C1) and (C2) then it is a 
fully faithful local fibration and surjective on objects. But clearly any fully faithful 
functor that is surjective on objects is an isofibration, so ¢ is a fibration and a weak 
equivalence. Conversely, if ọ is a fibration and a weak equivalence then in particular 
it is a local trivial fibration, hence has the right lifting property with respect to (C1). 
An essentially surjective isofibration is actually surjective on objects, so that y also 
has the right lifting property with respect to (C2). m 


To prove Theorem 14.12 we will also need the following observation: 


Lemma 14.15 Any morphism in the saturation of the set A is a weak equivalence of 
simplicial operads. 
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Proof Clearly it will suffice to show that any pushout of a map in (A1) or (A2) is a 
weak equivalence of simplicial operads. For (A1) we can again apply the path object 
argument used in the proof of Lemma 13.31. Indeed, any product-preserving fibrant 
replacement E of simplicial sets allows us to construct a natural map P — EP, 
for any simplicial operad P, which is a weak equivalence and so that EP is locally 
fibrant, meaning all of the simplicial sets EP(c1, . . ., Cn; d) are Kan complexes. Now 
if g: P — Q is a pushout of a morphism in (A1), one forms a square 


P — EP xpo EQU'!! 


: | 


Q ———} EQ 


just as in the proof of Lemma 13.31. The right vertical map is a local fibration (by 
the same argument as before) and hence a lift in the square exists. Then all maps 
in the square are weak equivalences by the two-out-of-six property (cf. Proposition 
T33): 

Now consider a morphism 7 — E in (A2). Without loss of generality we may 
assume that it picks out the object 0 of E. Write Eo for the full subcategory of E on 
the object 0. Then for any pushout square of simplicial operads 


n —> P 


e. 


E —> Q 


we may factor P —> Q as a composition of morphisms P > Qo — Q, where the 
first map is the pushout along 7 — P of the morphism 7 — Eo. That morphism 
is a cofibration in sCat 9} by Lemma 14.2; it is also fully faithful, hence a trivial 
cofibration. It is therefore in the saturation of the set of morphisms of type (A1). In 
particular, P — Qo is a weak equivalence of simplicial operads by what we have 
already proved in the previous paragraph. It remains to deal with the morphism 
Qo — Q. Observe that for any colours c1, . . ., Cn, d of Qo, the map 


Qo(ci, KRS > Cn; d) =? Q(c1, ERN > Cn; d) 


is an isomorphism. (This is a consequence of the fact that for operads in sets, the 
pushout of a fully faithful morphism along a map injective on colours is again fully 
faithful, as the reader may easily verify.) In particular, Qo — Q is fully faithful. It is 
also essentially surjective; indeed, the only colour not in the image corresponds to 
the object 1 of E, but in oQ this object is connected to 0 by an isomorphism in the 
groupoid 7oE. m 


Establishing the promised model structure on the category of simplicial operads 
is now an easy task: 
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Proof (of Theorem 14.12) Axioms (M1-3) are easily checked. The factorization 
axiom (M5) follows by applying the small object argument to the classes € and 
A. Indeed, Lemma 14.14 implies that with respect to € one obtains a factorization 
into a cofibration followed by a trivial fibration; with respect to A one obtains a 
factorization into a trivial cofibration (cf. Lemma 14.15) followed by a fibration. 
Finally there is the lifting axiom (M4). The cofibrations have the left lifting property 
with respect to trivial fibrations by definition. To see that trivial cofibrations have the 
left lifting property with respect to fibrations, one applies the retract argument again. 
Indeed, if i: P — Q is a trivial cofibration, it can be factored as a map j: P > R 
in the saturation of A (which is a weak equivalence by Lemma 14.15) followed by 
a fibration p: R —> Q. The latter is a weak equivalence by two-out-of-three, so a 
trivial fibration. Then there exists a lift in the square 


PR 
li phe 


Q — Q 


exhibiting i as a retract of j. But j has the left lifting property with respect to 
fibrations by Lemma 14.14, so that i has this lifting property as well. m 


14.4 The Sparse Model Structure 


Consider a simplicial operad P. It can be thought of as a simplicial object [n] = Pn 
in the category of operads with the property that the sets of colours col(P,,) form a 
constant simplicial set. Taking the nerve levelwise defines a dendroidal space with 
n-simplices N(P,,). As we have seen before this defines a functor 


N: sOp — dSpaces: P — NP. 


Like the usual nerve functor, it admits a left adjoint t. However, this does slightly 
more than just to apply t levelwise; indeed, for a general dendroidal space X there 
is no reason for the simplicial set col(t(X,,)) to be constant. Rather, one can first 
construct a dendroidal space X as the pushout in the following diagram: 


X(n) ——> X 
moX(n) ——> X. 


Here the set 2X (n) is to be interpreted as a constant simplicial set. The object X is the 
universal way of replacing X by a dendroidal space with X(7) a constant simplicial 
set. One then easily deduces that 7(X) is the simplicial operad with n-simplices 
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T(X)n = T(Xn). 


In the next section we will prove that the pair (7, N) gives an equivalence of ho- 
motopy theories between simplicial operads and complete dendroidal Segal spaces. 
However, the functors t and N do not form a Quillen adjunction with respect to any 
of the model structures we have considered thus far. Indeed, t sends the projective 
cofibration 

Cn & OA[1] > Cn R ATI] 


to the morphism 
T(Cn) U T(Cn) > T(CCALAŢI 


of simplicial operads. The latter is not injective on colours, so cannot be a cofibration. 
Therefore t cannot be left Quillen with respect to the projective model structure, 
nor with respect to the Reedy one (which has more cofibrations). To circumvent this 
problem we will introduce another structure on the category of dendroidal spaces, 
called the sparse model structure. It has the same weak equivalences as the model 
category dSpacesgsc for complete dendroidal Segal spaces, but fewer cofibrations. 
To state our result, write C for the set consisting of the following kinds of maps: 


(C1) The maps Ø > 7 & A[n] for all n > 0. 
(C2) The maps 
TR Ajn] UE(T)gðAjn] E(T) K A{n] TQ A[n] 


for all trees T and n > 0. 


Here E(T) denotes the set of edges of T, thought of as the discrete dendroidal 
set consisting as a coproduct of copies of 7. We call a map of dendroidal spaces a 
sparse cofibration if it lies in the saturation of C, i.e., if it can be obtained as a retract 
of a transfinite composition of pushouts of maps of the kinds (C1) and (C2). A more 
direct description is as follows: 


Lemma 14.16 (i) A map X —> Y of dendroidal spaces has the right lifting property 
with respect to sparse cofibrations if and only if the map of simplicial sets 
X(n) — Y(n) is surjective in each simplicial degree and for each tree T the map 


X(T) > Y(T) Xy(ecry X(ET)) 
is a trivial fibration of simplicial sets. 
(ii) Dually, a map of A — B of dendroidal spaces is a sparse cofibration if and only 
if the simplicial set B(n) — A(n) is a disjoint union of representables and the map 


A Inga) n 8 B) > B 


is a projective cofibration of dendroidal spaces. 
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Proof From the generating sets (C1) and (C2) above, the claim about X — Y is clear. 
The set of maps A — B described in the lemma is precisely the set of maps having 
the left lifting property with respect to those X — Y satisfying the two properties 
described in the lemma and is therefore the saturation of C. m 


The following is the main result of this section, establishing the existence of the 
sparse model structure (which we will denote by dSpaces, , ): 


Theorem 14.17 There exists a model structure on the category of dendroidal spaces 
in which the cofibrations are the sparse cofibrations and the weak equivalences are 
the complete weak equivalences, i.e., the weak equivalences in the model category 
dSpacespsc for complete dendroidal Segal spaces. The identity functor defines a 
Quillen equivalence 

id; 

dSpaces,, Z= dSpacesgsc- 
id* 
We will deduce the theorem from the following two lemmas: 


Lemma 14.18 Let f be a map of dendroidal spaces having the right lifting property 
with respect to sparse cofibrations. Then f is a complete weak equivalence. 


We call a map between dendroidal spaces a sparse trivial cofibration if it is a 
sparse cofibration and a complete weak equivalence. 


Lemma 14.19 The class of sparse trivial cofibrations is saturated. Moreover, any 
sparse trivial cofibration is a retract of a transfinite composition of pushouts of 
sparse trivial cofibrations between countable dendroidal spaces. 


Let us first show how to deduce Theorem 14.17. The remainder of this section 
will then be devoted to proving the two lemmas. 


Proof (of Theorem 14.17) The only nontrivial verifications are the factorization 
axiom (M5) and the lifting axiom (M4). Applying the small object argument to the 
set of maps C provides a factorization into a sparse cofibration followed by a map with 
the right lifting property with respect to sparse cofibrations, which is then a trivial 
fibration by Lemma 14.18. Lemma 14.19 guarantees that the trivial cofibrations are 
generated (as a saturated class) by a set, namely that of trivial cofibrations between 
countable dendroidal spaces (or rather a set of representatives of isomorphism classes 
of such). Applying the small object argument to this set then gives a factorization into 
a trivial cofibration followed by a fibration. For the lifting axiom (M4) we follow 
a familiar pattern: fibrations have the right lifting property with respect to trivial 
cofibrations by definition, whereas trivial fibrations have the right lifting property 
with respect to cofibrations by the familiar retract argument. 

It remains to argue that the pair (id), id*) defines a Quillen equivalence between 
dSpaces,,, and dSpacesgsc. Observe that every sparse cofibration is in particular 
a Reedy cofibration and that the weak equivalences of these two model structures 
coincide (by definition), so that the identity functor indeed defines a left Quillen 
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functor id, from dSpaces,,, to dSpacessc. Since these model structures share the 
same weak equivalences, it is evident that id, induces an equivalence of homotopy 
categories and is thus a Quillen equivalence. m 


Proof (of Lemma 14.18) Suppose f: X — Y has the right lifting property with 
respect to sparse cofibrations. Write 


f°Y(T) := Y(T) xyæary X(E(T)), 
so that f factors as a composition 
X> fY OY. 


The first map is a weak equivalence of dendroidal spaces (even in the Reedy model 
structure dSpacesp) by Lemma 14.16. To see that the second map is a complete 
weak equivalence it suffices to prove that for every n, the map f*Y, — Yn is a 
trivial fibration of dendroidal sets (cf. Proposition 12.29). This map is a pullback of 
E*X, — E*Y,, where 

E*X,(T) := X(E(T))n 


and similarly for Y. Now a lifting problem as on the left is equivalent to one as on 
the right in the following diagram: 


ar —> E*X, E(ôT) —> Xn 
L] e 
T ——> Fy, ET) — %,. 


The map E(ôT) — E(T) is an isomorphism for any tree T that is not 7, whereas for 
T = ņ the lifting problem on the right admits a solution by the fact that X(7), —> 
Y(7)n is surjective (cf. Lemma 14.16). This completes the proof. m 


To prepare for the proof of Lemma 14.19, we first observe that the sparse trivial 
cofibrations satisfy the following variation of the ‘countable approximation property’ 
of Definition 11.33: 


Lemma 14.20 For any commutative diagram 


A —> X 


ae 


B —> Y 


with f a sparse trivial cofibration and i a sparse cofibration between countable 
objects A and B, there exists an extension of this diagram to 
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A —> A’ —> X 


bob y 


B —> B’ —> Y 


in which A’ and B’ are countable and j is a sparse trivial cofibration. 


Proof We first exploit the countable approximation property of the trivial cofibra- 
tions in the model category dSpacesgsc. Indeed, that model category was con- 
structed as a Bousfield localization of the Reedy model structure dSpaces g and thus 
Proposition 11.35 implies that there exists a commutative diagram 


A —> A’ —> X 


t J ¥ 


B —> D —> Y 


in which A’ — D is a trivial cofibration between countable objects in dSpacesgsc, 
i.e., a Reedy cofibration that is also a complete weak equivalence. Now form the 
pushout of i along the map A — A’ to obtain maps 


A —> A’ 


_ a 


B —> C —_> D 


with k a sparse cofibration between countable objects. The map C —> D may be 
factored as a sparse cofibration C — B’ followed by a map p: B’ — D having 
the right lifting property with respect to sparse cofibrations; moreover, p may be 
arranged to be a morphism with countable fibres (cf. Lemma 11.31), so that B’ is 
also countable. By Lemma 14.18 the map p is a complete weak equivalence. By 
two-out-of-three we conclude that A’ — B’ is a complete weak equivalence as well. 
It is also a sparse cofibration, being the composition of A’ — C and C > B’. m 


Proof (of Lemma 14.19) Checking that the class of sparse trivial cofibrations is 
saturated is entirely straightforward. Indeed, this class is the intersection of the class 
of sparse cofibrations with the class of trivial cofibrations in the model category 
dSpaces gsc. Both of those classes are closed under retracts, transfinite composition, 
and pushout, implying the same for the class of sparse trivial cofibrations. 

Now suppose f: A — B is a sparse trivial cofibration. We claim that there exists 
a factorization of f as a composition 


AXB 


with j a transfinite composition of pushouts of sparse trivial cofibrations between 
countable dendroidal spaces and p a map having the right lifting property with 
respect to sparse cofibrations. Granted this factorization, there exists a lift in the 
square 
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A—>x 
: A 

D 
BL B 


demonstrating that f is a retract of j. In particular, f is contained in the saturated class 
generated by the sparse trivial cofibrations between countable dendroidal spaces, as 
desired. 

To verify the claim of the previous paragraph, we use a variation of the small 
object argument. Inductively construct a sequence of dendroidal spaces and maps 


by constructing Ax+; out of Ax as follows. Consider the set J of commutative squares 
of the form 
Ci — Ax 


L d 


Di —> B, 


with C; — D; a generating sparse cofibration of the form (C1) or (C2), as defined 
earlier in this section. Apply Lemma 14.20 to each such square to find a larger 
diagram 

Ci ——> C; —> Ax 


y 2 


Di —> D; —> B, 


with the middle vertical map a sparse trivial cofibration between countable den- 
droidal spaces. Now define Ag+ı to be the pushout in the square 


Lier CG; ——> Ax 


l l 


Lier D; —> Aky 


and define X = lim, A;,. Then j: A — X is a transfinite composition of pushouts 
of sparse trivial cofibrations between countable dendroidal spaces and p: X — B 
has the right lifting property with respect to maps of type (C1) and (C2), so that it 
also has the right lifting property with respect to general sparse cofibrations. This 
concludes the proof. m 
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14.5 Simplicial Operads and Dendroidal Spaces 


In the previous section we recalled the nerve construction for simplicial operads, 
giving rise to an adjoint pair 


dSpaces == sOp. 


The aim of this section is to prove that these functors induce an equivalence of 
homotopy theories between dendroidal spaces and simplicial operads in a suitable 
sense. This result will be a key ingredient in the next section, where we finally 
establish a Quillen equivalence between the categories of dendroidal sets and of 
simplicial operads. 


Theorem 14.21 With respect to the sparse model structure on the category dSpaces 
and the model structure of Theorem 14.12 on the category sOp of simplicial operads, 
the functor t admits a left derived functor Lt and the nerve N admits a right derived 
functor RN. These functors give an adjoint equivalence of homotopy categories 


Lr 
Ho(dSpaces) ran Ho(sOp). 
We will establish three preliminary lemmas and subsequently prove the theorem 
at the end of this section. 


Lemma 14.22 The functor t sends sparse cofibrations between dendroidal spaces 
to cofibrations of simplicial operads. 


Proof It suffices to check that t sends the generating sparse cofibrations of types 
(C1) and (C2) to cofibrations of simplicial operads. The functor t was described 
explicitly at the start of Section 14.4. From that description it is clear that it sends 
the maps 

Ø — 7 BA[n] 


of type (C1) to the inclusion Ø — n, where now 7 is interpreted as the trivial operad. 
This is a cofibration of simplicial operads. To deal with the maps 


T x 0A[n] UET wosin] ET) R Aln] > T x A[n] 


of type (C2) we introduce a bit more notation. Recall that any tree T generates a 
free operad Q(T) = t(T). For a simplicial set A, we write Q(T)[A] for the simplicial 
operad generated by the vertices of T and simplices of A, in the following sense. If T 
is a corolla Cz, then Q(Cp)[A] is the operad t(C;,)[A] as before. For general T with 
more than one vertex, one can always decompose T as a grafting T; oe T2 of smaller 
trees along a common edge. Then inductively define the pushout 


Q(T)[A] := QT) )[A] Ve QT) IA]. 
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Of course Q(T)[A] could also be expressed directly as a colimit, indexed over 
vertices and edges of T, of operads of the forms Q(C;,)[A] and 7 respectively. With 
this notation in place, applying T to the map of type (C2) displayed above gives the 
map 

QT)[dA[n]] > Q&A]. 


This is a composition of pushouts (one for each vertex of T) of maps of the form 
T(C,)[0A[n]] — t(C;)[A[n]], each of which is a cofibration of simplicial operads.O 


Lemma 14.23 A morphism y: P > Q of simplicial operads is a weak equivalence 
if and only if Ny is a complete weak equivalence of dendroidal spaces. In other 
words, N preserves and detects weak equivalences of simplicial operads. 


Proof First observe that the dendroidal spaces NP and NQ satisfy the Segal property, 
cf. Example 12.11(i). They might not be dendroidal Segal spaces in the sense of 
Definition 12.9, but this can always be arranged by taking Reedy fibrant replacements 
of NPs and NQy of NP and NQ respectively. Theorem 12.36 implies that Nọ is 
a complete weak equivalence if and only if NP, — NQ, is a fully faithful and 
essentially surjective map of dendroidal Segal spaces. Now note that for colours 
C1,-.-,Cn,d of P, the mapping space (NP¢)(c1, . . ., Cn; d) introduced right before 
Definition 12.12 is weakly equivalent to the simplicial set P(c, . . . , cy; d). Of course 
the same applies with Q in place of P. Hence NP; — NQ,; is fully faithful if and 
only if y is fully faithful. 

Similar comments apply to essential surjectivity. Indeed, it is straightforward to 
see that the operad 7oP agrees with the homotopy operad ho(NP +) of the dendroidal 
Segal space NP. Therefore ¢ is essentially surjective if and only if NP; — NQ; 
is. We conclude that Ny is a complete weak equivalence if and only if ọ is a fully 
faithful and essentially surjective map of operads, which proves the lemma. m 


Lemma 14.24 Let X be a dendroidal space that is cofibrant in the sparse model 
structure. Then the unit map X — Nt(X) is a complete weak equivalence. 


Proof Consider the class D of sparsely cofibrant dendroidal spaces X for which the 
unit X — Nrt(X) is a complete weak equivalence. It is clear that D is closed under 
retracts and directed colimits and contains the empty dendroidal space. Therefore it 
suffices to show that it satisfies the following additional closure property: if 


wi > 
<¢— x 


—? 
—,> 
is a pushout square in which i is a generating sparse cofibration of type (C1) or (C2) 
and X is in D, then also Y is in D. For the maps (C1) of the form Ø — 7 & A[n] this 


is quite clear; Y is simply a coproduct of X with 7 m A[n] and on the second term the 
unit is the map of dendroidal spaces 


7 & A[n] > n, 
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which is even a Reedy weak equivalence. For maps (C2) of the form 
T R OA[n] VE(r)goa{n] ET) R A[n] > T x Afnan], 
recall that applying T gives the map of simplicial operads 
QATA] > QUDA]. 


Decomposing Q(T)[A[n]] as an iterated pushout of simplicial operads of the form 
t(Cx)[A[n]] as in the proof of Lemma 14.22, the map t(X) — 1(Y) can be written 
as a composition of pushouts of maps of the form t(C;)[dA[n]] > 7(C,)[A[n]]. 
Hence we can reduce to the case where T is a corolla Cx. 

To deduce that Y is in D, the cube lemma (cf. Corollary 7.50) shows that it will 
suffice to prove that the square 


Nrt(Cx)[dA[n]] —> Nr(X) 


l } 


Nr(Cx)[Aln]] —— Nr(Y) 


is a homotopy pushout. Since the left-hand map is a Reedy cofibration, this is 
equivalent to checking that the map 


P > N1) 


from the pushout P in the square to Nt(Y) is a complete weak equivalence of 
dendroidal spaces. This will follow from Proposition 12.29 if we check that for every 
m > 0, the morphism P, — (NY), is an operadic equivalence of dendroidal sets. 
For m < nitis an isomorphism and there is nothing to prove. For m = n the pushout 
above adjoins a single operation f; in other words, the map we are considering is of 
the form 


(N7(X))LF] > NO@CXDLF) 


described in Proposition 6.23 and hence an inner anodyne. (For the sake of com- 
pleteness, observe that X is a normal dendroidal space, so that the simplicial operad 
1(X) is &-free.) For m > n it is a composition of pushouts of maps of this kind 
(one for each m-simplex of A[n] not contained in 0A[n]) and therefore again inner 
anodyne as a consequence of Proposition 6.23. This completes the proof. m 


Corollary 14.25 The functor t preserves weak equivalences between sparsely cofi- 
brant objects. 


Proof If f: X — Y is a complete weak equivalence of dendroidal spaces, then t(f) 
is a weak equivalence if and only if Nt(f) is a weak equivalence as a consequence 
of Lemma 14.23. But the map Nr(f) is weakly equivalent to f itself by Lemma 
14.24, at least if X and Y are sparsely cofibrant. m 
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Proof (of Theorem 14.21) Combining Corollary 14.25 with the fact that t preserves 
cofibrations (Lemma 14.22) it follows that t admits a left derived functor by Lemma 
8.36. The right adjoint N preserves arbitrary weak equivalences and therefore induces 
aright derived functor RN on homotopy categories. It is clear that Lt and RN form 
an adjoint pair. 

We have seen in Lemma 14.24 that the unit id — Nr is a weak equivalence on 
sparsely cofibrant objects. This in particular shows that the derived unitid — RNoLr 
is an isomorphism. The fact that RN detects isomorphisms then proves that the pair 
(Lr, RN) forms an adjoint equivalence. o 


14.6 The Homotopy-Coherent Nerve 


In this section we come to one of the main results in this book, namely Theorem 
14.27, relating dendroidal sets and simplicial operads. We will use Theorem 14.21 to 
produce a direct Quillen equivalence between the categories of simplicial operads and 
of dendroidal sets (equipped with the operadic model structure). This equivalence 
will be implemented by the homotopy-coherent nerve w*, as first introduced in 
Example 3.20(i), and its left adjoint w; defined in terms of the Boardman-Vogt 
resolution. The functor w, is characterized by the fact that for a tree T, the simplicial 
operad wT is the Boardman—Vogt resolution WQ(T) of the free operad Q(T). 


Proposition 14.26 The adjunction 


dSets = sOp 


w 
is a Quillen pair. 


Proof We check that w, preserves cofibrations by considering its effect on generating 
cofibrations T — T. For a sequence of edges c1, . . ., Cn, d of T, the map 


w(OT (cl, see Cn; d) > wT (c, see Cn; d) 


is almost always an isomorphism of simplicial sets, except in the case where c1, . . ., Cn 
is exactly the collection of leaves of T and d is its root. In that case 


wiT(c--.ensd)= | | Alt] 
e€l(T) 


is the cube whose coordinates are indexed by the inner edges of T. We denote this 
cube by K. The simplicial set w)(OT)(c1, ..., Cn; d) is the boundary OK of that cube. 
It follows that there is a pushout square 
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t(Cn)[OK] —> w,(OT) 


l J 


T(K] ——> wT. 


In particular, w)(0T) — wT is a cofibration of simplicial operads. 

It remains to be checked that w, sends J-anodyne maps (cf. Definition 9.35) of 
dendroidal sets to weak equivalences between simplicial operads. The morphism 
wi(7 — J) is one of the generating trivial cofibrations of simplicial operads of the 
kind (A2), since w)J is a categorical interval. For an inner edge x of a tree T, the 
map 

wi(A*[T])(c1,..-5€n3d) > wiT (c1, ...,Cn3 d) 


is an isomorphism in all cases, except (again) the one where c1, . . ., Cn is the collection 
of leaves of T and d is the root. In this case the domain is the simplicial subset L of 
the cube K = [] <r) A[1] given by the union of the following subcubes: 


(a) Forinner edges f, the cubes {1} x] [eerr)-{f} A[1] where the edge f is labelled 
by the coordinate 1. 

(b) For inner edges f not equal to x, the cubes {0} x [Tecnr)-,¢} A[1] where the 
edge f is labelled by the coordinate 0. 


Thus, the map L — K is the pushout-product of the boundary inclusion of the cube 
Att] 
ecl(T)—{x} 


with the inclusion {1} — A[1] of the final vertex of the edge corresponding to x. The 
latter is an anodyne map of simplicial sets, hence so is the pushout-product L — K. 
In particular, it is a weak homotopy equivalence. m 


The various constructions in this chapter can be summarized in the following 
diagram of left adjoint functors: 


dSpaces,, ——> sOp 


pal 


dSpacespsc DLLN dSets. 


The reader should be warned that this diagram does not commute. However, we 
will show that it commutes up to natural isomorphism after passing to homotopy 
categories and derived functors. Since we have already proved that all but the right 
vertical arrow give equivalences on the level of homotopy categories, it will follow 
that the same is true for the functor w, and its adjoint w*, the homotopy-coherent 
nerve. This will then imply the main result of this chapter: 
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Theorem 14.27 The adjoint pair 


dSets z> sOp 


w 
is a Quillen equivalence. 


We will prove the theorem after establishing two preparatory lemmas. The first 
concerns the behaviour of t with respect to cosimplicial resolutions. Although T is 
not quite a left Quillen functor, it does satisfy the following: 


Lemma 14.28 Let Y be a cofibrant object of dSpaces,,, and ya cosimplicial reso- 


lution of Y. Then (Y°) is a cosimplicial resolution of the simplicial operad t(Y). In 
particular, this applies when Y is (the dendroidal space represented by) a tree T. 


Proof Since t preserves colimits and cofibrations (Lemma 14.22), it sends Reedy 
cofibrant cosimplicial objects of dSpaces,,, to Reedy cofibrant cosimplicial objects 
of sOp. Furthermore, the fact that T preserves weak equivalences between cofibrant 
objects (Corollary 14.25) implies that t(Ý °) — 1(Y) is a weak equivalence of 
cosimplicial objects. Thus, tY °) is indeed a cosimplicial resolution of 7(Y). For the 
last sentence of the lemma, it remains to check that a tree T represents a sparsely 
cofibrant dendroidal space. The map Ø — E(T) is a sparse cofibration, being 
a coproduct of generating sparse cofibrations of type (C1), and E(T) —> T is a 
generating sparse cofibration of type (C2). Hence their composition Ø — T is a 
sparse cofibration as desired. m 


Lemma 14.29 For P a simplicial operad, there is a natural complete weak equiva- 
lence between NP and the dendroidal space 


T +> Mapgop(Q(7), P). 


Proof As in Examples 12.11(ii) and 12.24 we will use the specific cosimplicial 
resolution J[e] & T of a tree T. For X a dendroidal set and m > 0, consider the map 
of dendroidal sets 

X(—) — dSets(J[m] 8 —, X) 


induced by the unique map J[m] — J[0] = 7. If X is an œ-operad, then the map 
above is an operadic equivalence of dendroidal sets; indeed, any choice of section 
n — J[m] induces a map 


dSets(J[m] 8 —, X) > X(-) 


that is a trivial fibration of dendroidal sets. This last claim follows from the fact that 
the pushout-product of the trivial cofibration 7 —> J[m] with a boundary inclusion 
OT — T is again a trivial cofibration of dendroidal sets by Proposition 9.28. 

Now suppose that X is a dendroidal space such that for every n > 0, the dendroidal 
set Xn is an co-operad. Then using the observation above, taking the diagonal with 
respect to m and n and applying Proposition 12.29, we see that the map 
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X.(—) — dSets(J [0] 8 —, X.) 


is a complete weak equivalence of dendroidal spaces. In particular, this applies to 
X = NP. Now observe that 


dSets(J[e] $ —, NP) = sOp(r(J[e] $ —), NP). 


By Lemma 14.28 above, the expression t(J[e] & T) is a cosimplicial resolution of 
T(T) = Q(T), so that the right-hand side can be interpreted as the dendroidal space 


T +> Mapgop(Q(7), P), 


completing the proof. m 


We can now prove the promised result: 


Proof (of Theorem 14.27) Consider the following diagram of functors derived right 
adjoint to those in the previous square: 


Ho(dSpaces, ,, ) ERN Ho(sOp) 


raf Jew 


Ho(dSpacesgsc) pes, Ho(dSets). 


It will suffice to show that Rw* is an equivalence of categories. We already know 
this for the other three functors: indeed, for RN this is Theorem 14.21, for Rid* this 
is part of Theorem 14.17, and for RSing, this is explained in Example 12.24. Thus 
the theorem will follow if we can show that the diagram commutes up to natural 
isomorphism. 

To do this, consider a fibrant simplicial operad P. By Lemma 14.29 above, there 
is a natural isomorphism 


RA (P) = Map,op(Q(-), P) 


in Ho(dSpaces,,,). On the other hand, by definition we have 


sp 
id*Sing;w*P(T) = sOp(w:(J[¢] @ T), P). 


Since w; is left Quillen, the object w;(J[e] ® T) is a cosimplicial resolution of wT, 
which in turn is weakly equivalent to Q(T). Hence the right-hand side is another 
model for Map,op((7), P). In particular, in the category Ho(dSpaces,,, ) the object 
R(id* Sing ;,w*)(P) is naturally isomorphic to RN(P), concluding the proof. m 


For future use, let us also record the following consequence of our arguments: 


Corollary 14.30 Let X be an œ-operad X and let Y be a sparsely cofibrant replace- 
ment of the dendroidal space Sing , X. Then the objects w:X and t(Y) are isomorphic 
in the homotopy category Ho(sOp) of simplicial operads. 
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Proof Taking inverses of the functors RN and Rw” in the square above, we conclude 
that the following must also commute up to natural isomorphism: 


Ho(dSpaces, ,,) —!*_, Ho(sOp) 


raf twf 


Ho(dSpacesgsc) ee Ho(dSets). 


Chasing X around both ways gives the conclusion. Oo 


Theorem 14.27 allows us to compare spaces of operations in an co-operad (see 
Definition 9.42) with those in the corresponding simplicial operad. To be precise: 


Proposition 14.31 Let P be a fibrant simplicial operad and c;, . . . , Cn, d a sequence 
of colours of P. Then there is a natural weak homotopy equivalence between 
P(cj,...,Cn3d) and the space of operations (w*P)(c1,...,Cn;d) in the co-operad 
w*P. Similarly, if X is a normal œ-operad and x\,..., Xn, y a sequence of colours 
of X, then there is a natural weak homotopy equivalence between the space of 
operations X(x, . . ., Xn; y) and the simplicial set (w,X)(x1, . . ., Xn; Y). 


Proof Example 11.18 shows that (w*P)(c1,...,Cn3d) is (a model for) the mapping 
space from C,, to w*P in the model category 0C,,/dSets, where the reference map 
OC, — w*P assigns the colours cj,...,C, to the leaves of C, and d to its root. 
The fact that (w, w*) is a Quillen adjunction implies that this space is equivalent 
to the mapping space Map(w)C,,, P) computed with respect to the model category 
T(0C,,)/sOp. Note that wCn = t(C,,) and that the cosimplicial object t(C,,)[A[e]] 
is a cosimplicial resolution of t(C,,). Thus the space Map(r(C,,), P) is weakly equiv- 
alent to the simplicial set whose k-simplices are morphisms of simplicial operads 
t(C,)[A[k]] — P sending the edges of C,, to the specified colours of P. But that 
simplicial set is precisely P(c1, . . ., Cn; d). 

For the second part, pick a fibrant replacement wX > P of wX. Then the derived 
unit 

X > wP 


is a weak equivalence by Theorem 14.27. In particular, the map 
X (x1. -> Xn3 Y) > (WP), - - -> Xn3 Y) 


is a weak homotopy equivalence. By what we proved above, the space on the 
right is weakly equivalent to P(x1,..., Xn; y), which in turn is weakly equivalent 
to (wX )(x1, - . -, Xn; y) by construction. m 


Specializing from dendroidal sets to simplicial sets, Theorem 14.27 in particu- 
lar reproduces the well-established equivalence between the homotopy theories of 
simplicial categories and of co-categories. To be precise, slicing the category of den- 
droidal spaces over 7 and the category of simplicial operads over the trivial operad 
T(7) gives the following: 
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Corollary 14.32 The homotopy-coherent nerve functor w* gives a Quillen equiva- 


lence 
Ww! 


sSets [— sCat 
we 
between the Joyal (or categorical) model structure on the category of simplicial sets 
and the Bergner model structure on the category of simplicial categories. 


Another specialization of Theorem 14.27 concerns uncoloured dendroidal sets 
and simplicial operads. (We treat uncoloured dendroidal spaces in the next section.) 
Recall from Section 9.3 that the pair (w1, w*) restricts to given an adjunction 


W! 
udSets Z—~ usOp. 

w 
According to Theorem 9.49, the category udSets of uncoloured dendroidal sets 
admits a model structure for which cofibrations and weak equivalences are ‘the same’ 
as in the operadic model structure on dSets, i.e., both are detected by the inclusion 
functor udSets — dSets. For simplicial operads the situation is even better; the 
inclusion usOp — sOp of uncoloured simplicial operads into all simplicial operads 
detects weak equivalences, fibrations, and cofibrations. 


Corollary 14.33 The adjoint pair (w, w*) induces a Quillen equivalence between the 
categories udSets of uncoloured dendroidal sets and usOp of uncoloured simplicial 
operads. 


Proof The remarks above the corollary and the fact that w;: dSets — sOp is left 
Quillen immediately imply that the restricted functor w;: udSets — usOp is left 
Quillen as well. Now the derived unit and counit of the restricted pair (w, w*) are 
isomorphisms, simply because they are the restrictions of those featuring in the 
Quillen equivalence of Theorem 14.27. m 


14.7 Operads with a Single Colour 


Many applications of the theory of co-operads concern operads with only a single 
colour. There are various equivalent ways to describe such a theory, for example 
as dendroidal spaces X with X(7) a one-point set (as at the end of the previous 
section), or as dendroidal spaces X with X(7) a weakly contractible space (see 
Proposition 14.40 below). In this section we establish the equivalence between 
dendroidal spaces and simplicial operads in this restricted setting (Theorem 14.36). 
Many of our arguments simplify considerably in this case and, in particular, the 
notion of completion can be avoided in the relevant results (although it does feature 
in some of our proofs). As such, the reader only interested in operads with a single 
colour can read this section first and refer to the rest of this chapter as needed. We 
will conclude with an important and useful application (cf. Corollary 14.42), namely 
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the fact that the space of maps between uncoloured simplicial operads P and Q is 
equivalent to the space of maps Map(NP, NQ) between the corresponding dendroidal 
spaces NP and NQ, computed with respect to the projective (or equivalently Reedy) 
model structure on the category dSpaces, rather than any of the more complicated 
model structures we have considered before. 

Let us briefly discuss some terminology and notation concerning uncoloured den- 
droidal sets and spaces, which already featured in Section 3.5.6. We say a dendroidal 
space X is uncoloured if X(n) = A[O] and write udSpaces for the full subcategory 
of dSpaces on the uncoloured dendroidal spaces. Similarly, we will write usOp for 
the category of uncoloured simplicial operads, consisting of simplicial operads P 
having only a single colour. There is an adjoint pair of functors 


r 


dSpaces z> udSpaces, 


where the right adjoint r* is simply the inclusion and the left adjoint r, collapses the 
space X(ņ) to a single point. To be precise, for a dendroidal space X the uncoloured 
dendroidal space 7;(X) fits in a pushout square 


n X X(n) ———> X 


n ————> r(X). 


If P is an uncoloured simplicial operad, then NP is an uncoloured dendroidal space; 
similarly, an uncoloured dendroidal space produces an uncoloured simplicial operad 
T(X). Thus, the functors t and N restrict to give an adjoint pair 


udSpaces a usOp. 


The main result of this section (Theorem 14.36) will be that this pair is a Quillen 
equivalence; moreover, the relevant model structure on udSpaces will just be a 
variant of the projective model structure localized for the Segal condition, rather 
than any of the more involved ones considered previously (such as those involving 
completion or sparseness). To prepare for this result we begin by observing that the 
projective model structure on dSpaces induces a corresponding model structure on 
the category udSpaces, to which we will also refer as the projective model structure: 


Proposition 14.34 There exists a cofibrantly generated left proper model structure 
on the category udSpaces such that a map is a weak equivalence (resp. a fibration) if 
and only if it is a weak equivalence (resp. a fibration) in the projective model structure 
on the category dSpaces. With respect to these projective model structures, the pair 


dSpaces = udSpaces 


r 
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is a Quillen adjunction. 
Proof Observe that for a generating projective trivial cofibration 

TaA (n|> T m An 


between dendroidal spaces, the morphism r;(j) fits into a pushout square of den- 
droidal spaces as follows: 


T m AŽ [n] Ugcryaak{ny ET) & Aln] ——> rT a A*[n}) 


i nG) 


T m A[n] > n(T x Af[n]). 


The left-hand vertical morphism is not quite a projective cofibration, but it is a trivial 
cofibration (and in particular a weak equivalence) in the Reedy model structure on 
dendroidal spaces. Hence the same is true for rı(j) and any pushout (or transfinite 
composition of pushouts) of such maps. We conclude that the conditions for transfer 
are satisfied; to be precise, Theorem 7.44 implies that a cofibrantly generated model 
structure on udSpaces with the desired fibrations and weak equivalences exists. 
Left properness follows from the corresponding fact for the Reedy model structure 
on dSpaces, combined with the observation that any cofibration in udSpaces is in 
particular a Reedy cofibration of dendroidal spaces (cf. also Remark 14.35 below). 
The fact that (7), r*) is a Quillen pair is immediate from the definitions of the fibrations 
and weak equivalences on udSpaces. m 


Remark 14.35 It will be useful to observe that the transfer above also yields an 
explicit set of generating cofibrations for the projective model structure on udSpaces, 
namely the collection of maps r(T & ôðAf[n]) —> rı(T & A[n]) for T ranging over Q 
and n > 0. Note that these maps fit into pushout squares as follows: 


T m OA[n] VE(ryaaatn) ET) & Ala] —> r(T @ dA[n])) 


{ 


T m A[n| > n(T x Afn]). 


The left-hand map is a sparse cofibration between dendroidal spaces. It follows that 
every cofibration in udSpaces p, when interpreted as a map in the category dSpaces, 
is in particular a sparse cofibration. 


We will denote the model category of the preceding proposition by udSpaces p. 
As before, we can now consider the Bousfield localization of this model category 
with respect to the Segal condition. To be precise, localizing with respect to the maps 
ri(Sc[T]) > r:(T), for T ranging over objects of Q, gives a new model category that 
we denote udSpacesp,. The fibrant objects of this model category are precisely 
those uncoloured dendroidal spaces that are projectively fibrant (so X(T) is a Kan 
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complex for every T) and satisfy the Segal condition. Since X(7) is a point, this 
reduces to the condition that for every T, the map 


xr) > || xc) 


veV(T) 


is a weak homotopy equivalence. 

According to Example 13.32(a) the category usOp of uncoloured simplicial op- 
erads can be equipped with a model structure with weak equivalences and fibrations 
defined ‘locally’, i.e., by considering the effect of morphisms on spaces of operations. 
With respect to this model structure we can state the main result of this section: 


Theorem 14.36 The adjoint pair 
udSpaces ps == usOp 


is a Quillen equivalence. 
We will prove the theorem after establishing three lemmas. 


Lemma 14.37 Let X andY be fibrant objects ofudSpaces pg, i.e., projectively fibrant 
uncoloured dendroidal spaces satisfying the Segal condition. Then a map f : X — Y 
is a complete weak equivalence (when considered as a map in the category dSpaces) 
if and only if it is a projective weak equivalence, i.e., X(T) — Y(T) is a weak 
equivalence of simplicial sets for each tree T. 


Proof Observe that any map between uncoloured dendroidal spaces is essentially 
surjective. Thus Theorem 12.36 implies that f is a complete weak equivalence if 
and only if it is fully faithful. Since X and Y are uncoloured, this is equivalent to 
X(Cn) — Y(Cn) being a weak equivalence for every n > 0. Invoking the Segal 
condition for X and Y, this is equivalent to X(T) — Y(T) being a weak equivalence 
for every tree T. m 


Lemma 14.38 The functor N: usOp —> dSpacesp preserves and detects weak 
equivalences. 


Proof A map f: P — Q of uncoloured simplicial operads is a weak equivalence if 
and only if the induced map (NP)(Cn) — (NQ)(Cn) is a weak equivalence for every 
corolla C,,. But since NP and NQ satisfy the Segal condition, this is the case if and 
only if (NP)(T) — (NQ)(T) is a weak equivalence for every tree T. m 


Lemma 14.39 For any cofibrant uncoloured dendroidal space X, the unit map X —> 
Nt(X) is a complete weak equivalence. 


Proof By Remark 14.35, every cofibrant uncoloured dendroidal space X is in partic- 
ular sparsely cofibrant when considered as an object of dSpaces, so the conclusion 
follows immediately from Lemma 14.24. m 
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Proof (of Theorem 14.36) Clearly N sends fibrations between uncoloured simpli- 
cial operads to projective fibrations between dendroidal spaces. Combining this with 
Lemma 14.38 shows that (t, N) defines a Quillen adjunction 


udSpaces p > usOp. 


To see that this is also a Quillen adjunction with respect to the localized model 
category udSpaces pg, it suffices to show that N sends fibrant simplicial operads to 
local objects. This is indeed the case; for any simplicial operad P, the dendroidal 
space NP satisfies the Segal condition. 

Let X be an object of udSpaces that is both fibrant and cofibrant; in particular, 
it satisfies the Segal condition. Then the unit X — Nrt(X) is a complete weak 
equivalence by Lemma 14.39 and hence also a projective weak equivalence, by 
Lemma 14.37 and the fact that NP satisfies the Segal condition for any simplicial 
operad P. Thus, the unit of the adjoint pair of derived functors (Lr, RN) is an 
equivalence. The counit Lt o RN — id is then also a weak equivalence; indeed, 
by Lemma 14.38 this may be checked after applying RN, when it follows from the 
triangle identity 

RN —> RNoLtoRN 


se 


oO 


We conclude this section with a discussion of the relation between the model cat- 
egories udSpaces and dSpaces, equipped with either the projective model structures 
or their localizations with respect to the Segal condition. Let us write dSpaces>p , 
for the left Bousfield localization of the projective model structure on the category 
of dendroidal spaces with respect to the morphism Ø — 7. Observe that 77 is a pro- 
jectively cofibrant object and 7 & A[e] is a cosimplicial resolution of it with respect 
to the projective model structure. It follows from this that for any dendroidal space 
X, there is a weak equivalence 


Map(n, X) = X(n), 


where the mapping space is taken with respect to the projective model structure on 
the category dSpaces. It follows that the local objects of dSpacesp , are precisely 
those dendroidal spaces X for which X(7) is weakly contractible. 


Proposition 14.40 The adjunction 
dSpaces p , E2 udSpaces p 


is a Quillen equivalence. Similarly, it also gives a Quillen equivalence after localizing 
both model categories with respect to the Segal condition: 
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r 


dSpaces ps, Z—~ udSpacesps. 


Proof To see that (7, r*) is still a Quillen pair with respect to the localized model 
structure dSpacesp ,, it suffices to observe that r; sends the localizing morphism 
Ø — 7 to the isomorphism 7 = 7 in udSpaces. To prove that it is in fact a 
Quillen equivalence, we begin by observing that r* preserves and detects arbitrary 
weak equivalences. Hence it suffices to show that for a dendroidal space X that 
is both fibrant and cofibrant in dSpacesp ,, the unit map X — r*r,(X) is a weak 
equivalence. By assumption, the simplicial set X(77) is weakly contractible. Factor the 
evident inclusion 7 & X(7) — X as a projective cofibration 7 & X(n) — Y followed 
by a projective trivial fibration p: Y —> X. Since 7 & X(7) is projectively cofibrant, 
the same is true for Y, so that p is a projective weak equivalence between cofibrant 
objects. Hence the same is true of r*r;(p); indeed, 7; preserves projective weak 
equivalences between cofibrant objects by Brown’s lemma, whereas r* preserves 
arbitrary projective weak equivalences. Hence it suffices to examine the unit map 
Y —> r*r\(Y). By definition of r,, this map fits into a pushout square 


n &Y(n) ——+ AO] 


I l 


Y — > rr (Y). 


By left properness (or the observation that this square is a homotopy pushout), it 
follows that the bottom horizontal map is a weak equivalence as desired. The final 
claim of the proposition now follows by observing that (by definition) 7 sends the 
localizing maps for the Segal condition in dSpaces to the localizing maps for the 
Segal condition in udSpaces. Oo 


Combining the proposition with Theorem 14.36 yields the following: 


Corollary 14.41 The adjoint pair (t, N) gives a Quillen equivalence 
ds Z— usOp. 
paces ps, —— usOp 


Finally, the previous results also imply the following very useful observation 
about mapping spaces between uncoloured simplicial operads. 


Corollary 14.42 Let P and Q be uncoloured simplicial operads. Then the functor N 
induces a natural weak equivalence of mapping spaces 


Map(P, Q) > Map(NP, NQ), 


where the mapping space on the right is computed in the model category dSpaces p. 


Proof For emphasis write Map ps, (resp. Mapp) for the space of maps between 
dendroidal spaces with respect to the model structure dSpaces pg , (resp. dSpaces p). 
Then the previous corollary, combined with Corollary 11.12(1), in particular implies 
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a weak equivalence 
Map(P, Q) > Map pg ,(NP, NQ). 


(Note that there is no need to distinguish between N and RN, since N preserves arbi- 
trary weak equivalences.) Then the observation that dSpaces ps, is a left Bousfield 
localization of dSpaces p gives a further weak equivalence (cf. Corollary 11.12(2)) 


Map ps..(NP, NQ) > Map p(NP, NQ), 


completing the proof. m 


14.8 Algebras for co-Operads and for Simplicial Operads 


In this short concluding section we record some further consequences of our results 
for the theory of algebras over operads. Specifically, we show that for an co-operad X 
the covariant model structure on the category dSets/X is a model for the homotopy 
theory of algebras for the simplicial operad wX (cf. Theorem 14.44). This specializes 
to a version of Lurie’s ‘straightening-unstraightening’ equivalence for left fibrations 
over a simplicial set (Corollary 14.46). Before we do this, let us observe that our 
results imply ‘homotopy invariance’ of the model category Algp of P-algebras: 


Theorem 14.43 Suppose that f : P — Q is a weak equivalence of X-free simplicial 
operads. Then the adjoint pair 


p! 
g 


is a Quillen equivalence. 


Proof It is evident that y* preserves fibrations and weak equivalences, so that the 
pair above is a Quillen adjunction. To see that it is a Quillen equivalence, consider 
the following commutative square of right Quillen functors: 


Algp < sl 


|» (P,-) ay (Q-) 


(dSpaces p/NP) coy ae (dSpaces p/NQ)coy. 


The vertical functors are part of Quillen equivalences by Theorem 13.37. The bottom 
horizontal arrow is part of a Quillen equivalence by Corollary 13.28 and the fact that 
Ny: NP — NQ is a complete weak equivalence between dendroidal spaces that 
satisfy the Segal property (cf. Lemma 14.23). Therefore the top horizontal arrow in 
the square is also part of a Quillen equivalence. m 
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Combining the various Quillen equivalences we have established, we can now 
finally relate the covariant model structure on dSets/X to the homotopy theory of 
wX-algebras. 


Theorem 14.44 Let X be a normal œ-operad. There exists a natural zig-zag of 
Quillen equivalences between the covariant model structure on dSets/X and the 
projective model structure on the category Alg,,, x of simplicial w,X -algebras. Under 
these equivalences, a map x: n — X corresponds (up to weak equivalence) to the 
free w|X-algebra generated by x. 


Proof According to Example 12.24, the dendroidal space Sing ;(X) is a complete 
dendroidal Segal space with Sing;(X)o = X. Hence Proposition 13.7 provides a 
Quillen equivalence 


dis, 
(dSets/X)coy Z—* (dSpacesp /Sing ;(X))cov- 
dis* 


Now pick a sparsely cofibrant replacement Y of Sing; (X). In detail, fix a map Y > 
Sing ;(X) that has the right lifting property with respect to sparse cofibrations and 
such that Y is sparsely cofibrant. (If desired, this map can be constructed functorially 
from the small object argument, of course.) Using Lemma 14.16(i) it is easily seen 
that Y still satisfies the Segal property. Hence Corollary 13.28 provides a Quillen 
equivalence 


(dSpaces p/Y )cov z? (dSpaces p /Sing ;(X))cov- 
Note that we have switched from the Reedy to the projective model structure on the 
category of dendroidal spaces here, but of course the two are Quillen equivalent. To 
proceed, note that Lemma 14.24 states that the unit map Y — Nr(Y) is a complete 


weak equivalence of dendroidal spaces. Since both satisfy the Segal property, we 
may apply Corollary 13.28 again to find a Quillen equivalence 


(dSpacesp/Y)coy Z? (dSpacesp/NT(Y))cov. 
Now Theorem 13.37 provides a further Quillen equivalence 
(dSpacesp/Nr(¥))cv Z> Alg yy): 
Corollary 14.30 implies that the simplicial operad t(Y) is weakly equivalent to wX. 


Finally, combining this with Theorem 14.43 gives a zigzag of Quillen equivalences 
between Alg,(y) and Alg,,, x. Oo 


Remark 14.45 Of course the chain of Quillen equivalences used to prove Theorem 
14.44 is rather long and somewhat indirect. It is possible to write down a direct 
Quillen pair relating dSpaces/X to Alg „y, but since the extra payoff is marginal 
we refrain from doing so here. 
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Specializing to simplicial sets, Theorem 14.44 gives a version of the ‘straightening- 
unstraightening’ correspondence (for left fibrations) first established by Lurie: 


Corollary 14.46 Let X be an œ-category. There exists a natural zig-zag of Quillen 
equivalences between the covariant model structure on sSets/X and the projective 
model structure on the category sSets"'* of simplicial diagrams on the simplicial 
category wX. Under these equivalences, a map x: A[0] — X corresponds (up to 
weak equivalence) to the functor corepresented by x. 


Historical Notes 


Localizations of simplicial categories were introduced by Dwyer—Kan [51] and all 
of the results in Section 14.1 are due to them. The characterization of equivalences 
in simplicial categories given in Section 14.2 is due to Bergner [19] and is the 
crucial input in establishing what is now called the Bergner model structure on 
the category of simplicial categories. The generalization to a model structure for 
simplicial operads in Section 14.3 first appears in [42] and in work of Robertson 
[130]. 

The equivalence of homotopy theories between simplicial operads and dendroidal 
sets was established in [41, 42] (including the case of uncoloured operads); our proof 
in Sections 14.5 and 14.6 is different, relying on the sparse model structure. In the 
proof of Lemma 14.19 we used a modification of the usual small object argument 
originating with Jeff Smith; an account of this appears right before Lemma 1.8 of 
[15]. 

As we have observed, our results in particular imply equivalences between the ho- 
motopy theories of simplicial categories, co-categories, and complete Segal spaces. 
The equivalence between simplicial categories and complete Segal spaces was es- 
tablished by Bergner [20], the equivalence between complete Segal spaces and the 
Joyal model structure on simplicial sets by Joyal—Tierney [94]. Bergner’s proof uses 
the Segal categories of Hirschowitz—Simpson [85] as an intermediate device; the 
proof presented in this chapter sidesteps this by the use of the sparse model struc- 
ture. A direct proof that the homotopy-coherent nerve gives a Quillen equivalence 
between the Joyal model structure on simplicial sets and the Bergner model structure 
on simplicial categories was given by Lurie [105]. 

Section 14.7 on the relation between uncoloured dendroidal spaces and simplicial 
operads contains several proofs and results that have not appeared in the literature 
before. The application of dendroidal spaces to mapping spaces between simplicial 
operads (Corollary 14.42) has been important in recent years, for example in the 
work of Boavida—Weiss [25] and Géppl [70] (see also the appendix of [79]). 

In the final Section 14.8 we started by discussing the homotopy invariance of the 
category of simplicial P-algebras; this result was first demonstrated (with a different 
proof) in [16]. The straightening-unstraightening equivalence between left fibrations 
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over a simplicial set X and simplicial diagrams on the simplicial category w:X was 
established by Lurie [105]; see also [81] for a different approach. The generalization 
to left fibrations over a dendroidal set X and w;X-algebras appears in [77]. 
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Epilogue 


In this book we have developed the theory of dendroidal sets and spaces. We have 
not attempted to cover the many variations and extensions of this theory that have 
appeared in the recent literature. In this epilogue we would like to direct the reader to 
some of these, as well as highlight some applications. Also, we point out alternative 
(but equivalent) models for the theory of co-operads. 


Different Models for the Theory of co-Operads 


In this book we have described the theory of dendroidal sets and spaces as an 
approach to the homotopy theory of co-operads and shown that it is equivalent to the 
theory of simplicial (or topological) operads. These are certainly not the only two 
available models for a theory of operads ‘up to coherent homotopy’. Let us briefly 
review the various other perspectives that have been developed in the literature and 
point the reader to the available comparisons between them. 

Perhaps the most well-known model is that of Lurie [106]. His starting point is 
the category of operators associated to an operad O. This category has as its objects 
the finite lists (c1, . . ., Cn) of colours of O, with a morphism to another such list 
(d,..., dm) consisting of a partial map f: {1,...,n} — {1,...,m} of sets and for 
each 1 < i < man operation of O with output d; and set of inputs f~!(d;). This 
category of operators is equipped with an evident forgetful functor to the category 
Fart Of finite sets and partial maps. The properties of such categories can be captured 
in a short list of axioms, which can then be generalized to the setting of co-categories: 
Lurie defines an co-operad to be a map of simplicial sets X — NF part satisfying these 
axioms. This approach can be seen as a generalization of Segal’s approach to infinite 
loop spaces as particular kinds of simplicial diagrams indexed by the category Fpart. 

The relation between simplicial sets over NFpart and dendroidal objects can be 
visualized very concretely. Roughly speaking, a simplex So —> Sı > --- > Sn 
of NF part can be pictured as a forest (meaning a disjoint union of trees), with the 
elements of the various sets S; serving as edges and the partial maps going from 
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S; to Sj; expressing how edges are attached to each other via vertices. Assigning 
to such a simplex the corresponding disjoint union of representable dendroidal sets 
provides a functor relating Lurie’s framework to the one of this book. This idea was 
made precise in [80], where it is shown that this gives an equivalence of homotopy 
categories between the two formalisms, at least in the case of operads without nullary 
operations. (A full comparison is also available, as will be explained shortly.) 

Another approach was proposed by Barwick [11]. He introduces a category Afin 
of which the objects are strings 

S 2s 5, 45... Sy 

of functions between finite sets, i.e., simplices f: [m] — F of the nerve of the 
category of finite sets. The morphisms between such (m, f) and (n, g) are pairs of 
a morphism @: [m] — [n] in A and an injective natural transformation f — a*g 
with the property that all naturality squares are pullbacks. One can then consider 
presheaves (of sets or of spaces) on this category and impose various Segal conditions 
on them. Barwick proves that the homotopy theory obtained in this way is equivalent 
to that of Lurie’s co-operads. On the other hand, it is proved in [39] that this model is 
equivalent to that of dendroidal spaces, thus in particular proving that Lurie’s model 
and the dendroidal one of this book are equivalent without any restrictions on nullary 
operations. 

To conclude we mention two further alternative approaches. First of all, any 
(uncoloured) operad O in simplicial sets induces a corresponding free algebra monad 


Xp | [ow xy, X” 


n>0 


on the category of simplicial sets. Working in the co-category of spaces, Gepner— 
Haugseng—Kock [63] characterize the monads arising in this way from an co-operad 
as the analytic ones, meaning those which are cartesian and preserve sifted colimits 
and weakly contractible limits. The co-category of such monads (and a particular 
kind of morphisms between them) can then serve as a theory of (uncoloured) oo- 
operads. The three authors also include a version for operads with colours and prove a 
comparison result to the theory of dendroidal spaces. Another approach by Haugseng 
[76] is perhaps closest in spirit to the traditional treatment of operads. A symmetric 
sequence of simplicial sets is a collection {S(n)}n>0 of simplicial sets with a specified 
action of the symmetric group Èn on the term S(n). There is a monoidal structure on 
this category, called the composition product, such that algebras with respect to this 
product are precisely (uncoloured) operads in simplicial sets. Haugseng develops an 
analogue of this notion in the co-categorical setting and shows that the theory of 
co-operads constructed in this way is equivalent to any of the other models described 
above. 
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One appealing feature of the problem of comparing different models for oo- 
operads is that once an equivalence has been established, it is essentially unique; 
indeed, Ara, Groth, and Gutierrez [4] prove that the space of automorphisms of the 
theory of co-operads is contractible. 


Spaces of Maps Between Little Disks Operads 


As we have seen in Section 14.7, the space of maps Map(P, Q) between uncoloured 
simplicial operads P and Q may be computed as the space of maps Map(NP, NQ) 
between the associated dendroidal spaces NP and NQ. This space is of particular 
interest for the operads E, of little n-cubes, for varying n, since in this case these map- 
ping spaces feature in the study of differential topology. For example, for n —m > 3, 
Boavida and Weiss [25] show that the space embg(D”, D”) of embeddings between 
disks which agree with a standard embedding near the boundary is equivalent to the 
homotopy fibre of a certain map from the space of immersions immg(D”, D”) to the 
m-fold loop space of the mapping space Map(Em, E,,). For m = 1, this embedding 
space is a space of ‘long knots’ and has received much attention in the literature. 
In fact, Boavida and Weiss prove results of this kind for general manifolds M and 
N by introducing their ‘configuration categories’. These are a type of Segal space 
capturing the spaces of configurations of n points in these manifolds (for n > 1), as 
well as the relations between them as points collide. 

One approach to analyzing mapping spaces of the kind Map(P, Q) is to approxi- 
mate them by a tower 


-> Map <;(P,Q) > Mapag- P,Q) > ++, 


where Map <;(P, Q) is the mapping space between the ‘k-truncations’ of the operads 
P and Q. This idea features explicitly in the paper of Boavida and Weiss [25] as well as 
that of Arone and Turchin [5], both in the context of the embedding problem described 
above. The computation of these mapping spaces between truncated operads can be 
carried over the setting of dendroidal spaces as well, by considering diagrams indexed 
by the subcategory Q <k of Q spanned by trees that have at most k input edges for 
every vertex. This translation is explained by Weiss in [141] and in the appendix 
of [79] in the setting of operads without constants. In the latter case one has the 
additional option of restricting attention to the subcategory of of open trees with 
at most k leaves. Göppl [70] uses these truncations in the case P = Em and Q = En, 
to prove that the mapping space Map(E,,, En) is (n — m — 1)-connected if n- m > 2. 
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Equivariant Operads 


In equivariant homotopy theory, one replaces the basic categories of spaces and 
spectra by those of G-spaces and G-spectra, meaning all objects are equipped with 
an action by some fixed group G. Corresponding algebraic notions, such as Eœ- 
ring spectra, are upgraded accordingly to G-spectra equipped with an action by 
a suitable ‘G-equivariant operad’. The theory of equivariant homotopy-coherent 
algebraic structures has seen much development by May and his collaborators and 
has recently gained renewed interest because of the solution of the Kervaire invariant 
one problem by Hill—-Hopkins—Ravenel [82], relying heavily on equivariant stable 
homotopy theory. 

The extension of the theory of simplicial operads to that of equivariant simplicial 
operads admits a parallel in the context of dendroidal sets developed by Bonventre 
and Pereira. The paper [122] introduces the notion of equivariant dendroidal sets, 
which are based on an extension QG of the category 2. The objects of Qg are 
‘G-trees’, but the reader should be warned that these are bit more than simply a 
tree T with an action of a group G. There is a notion of ‘G-oo-operad’, defined as 
a presheaf on the category Qg satisfying an inner horn filling condition. Bonventre 
and Pereira establish a theory of equivariant dendroidal Segal spaces in [27] and 
prove a comparison result with the theory of G-equivariant simplicial operads in 
[26]. 


Enriched co-Operads 


This book has focused on operads in the category of simplicial sets. One of the great 
virtues of the concept of an operad (and its algebras) is that it makes sense in any 
symmetric monoidal category, and that operads and their algebras can be transported 
along suitable functors between such categories. For example, taking the homology 
of the little 2-cubes operad yields an operad in graded vector spaces whose algebras 
are precisely Gerstenhaber algebras [65], explaining why the homology of a double 
loop space has a Gerstenhaber algebra structure. 

However, if P is an operad in a symmetric monoidal category M, we cannot 
simply construct its nerve NP as a presheaf on Q as we did in the case where M 
is the category of (simplicial) sets. Indeed, the action by external face maps in Q 
would require M to have projections from a tensor product to its factors. For many 
purposes it is enough to consider NP in such a situation as a functor on the smaller 
category Q’ C Q of inner faces and isomorphisms only, i.e., the subcategory of 
morphisms which send leaves to leaves and preserve the root. For example, this 
applies to treatments of bar-cobar duality that we will briefly touch upon below. 

A more elaborate solution to this problem that applies generally has been proposed 
by Chu and Haugseng [38], extending a similar treatment of co-categories in a 
symmetric monoidal co-category by Gepner and Haugseng [62]. To explain the basic 
idea, recall that a morphism a: S — T in Q defines a partial map V(a@): V(T) > 
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V(S) between sets of vertices. Now define a new category Q[M] whose objects are 
pairs (S,m) where S is an object of Q and m = (my)yev(s) is a labelling of the 
vertices of S by objects of M. Morphisms (S, m) — (T, n) are pairs consisting of a 
map a: S > T in Q and a family of morphisms 


Qy: My > &) Ny 
V(a)(w)=v 


in M, one for each vertex v of S. An operad P (uncoloured, for simplicity) defines a 
presheaf NP on Q[M] by 


NP(S,m) = | | Meon, Pan), 


veV(S) 


where in(v) is the collection of inputs of a vertex v, as usual. Carrying this idea 
over the context where M is an co-category (rather than an ordinary category), Chu 
and Haugseng now define a theory of oo-operads enriched in M by considering such 
simplicial presheaves X on Q[M] which satisfy a Segal property: the map induced 
by the corollas C, — S for vertices v in S, 


X(S,m) > | ] X(C,.my) 


is an equivalence in sSets. Moreover, they require that for each corolla C, with n 
leaves, the map 
X(Cy,—): M? — sSets/X(n)"*! 


is fibrewise representable. This then defines for any vertices x1, .. ., Xn, y in X(7) a 
fibre X(x),..., Xn; y), an object in M of ‘operations from x1, . . ., Xn to y’. 

They go on to formulate a completeness condition in this context and prove general 
comparison theorems analogous to our comparison between dendroidal spaces and 
simplicial operads, as well as the comparison results mentioned in the first section 
of this epilogue. 


Bar Constructions 


An important application of the theory of operads is to what is often referred to as 
‘Koszul duality’. Briefly said, for an operad P, say of spaces or of chain complexes, 
one can associate a dual cooperad BP by performing a certain bar construction. 
Then there exists an adjoint pair of functors relating P-algebras to BP-coalgebras 
with a host of interesting properties. Examples of this include Moore’s bar-cobar du- 
ality for associative differential graded algebras and coassociative differential graded 
coalgebras, as well as Quillen’s duality between differential graded Lie algebras and 
cocommutative differential graded coalgebras. Another example is the relation be- 
tween E,,-algebras and E,,-coalgebras (and the resulting ‘self-duality’ of the theory 
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of E,,-algebras). The bar construction of an operad P in chain complexes was first 
defined by Ginzburg—Kapranov [68] and around the same time (in slightly different 
terms) by Getzler—Jones [65]. However, the construction is not limited to the differen- 
tial graded context; both Salvatore [131] and Ching [36] define the bar construction 
for an operad P of spaces and Ching also for operads of spectra [37]. 

All of these constructions can be formulated in terms of colimits over certain 
categories of trees closely related to the category 2 we have considered in this book. 
Let us single out the case where P is an operad in spaces for concreteness. Consider 
a finite set A with at least two elements. Then we write Q4 for the subcategory 
of Q on open trees with set of leaves precisely A and maps between them the 
injective morphisms of trees that preserve the root and are the identity on leaves. 
Any topological operad P defines a presheaf NP of spaces on and hence by 
restriction also on this category Q4. Following Ching and Salvatore, associate to an 


object T of Q4 a cube 
w(T) := 1x ( I] 1). 
ecl(T) 


Here the product is over the inner edges /(T) of T; note that this is almost identical 
to the space used to define the Boardman—Vogt W-construction, except that now we 
have an extra factor of J in front, which we think of as a label on the root of 7. 
Write wo(T) for the subspace consisting of points where at least one edge is labelled 
1 or the root edge is labelled 0 and define w(T) := w(T)/wo(T). These spaces are 
functorial in T as in the case of the Boardman—Vogt construction; for an inner face 
map T — S one assigns the label 0 to any newly arising inner edges. Then the bar 
construction BP is defined by a coend over the category Q4: 


BP(A) := w(-) 89, NP(-). 


It is proved in [131, 36, 37] that this construction produces a cooperad out of 
an operad. Also, as is already clear from this description, the bar construction 
is closely related to the W-construction. To be precise, if one defines the space 
Indec(WP(A)) of indecomposables to be the quotient of WP(A) by the subspace of 
operations that can be obtained as compositions of (non-identity) operations, then 
there is a homeomorphism BP(A) = LIndec(WP(A)), with È denoting the reduced 
suspension. The description of the bar construction for differential graded operads, 
as in the work of Ginzburg—Kapranov and Getzler—Jones, is described in very similar 
terms in [87]. There it is also explained how Koszul duality for such operads may be 
understood in terms of combinatorial features of the category of trees and inner face 
maps between them. 
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Cyclic Operads, Modular Operads, Properads 


There are several important variations of the notion of operad occurring in the 
literature. One of these is that of a cyclic operad introduced by Getzler and Kapranov 
[66]. In a cyclic operad, one can not only permute the input colours (as for any 
symmetric operad), but also ‘rotate’ the colours by an isomorphism 


P(c, <.. Cn; co) = P(co, Cl, .. -s Cn-1; Cn). 


This typically happens when the P-algebras are objects in a category with duality such 
as that of finite-dimensional vector spaces. In the tree picture that we have advertised 
in this book, this corresponds to rotating a tree so that the root becomes a leaf and 
one of the leaves becomes a root. Getzler and Kapranov [67] also introduced the 
notion of a modular operad, which is a cyclic operad that moreover has “contraction 
operations’ 

P(c, E A T co) = P(c}, ssr Cn—23 co). 


A typical (uncoloured) example is the one where P(n) is the space of Riemann 
surfaces with n + 1 numbered boundary circles, with n of them serving as inputs 
and one as output. One can glue one such surface to another by identifying the 
output circle of the first with one of the input circles of the second to get an operadic 
composition, but one could also glue two of the boundary circles of a given surface 
to each other to obtain the stated ‘contraction’, which produces a surface with genus 
increased by one. 

Yet another variation of the notion of operad is that of a so-called PROP, where 
operations can have multiple inputs as for operads, but also multiple outputs. Such 
PROPs are relevant for describing algebraic structures such as bialgebras and Hopf 
algebras in monoidal categories in which the tensor product is not the cartesian 
product. There is also a slightly restricted version of the notion of PROP, called a 
properad, enjoying better Koszul duality properties [138], and there are ‘wheeled’ 
variations of these notions allowing contractions as for modular operads. 

In this book, we have observed that the nerve functor enables one to view operads 
(in Sets) as presheaves on the category Q satisfying the strict inner Kan condition and 
we have shown that the more general (not necessarily strict) inner Kan complexes, or 
co-operads, form the fibrant objects in a model structure on the category of presheaves 
on Q. We have also shown that there is an equivalent model structure for complete 
Segal spaces on the category of simplicial presheaves on Q. It is natural to ask to 
what extent such results can be proved for the generalizations of operads described 
above, by replacing Q by some other suitable category of graphs. There are a number 
of results in this direction of which we would like to mention a few here. Hackney, 
Robertson, and Yau [73, 74] study modular co-operads by considering presheaves 
on a category U of graphs, closely related to the Feynman graphs introduced by 
Joyal—Kock [93]. They prove that the category of modular operads in Sets embeds 
fully faithfully into the category of presheaves on U and study a localization of the 
Reedy model structure on the category of simplicial presheaves on U of which the 
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fibrant objects can be viewed as modular oo-operads. In [72], the same three authors 
define a variant & of Q, which plays a similar role, but now for cyclic operads. In [75] 
they extend these methods and results to (wheeled) properads. Another approach to 
cyclic operads, better suited to the coloured version, is taken by Walde in [140]. He 
also shows that dendroidal Segal spaces that are ‘invertible’, in the sense that inner 
face maps act by weak equivalences, are closely related to the 2-Segal spaces of 
Dyckerhoff and Kapranov [53]. 


Brane Actions and Gromov—Witten Invariants 


In work by Toén [137] and Mann-Robalo [109], co-operads are used to give an 
interpretation of Gromov—Witten invariants. In order to explain some of the main 
ideas, let us start with operads in the category of sets for the moment. The 2-category 
of spans has sets as objects, while morphisms from A to B are diagrams of the form 
A — S — B and 2-cells between two such spans are morphisms S — S’ over 
A x B. Composition is given by pullback of spans. Dually, there is a 2-category of 
cospans A — S <— B where composition is given by pushout. For a fixed object 
X, the contravariant functor A +» Hom(A, X) sends cospans to spans. These span 
and cospan categories have a symmetric monoidal structure given by product and 
coproduct of sets, respectively. If P is a operad, then a P-algebra in cospans is given 
by a set A and for each operation p € P(n) a cospan 


U A> Sp A 
or, in other words, a single cospan 
Ui (P(n) x A) > S— Ax P(n) 


in the category of sets over P(n). These data then satisfy unit and associativity 
conditions with respect to the composition of operations in P. A collection of maps 
as above is called a lax algebra if these conditions for a P-action only hold up to 
specified 2-cells between cospans. If A is a lax P-algebra in cospans, then Hom(A, X) 
is a lax P-algebra in spans. 

Toén observes that if P is any operad with P(O) = P(1) = *, then the set P(2) is a 
lax P-algebra in cospans, with action given by 


U;P(n) x P(2) —> P(n + 1) + — P(2)x P(n) 


P(n). 


Here the middle arrow substitutes the constant of P(0), say in the first variable, and 
the left horizontal map is given by the 0;-operations and symmetries of P so as to 
make the diagram commute. If P satisfies certain conditions (is of configuration 
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type in Toén’s terminology, or coherent in Lurie’s), then this lax action is in fact 
a true action, meaning the specified 2-cells are invertible. So for such a P, the set 
Hom(P(2), X) is a P-algebra in spans. Much of the work of [137] goes into showing 
that the same applies to an co-operad P and in the much wider context where one 
replaces the sets by objects with a geometric structure, such as spaces or objects in 
a topos or an oo-topos. For the derived category of quasi-coherent sheaves DA (or 
some suitable variant of it) of an object A in such a category, a span 


ASB 


yields functors g.p*: DA — DB and these respect the composition of spans if a base 
change formula for direct images holds. Thus, under favourable circumstances, an 
operad P of configuration type acts on DHom(P(2), X), the derived category of the 
‘spaces’ of maps from P(2) into X. For example, if P is the E,,,-operad, then En+1(2) 
is homotopy equivalent to the n-sphere S” and one concludes that DHom(S”, X) is 
an E,,1-algebra for suitable X. Toén subsequently applies this to higher formality 
problems. 

Mann-Robalo [109] apply these ideas to the construction of Gromov—Witten 
invariants roughly as follows. Consider the operad P with arity n operations given by 
Mo, n+1, the moduli space of genus zero stable curves withn+1 marked points. (Really, 
Mann-Robalo use a derived enhancement and consider it in a suitable o0-category of 
derived stacks.) The marked points on such a curve C can be labelled x9, x1,..., Xn, 
with xg considered the output and the other x;’s the inputs. Composition of operations 
is given by gluing curves. In this case, the operad P acts on P(2) by cospans as in 
the diagram above. 

Now fix a smooth projective variety X and apply the internal hom 
Mapp,,,)(—, P(n) x X) in the category of spaces (or derived stacks) over P(n) to 
the earlier diagram expressing the P-action by cospans to get a span 


Mo,n+1 xX” 4— Mo,n+1(X) —> Mo,n+1 x X 


bon ee 


Mo,n+1 


over P(n). In this diagram, we have used that P(2) = Mo,3 = x to identify 
Map(P(2), X) with X itself. Also, the middle term Mo,n+1(X) denotes the mod- 


uli space of stable curves C with n + 1 marked points xo, .. ., Xn, equipped with a 
map f: C — X. The arrow to the right evaluates f at xo, whereas the arrow to the 
left evaluates at the remaining points x1,..., Xn- 


The diagram above describes an action by spans of the operad Mo .+1 on X. As 
explained above, this also induces an action on (a version of) the derived category 
of X. In particular, one obtains an action of the homology of the operad P of moduli 
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spaces of stable curves on the cohomology of X, which is the more usual perspective 
on Gromov-—Witten invariants. The work of Mann-Robalo is an enhancement of this 
action on cohomology to a ‘geometric’ action by spans on X itself. 
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